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1. Introduction 
Let   be the Octonion algebra over  . According to Cayley-Dickson 

procedure, any     can be shown such that  
          
where   and   are quaternions belong to the real quaternion division algebra  
  *                                                +  
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Let                     be two Octonions and       be 
conjugates of the quaternions      , respectively. In relation to Octonions, we 
list the following operations:  

  
        (     )  (     )    (        ) 
              (         )  (         )     (              )  

  is an  -dimensional  -linear space with basis   *             +. 
The basis   complies with multiplication rules in Table 1. 

 
Table 1 

Multiplication rules of  . 
                          

                           
                              
                              
                              
                              
                              
                              
                              

 
Now, we present some basic characteristics of Octonions.  
1.  For all    , we can denote as  
    ∑   

              
2. Let   ( )     and   ( )  ∑   

        for    . Then we can denote 
as  

    ( )    ( )  
3. The conjugate of     is  

    ( )    ( )  
4. For all      , the conjugate operation provides  

    (   )             
5. The norm of any     is defined by  
           ∑   

     
   

6. The inverse of any       is  

       
  

  
7. For all      ,  

                    
(  )               
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8.    is alternative  
 (  )      (  )      (  )   (  )       

for all      . On the other hand   is non-commutative and non-associative 
(see, for example, [8] and [10]). 

Integer sequences are commonly utilized in research. Fibonacci and Lucas 
sequences are some of the most prominent of them. For    , these sequences 
are described by  

                           
                            

Furthermore, we present a relationship  
               (1.1) 

In this work, we investigate the Leonardo sequences. These sequences have 
properties analogou to the Fibonacci sequences. In [3], the authers have studied 
Leonardo numbers and provided several properties of them. For    , Leonardo 
sequences are described as follows:  
                     (1.2) 
where          . The Binet's formula [3] for     is  

       .         

   /     (1.3) 

where     √ 
  and     √ 

 . For    , there is a relation as follows:  

                    (1.4) 
In addition, the relationship between Leonardo and Fibonacci numbers is as 

follows:  
                  (1.5) 

In [9], Leonardo numbers have been generalized. The authors [4] have 
described incomplete Leonardo numbers and derived several properties for them. 
Alp and Kocer presented some characteristics of Leonardo numbers in [1] and 
introduced hybrid Leonardo numbers in [2]. In [7], the authors introduced 
Leonardo polynomials and hybrinomials, and presented several characteristics of 
them. Furthermore, the authors investigated the  -dimensional and 
 -dimensional associations of Leonardo numbers (see, for example, [12] and 
[13]). There are several characteristics for Fibonacci, Lucas and Leonardo 
numbers. We refer to [1], [3], [6], [11] for more information. In [5], the authors 
defined Fibonacci and Lucas Octonions and provided several characteristics of 
them. In this article, we provide a new family of Octonions. We introduce 
Leonardo Octonions. The Leonardo Octonions are associated with Fibonacci and 
Lucas Octonions. We provide the generating function, Binet's formula, some 
summation formulas and some important identities of Leonardo Octonions. 

2. Preliminaries 
With our paper, we present several well-known definitions and features in 

this part. Throughout this paper, let  
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        ̂      ∑   

        
        ̂      ∑   

        
                                  

 

In [5], the authors described Fibonacci Octonions     and Lucas 
Octonions     such that  
          ∑   

           (2.1) 
          ∑   

           (2.2) 
with the initial conditions  

  
                                   
                                        

 

and  
                                          
                                            

In [5], the Catalan's identity [5] for     is provided by  
                (  )   ,          (                 )-   
   (2.3) 

In [5], the d'Ocagne's identity for     is provided by  
                  (  ) ,            (                 )-   

(2.4) 
Moreover, some summations (see, for example, [3] and [5]) are given as 

follows:  
  ∑   

   (   )      (     )(       )  (   )  (2.5) 
  ∑   

                      (2.6) 
  ∑   

                        (2.7) 
  ∑   

                         (2.8) 

  ∑   
   .  /               (2.9) 

  ∑   
   (  ) .  /         (  )       (2.10) 

where     (  )      ,      ∑   
   (  )           .  

3. Leonardo Octonions 
In this part, we describe a new class for Octonions. Leonardo Octonions are 

the name given to such Octonions. For the Leonardo Octonions, we present 
Binet's formula as well as several additional identities. Throughout this paper, let  

  
        ̂      ∑   

      
                                          
                                            

 

Definition 3.1: The  -th Leonardo Octonions are defined by   
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       ∑   
                     

The conjugate Octonion      of      is  
           ∑   

            (3.1) 

Proposition 3.1: For    , the norm of Leonardo Octonions      is given by  
      (       )(       )  (       )(     )     

Proof: By using the identity (2.5), we can easily establish the norm of      such 
that  

  

                  
                 ∑   

   (     ) 

                 ∑     
   (   )  ∑     

   (   ) 

                 (       )(       )  (       )(     )    

 

Proposition 3.2: For    , then we have  

                

Proof: By Definition 3.1 and the identity (3.1), we can easily obtain  

                ∑   
               ∑   

          
                                     

Corollary 3.1: For    , then we have  
                    ̂  

Proof: By Definition 3.1 and the identity (1.2), we can easily derive  

 
                       ∑   

           ∑   
             ∑   

            
                                                       ∑   

     
                                                        ̂ 

 

Corollary 3.2: For    , then we get  
                       (3.2) 

Proof: By Definition 3.1 and the identity (1.4), we can get  

 
                    ∑   

              ∑   
           ∑   

            
                                                ∑   

   (    )
                                                  

 

Corollary 3.3: For    , then we have  
               ̂  (3.3) 

Proof: By (1.5), (2.1) and Definition 3.1, we find that  
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         ∑   

          
                 ∑   

            ∑   
     

                        ̂ 
 

We present an association that connects Fibonacci, Lucas, and Leonardo 
Octonions.  

Corollary 3.4: For    , we get  
              ̂  

Proof: By Definition 3.1, (1.1), (1.5), (2.1) and (2.2), we can obtain  

    
                 ∑   

          ∑   
          ∑   

          
                                          ∑   

     
                                           ̂ 

 

Theorem 3.1: The generating function of Leonardo Octonions      is  
   ( )   

       
,     (          )  (          )  -  

Proof: Let  
   ( )                                      (3.4) 
be the generating function for     . Therefore we have  
    ( )                                                    (3.5) 
  ( )                                                 (3.6) 

From (3.4), (3.5), (3.6) and (3.2), we get  
  ( )(       )           (          )  (          )   
   (               )    
     (                   )      
          (          )  (          )    

Hence, the proof is completed.  

Theorem 3.2: The Binet's formula of Leonardo Octonions      is  

        . ̂ 
     ̂    

   /   ̂           (3.7) 

Proof: By (1.3) and Definition 3.1, we obtain  

  

         ∑   
          

                ∑   
   0 .

             

   /   1   
                 

   ( 
   ∑   

            ∑   
       )  ∑   

     

                . 
    ̂      ̂

   /   ̂ 
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Theorem 3.3: The exponential generating function for Leonardo Octonions 
     is  

  ∑   
       

  

    .  ̂ 
     ̂   

   /   ̂    

Proof: By Binet's formula of      in (3.7), we obtain  

      

∑   
       

  

       ∑   
   0 .

 ̂      ̂    

   /   ̂1  
 

  

                               .   ̂
   

∑   
   

(  ) 

     ̂
   

∑   
   

(  ) 

  /   ̂ ∑   
   

  

  

                               .  ̂ 
     ̂   

   /   ̂   

 

Now, we provide a list of several associations for Leonardo Octonions 
    .  

Proposition 3.3: The identities listed below are satisfied:  
(i)  ∑   

                    (   ) ̂  
(ii)  ∑   

                           (   ) ̂  
(iii)  ∑   

                                 (   ) ̂  

(iv)  ∑   
   .

 
 /                             ̂  

(v)  ∑   
   (  ) .

 
 /                  (  )       ̂  

Proof: From (3.3) and summation formulas (2.5), (2.6), (2.7), (2.8), (2.9), (2.10), 
we find  
(i)        ∑   

            ∑   
   (        ̂) 

      ∑     
       (   ) ̂ 

      (                   )  (   ) ̂ 
                 (   ) ̂ 
                 (   ) ̂ 
(ii)       ∑   

            ∑   
   (         ̂) 

      ∑     
          (   ) ̂ 

      (               )  (   ) ̂ 
                       (   ) ̂ 
                       (   ) ̂ 
(iii)   ∑   

               ∑   
   (       ̂) 

      (∑   
           )  (   ) ̂ 

      (               )  (   ) ̂ 
                           (   ) ̂  

(iv) ∑   
   .

 
 /           ∑   

   .
 
 / (      ̂) 
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      .∑   
   .  /       /  (    ) ̂ 

      (        )  (    ) ̂ 
                           

(v) ∑   
   (  ) .  /            ∑   

   (  ) .  / (      ̂) 

      .∑   
   (  ) .  /        /  .∑   

   (  ) .  /   /  ̂ 

      ((  )         )   ̂ 
                (  )       ̂  

Theorem 3.4: (Catalan's Identity) For         and    , we get  
                         (  )      
  ,          (                 )- 
   (           ) ̂   ̂(           )  

Proof: From (2.3) and (3.3), we get  
                      
     (        ̂)  (          ̂)(          ̂) 
      (     

                ) 
    (               ) ̂   ̂(               ) 
      (  )     ,          (                 )- 

In Theorem 3.4, taking    , we obtain Cassiniâ€™s identity of Leonardo 
Octonions     as follows:  

Corollary 3.5: (Cassini's Identity) For    , we get  
                        (  ) ,                     - 
                              (           ) ̂   ̂(           )  
Theorem 3.5: (d'Ocagne's Identity) For         and      , we get 
                        
      (  )   ,            (                 )- 
    (           ) ̂

 
   ̂(           )  

Proof: From (2.4) and (3.3), we obtain  
                       
     (        ̂)(        ̂)  (        ̂)(        ̂) 
      (                     )  (             ) ̂ 
     ̂(             ) 
      (  )   ,            (                 )- 
    (           ) ̂   ̂(           )  
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4. Conclusions 
Catarino and Borges [3] took into account the Leonardo sequence and 

present various characteristics relating this sequence. The authors [5] defined the 
Fibonacci Octonions     and Lucas Octonions    . In this article, we describe 
the Leonardo Octonions     . This family is a new family of Octonions. We 
provide some relationships among the Fibonacci, Lucas and Leonardo Octonions. 
Then, we demonstrate generating function, Binet's formula, exponential 
generating function, some summation formulas and some fundamental identities 
of the Leonardo Octonions     . 
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