
©

Notes and remarks on convex and generalized convex functions in 
optimization problems

Giorgio Giorgi
Department of Economics and Management
University of Pavia 
Via S. Felice, 5
27100 PAVIA
Italy

Abstract
In the second section we make some remarks on the use of generalized convexity in 

Kuhn-Tucker optimality conditions for a mathematical programming problem. In the third 
section we give a simple proof of a result of Mangasarian [60] on the characterization of 
solution sets of convex programming problems. In the fourth section we make some “critical” 
comments on invex functions and their use in mathematical programming theory.

Subject Classification:  90C30, 90C25, 90C26.

Keywords: Generalized convexity, Optimality conditions, Solution sets, Invex functions.

E-mail: giorgio.giorgi@unipv.it

Journal of Information & Optimization Sciences
ISSN  0252-2667 (Print), ISSN  2169-0103 (Online)
Vol. 46 (2025), No. 7, pp. 2139-2162
DOI : 10.47974/JIOS-1933

 
 
Notes and Remarks on Convex and Generalized Convex Functions in 

Optimization Problems 
 
Giorgio Giorgi (*)  
 
Body Math  
(*) Department of Economics and Management - University of Pavia - Via 

S. Felice, 5 - 27100 PAVIA (Italy). E-mail: giorgio.giorgi@unipv.it 
 
 
 
Abstract. In the second section we make some remarks on the use of 

generalized convexity in Kuhn-Tucker optimality conditions for a mathematical 
programming problem. In the third section we give a simple proof of a result of O. 
L. Mangasarian (1988) on the characterization of solution sets of convex 
programming problems. In the fourth section we make some " critical" comments 
on invex functions and their use in mathematical programming theory. 

 
Key words: Generalized convexity, optimality conditions, solution sets, 

invex functions. 
 
AMS subject classifications: 90C30, 90C25, 90C26. 
 
 
 
 
 

1. Introduction 
It is well known that convex functions and generalized convex functions 

play a key role in mathematical programming. The fact that many practical 
problems involve functions that are not convex, has produced many 
generalizations of the notion of convex functions. The class of " generalized 
convex functions" is by now very wide, perhaps too wide, with reference to the 
utility in applications of some members of the said functional class. 

The aim of the present paper is to point out some non correct statements, 
previously appeared, on properties of generalized convex functions, and to make 
some precisions and remarks on properties of convex and generalized convex 
functions, mainly with reference to optimality conditions for mathematical 
programming problems. The paper is organized as follows. Section 2 is concerned 
with some questions on quasiconvex and related functions, in connection with 
their applications in mathematical programming theory. In Section 3 we give a 
simple proof of a result of Mangasarian [60] on the characterization of solution 
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sets of convex programming. Section 4 is concerned with some " critical" remarks 
on the class of invex functions and the final Section 5 presents some conclusions. 

2. Some questions on quasiconvex and related functions in mathematical 
programming 

Mititelu [65] presents the following result (the original Theorem 2 in 
Mititelu [65] is not fully correct). 

Theorem 1: Let the functions       ,                     and 
       ,            be differentiable on the open convex set       
Assume that the functions                are quasiconvex on    and the 
functions                are quasiconvex and quasiconcave on    Consider a 
point       where  
    {                  }  
and set  

      {          }  
If                   and     ,            exist such that 

                            
where 
                ∑   

           ∑   
            

and: 

(a)  If for at least one          we have      and  
                      {  }  

then    is a strict local minimum point of   over    
 
(b)  If it holds  

  {                    }  {  }  
then    is a strict local minimum point of   over    

 
(c)  If the function   is quasiconvex on   and           then    is a 

global minimum point of   over    
 
For what concerns the proof of point (a) of the previous theorem, the author 

arrives to the conclusion by proving that the following inequality holds true: 
                        {  }  (1) 

The same relation is used to prove point (b). The result sub (a) is correct, but 
it needs a specific justification, as the author is not clear on the conclusion of the 
related proof. If we have an optimization problem of the type 
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we can state the following result (see, e. g., Giorgi, Jiménez and Novo [32], 
Hestenes [44]). 

Theorem 2: Let       be differentiable on       A sufficient condition 
for      to be a strict local minimum of      on   (i. e. a strict local solution 
of       is 

                      { }  
where         is the Bouligand tangent cone (or contingent cone) to   at     i. 
e. 

        {
      {  }     {  }              

   
    

         
    

           }  

When      is a convex set, it holds 
          {          }  

and the thesis of Theorem 2 becomes 
                                 

Under the assumptions of Theorem 1, the feasible set   is convex, 
therefore the thesis sub (a) follows. The same remarks apply to Mititelu [66] and 
to Giorgi and Mititelu [33]. Obviously, if      is quasiconvex on    from (1) we 
obtain 

                                 {  }  
i. e.    is a strict global minimizer of   over    Furthermore, we note that the 
condition sub (a) of Theorem 1 is verified if that constraint                 for 
which it holds       is strictly pseudoconvex. We recall that          
is strictly pseudoconvex on the open convex set    if for every    ̅        ̅  

    ̅      ̅             ̅   
or equivalently, 

         ̅      ̅      ̅     
We take the opportunity to recall that, contrary to a famous claim of J. L. 

Lagrange, a local ray minimum point    is not necessarily a local minimum 
point, as the following well known counterexample, due to the Italian 
mathematician G. Peano, shows. Consider the function        defined by 

                      
The point          is a local ray minimum point over the plane, but not a 

local minimum point for    See, e. g., Apostol [3], Giannessi [21], Qi [77], 
Thompson and Parke [82]. Always with reference to this subject, Thompson and 
Parke [82] prove the following two results. We recall the next definition. 

Definition 1: The function        is semistrictly quasiconvex on the convex 
set       if  

                   {           }  
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for every          with              and for every          
or equivalently, if 

                                                    

Theorem 3: Let        be quasiconvex on the convex set       then any 
local ray minimum point of   is a local minimum point of   over    

Theorem 4: If        is semistrictly quasiconvex on the convex set       
then      is a global minimum point of   over   if and only if    is a local 
ray minimum point of   over    

Remark 1: On the grounds of Theorem 4, we can assert that if   
{                          }  and every        , is semistrictly 
quasiconvex on the convex set       if        is semistrictly 
quasiconvex on    then      is the global minimum point of   over   if and 
only if    is a local ray minimum point of   over    

 
Result (c) of Theorem 1 is proved by Mititelu by making reference to the 

paper of Kortanek and Evans [55], where indeed a similar result is proved. In a 
nonlinear programming problem of the type 

                      
where   {                        }  with   and every       
         real-valued functions differentiable on the open convex set       the 
fact that the quasiconvexity of   and                does not imply that the 
related Karush-Kuhn-Tucker conditions are sufficient conditions for global 
minimum of a feasible point    of      had already been shown by Arrow and 
Enthoven [4]. In order to obtain sufficient conditions, these authors assume, 
besides the requirement               quasiconvex), that   is 
twice-continuously differentiable in a neighbourhood of     Arrow and Entoven 
[4] in their pioneering paper, give a quite intricate proof of their proposition. Also 
Ferland [19] assumes, besides           that the objective function of     is 
twice differentiable on    In Mukherji [69] the twice differentiability of      is 
not assumed, but it is imposed on the constraints a Slater-type condition, which in 
fact plays no role. Note that twice differentiability is not required by Kortanek and 
Evans [55], Giorgi [22], Guignard [36]. We present the following simple proof. 

Theorem 5: Consider the above problem     and let       let       be 
differentiable and quasiconvex on the open convex set       let every 
       be differentiable and quasiconvex on    let be          and let 
the Karush-Kuhn-Tucker conditions for     be satisfied at     Then    solves 
     

Proof: We first prove that, under the above assumptions, we have, for all        
                                (2) 
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Suppose            and choose     so small that     
                Then we have, thanks to the quasiconvexity of       

                         
or 

                                  
being          and      So, we have proved (2). 

As every constraint                 is quasiconvex and differentiable, we 
have, for every         and every      

                                  
Therefore, with                  we have, for every      

  ∑                              
With                 we can write 

  ∑   
                             (3) 

By the Karush-Kuhn-Tucker conditions, we have 
         [       ∑   

            ]     
that is 
                ∑   

                       
But, for every      relation (3) holds, so, for every      

                  
By taking the contrapositive law of (2) we get,       

                              
 
Nonlinear programming problems with a quasiconvex objective functions 

have been considered also by Bector, Chandra and Bector [8]. However, their 
Theorem 3.1 is not correct, as it implies that in the related Fritz John conditions, 
the multiplier  ̅ , associated with the gradient of the objective function (evaluated 
at the feasible point      is positive (i. e. the said theorem works if the 
Karush-Kuhn-Tucker conditions are assumed to hold). The same remark is true 
for Theorems 4.1, 4.2 and 4.3 of the same paper. See Giorgi [24]. 

Bector and Singh [9] introduce the notion of B-vex functions. 

Definition 2: A function         , with   a convex set, is called B-vex, 
with respect to          if for every        and for every   [   ]  we have 

                                           
where                                                    

 
We can see that a function is B-vex if and only if it is quasiconvex. See, e. g., 

Li, Dong and Liu [58], Giorgi and Molho [34]. By this specification the properties 
of quasiconvex functions can be investigated further by means of B-vex 
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functions; without the said specification, Definition 2 may increase 
misunderstanding and confusion. Other questionable papers on this subject are 
Bector, Suneja and Lalitha [10], and Rueda, Singh and Bector [79]. 

 
Let us consider again problem    , where      and every        

           are convex on the convex set       Under these assumptions, 
Künzi, Krelle and Oettli [56] prove the following result. 

  If      is an optimal solution of problem      then    is also an 
optimal solution of the " reduced problem"  

                         
                                  

 
The above result holds under weaker assumptions. 

Theorem 6: Consider problem      where      is a convex set,       
     is semistrictly quasiconvex on   and the functions                 are 
quasiconvex on    the functions                 are continuous at     Then, 
if    is a solution of      it is also a solution of the " reduced problem"       

Proof: Absurdly suppose that there exists  ̅    such that     ̅              
and    ̅         Then, for every         we have      ̅          
   
                         {    ̅          }               (4) 

 
For every         we have           and as                 is 

continuous at     we have                    for   sufficiently small. 
Then,    satisfies the initial restrictions and (4) contradicts the optimality of      

Remark 2: The converse of the above result is not true, as the " reduced problem" 
can violate some of the dropped constraints of the original problem. The version 
of Künzi, Krelle and Oettli [56] has been rediscovered by Moeseke [67] and used 
by this author in proving a saddle point result for a convex programming problem, 
with homogeneous functions, but without assuming the Slater constraint 
qualification.  

Obviously, generalized convex functions have been widely used also in 
obtaining optimality and duality results in vector optimization problems. We 
point out the following remark concerning the paper of Cambini and Martein [15]. 
In this paper Theorem 2 and Theorem 12 should not be correct, as it appears that 
       is the usual Hessian matrix of a scalar function       , evaluated at 
    But then, the quantity            with       is a scalar quantity, not a 
vector. If         denotes the second-order Fréchet derivative of a function 
         then              obviously must be a vector of     not a scalar. 
A solution could be to define           as the vector of    whose  -th 
component is                        i. e. 
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[
 
 
 
  

         
          

 
          ]

 
 
 
 
  

3. A simple proof of a result of O. L. Mangasarian 
Mangasarian [60] has given a nice characterization of the solution set of the 

mathematical programming problem 
                

where   is a convex set of    and   is a twice continuously differentiable 
convex function on some open convex set of    containing    Let    be the 
(nonempty) solution set of the above problem, i. e. 

          
   

      

and let    be any point of     Then it holds 
      ̅  {                                 }  (5) 

 
For other proofs of the above result, see Burke and Ferris [12], Ketabchi and 

Ansari-Piri [54]. The result of Mangasarian can be proved in a simple way, under 
the assumption of once differentiability of       

Theorem 7: Consider the problem 
              

where   is a convex set of    and      is a differentiable convex function on 
an open convex set of    containing    Let be           

   
         Then 

relations (5) hold. 

Proof: Let    be an optimal solution of the above problem, that is        and 
            Since    is convex, it follows that  
                           (6) 
for all          From the property 

                                      
it follows that 
                                               (7) 
where                From (6) and (7) it follows that 
                    (8) 

If we assume that 
                   (9) 
then we would have 
                  (10) 
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for a small    The relation (10) contradicts the second inequality in (7) and hence 
(9) does not hold. Thus, from (8) the first equality of (5) follows. In order to prove 
the second equality of (5), let us consider the convex function 

                         
where       From the first equality of (5) it follows that            Since 
             from (6) it follows that             Since           it 
follows that    is an unconstrained minimizer of the function    From the fact 
that             it follows that   is also an unconstrained minimizer and 
hence          Since 

                    
the second equality of (5) follows easily. The proof is completed by noting that 
since      is a convex function, we have 
                                           (1) 

From (5) and (11) it follows that            and hence        
 
The previous result of Mangasarian has been generalized towards various 

directions. For instance, Jeyakumar and Yang [51] assume that      is 
pseudolinear (i. e. both pseudoconvex and pseudoconcave) on the convex set 
      Under this assumption, these authors prove that           

   
     is 

given by the first relation of (5), i. e. we have 
     ̅  {                   }  

The same authors, always under the assumption of pseudolinearity of       
prove also the following characterizations: 

     ̅  {                  }  
     ̅  {                               [   ]}  

 
The results of Jeyakumar and Yang [51] have been generalized by Ansari, 

Schaible and Yao [1], who assume that      is  -pseudolinear on    i. e. both 
     and       are  -pseudoinvex, with respect to the same vector-valued 
function         See the next section. Under this assumption and other 
additional assumptions, the said authors prove the following results: 

          
   

       ̅  {                   }  

     ̅  {                    }  
 
The characterization of    under the assumption that      is 

pseudoconvex on   is not a trivial problem and has been treated by Castellani and 
Giuli [17] and by Ivanov [48], [49], [50]. The last author gives, under the 
assumption that      is pseudoconvex on    the following results: 

          
   

      ̂  {                     
                        }   
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    ̂  {                                             }  
 
For other related results, see Wu and Wu [85], Wu [84], Lalitha and Mehta 

[57], Son and Kim [81]. The results of Yang [83], always with reference to the 
assumption of pseudoconvexity of       characterize           

   
     in 

terms of the gradient of       evaluated at      This author gives the 
following characterizations of     

      {                  }  
      {                  }  

 
The above results sub A) and B) are a corollary of a more general theorem of 

Yang [83] involving invex functions (see the next section). We give a direct and " 
autonomous" proof of the result sub A). 

Proof of A). 
Let us denote by    the set {                  }  The inclusion 

      follows from the fact that      is pseudoconvex and hence 
quasiconvex. Therefore the set    is a convex set (see, e. g., Avriel, Diewert, 
Schaible and Zang [6], Martos [63]; this result follows easily from the convexity 
of the lower level sets of        But if    is a convex set, and if          then 
we have, for every   [   ]                 that is, the function 
                   is constant on [   ] and hence, for every          
we have                                Letting     and 
     respectively, we obtain 

   {                   } 
and 

       
For the opposite inclusion, let       relation we rewrite in the form 

                      (12) 
 
If             being      pseudoconvex, we have, by the definition of 

pseudoconvex functions,                 in contradiction with (12). 
Hence it must hold             i. e.        

Always under the assumption that      is pseudoconvex on the convex set 
      we have also the following strict inclusion 

 ̅  {                                }                
   

  

 
Indeed, consider the function        given by             which 

is pseudoconvex on   {             }  We have    {         }  
however         [  

   ]  which is not constant over  ̅  
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An interesting result on the subject of the present section is given by Horst 
[45], [46], who takes into consideration the so-called convexifiable functions or 
convex range transformable functions (in Horst [45], [46], these functions are 
called " Mittelbar konvexe Funktionen"). See also Avriel and Zang [7], Avriel 
....(6), Hadjisavvas, Komlosi and Schaible [37], Horts (47), Mond (68), Schaible 
and Ziemba [80], Zang (88). 

Definition 3: Let       be defined on the convex set       and denote by 
        the range of       i. e. the image of   under    Then      is said to 
be convexifiable or convex range transformable or briefly h-convex, if there exists 
a continuous strictly monotone increasing function      , such taht  [    ] 
is convex over    that is 
 [              ]     [     ]        [     ]             [   ]  

that is 
                   [                      ]             [   ]  

Examples of convexifiable functions are the r-convex functions, introduced 
by Avriel [5] and Martos [63], obtained by taking              ,      
Then                      Therefore we have 

                  {   [                     ]
 
     

                      
 

for every             [   ]  
Taking                    we have the power convex functions, or 

p-convex functions, studied by Avriel [5] and Lindberg [59]. We have        
           and hence 

               {[                   ]
 
     

                      
 

 
It can be proved that every h-convex function is semistrictly quasiconvex, 

but in general the converse does not hold. Moreover, if   and   are 
differentiable, h-convex functions are pseudoconvex, but in general the converse 
does not hold. Some basic properties typical of convex functions continue to hold 
for the class of convexifiable functions; for example, every local minimum of 
h-convex functions is also a global one, and if   and   are differentiable, then 
every stationary point of   is a global minimum point over   (on the other hand, 
in this case   is pseudoconvex). In particular, the set of global minimizers of 
h-convex functions is a convex set and every h-convex function is continuous on 
the interior of its domain    Heal [43] proves that the saddle point conditions 
continue to hold for the class of h-convex functions and, for what concerns the 
problem of the present section, Horst [45], [46] proves the following result. 

Theorem 8: Let       be convexifiable and differentiable on the open 
convex set       containing the convex set    let be   [    ]    for all 
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     Then, denoting by           
   

      the set of minimizers of   over    
it holds 

   {                                 }  
Hence, under the said assumptions, we have the same characterization of     

proved by Mangasarian [60] for the class of convex functions (Theorem 7), i. e. 
    ̅  

4. The “vexata quaestio” of invex functions 
Invex functions are a type of generalized convex functions which received a 

lot of attentions in the last 40 years. The interest in invex and related functions is 
essentially due to the fact that this class of functions can be used to extend the 
sufficiency of the Karush-Kuhn-Tucker conditions and the duality theory of the 
class of convex programs to a more general class of optimization problems. See 
Hanson [38]. For some references on this subject (not up to date), see, e. g., 
Mishra and Giorgi [64]. These functions have also produced some "critical" 
opinions and papers. The quite recent paper of Zalinescu [86] is an important 
example. Also the author of the present paper has been concerned with the class of 
invex functions, both in the differentiable case and in the nonsmooth case, both 
for scalar optimization problems and for vector optimization problems. See, for 
example, Giorgi [23], [25], [26], Mishra and Giorgi [64], Giorgi and Guerraggio 
[27], [28], [29], [30], Giorgi, Jiménez and Novo [31], Giorgi and Molho [34], 
Giorgi and Rueda [35]. 

At present, my opinion is that invex functions are an interesting class of 
generalized convex functions, with reference to theoretical-analytical topics; less 
interesting, with reference to their applications. 

Definition 4: Let be given the open convex set      and let       be 
differentiable on    Then      is invex on   if there exists a vector function 
(called also " kernel" )                such that, for every      
                           (13) 

 
See Hanson [38]. Subsequently, other related classes have been introduced. 

See, for example, Kaul and Kaur [53], Pini [75]. 

Definition 5: The differentiable function       is pseudoinvex on   if there 
exists                such that for every        

                           

Definition 6: The differentiable function       is quasiinvex on   if there 
exists                such that for every        

                            

Remark 3: We remark that, by Definition 6, every differentiable function is 
quasiinvex: it is sufficient to take        identically equal to the zero vector of 
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    However, we should exclude this " extreme" case, as the kernel function 
       was introduced as a generalization of the linear function        which 
appears in the classical definitions of (differentiable) convex, pseudoconvex and 
quasiconvex functions. 

Consider the following mathematical programming problem: 
                          {                       } 

and let       Suppose that      and every                 are invex 
functions with respect to the same kernel         If there exist                
such that 
         ∑   

                
                 

                      
then    is a solution of      

The proof is easy: for every     we have 
                              ∑                             
     ∑                              

Consequently, the thesis follows. 
 
A simple but interesting characterization of invex functions is given in the 

following basic result, due to Ben-Israel and Mond [11] and to Craven and Glover 
[18]. 

Theorem 9: A differentiable function       on the open convex set      
is invex on   if and only if every stationary point is a global minimum point. 

It turns out that the class of invex functions coincides with the class of 
pseudoinvex functions (not necessarily by choosing the same kernel function  ). 
However, some authors present the class of pseudoinvex functions as a true 
generalization of the class of invex functions. 

We remark also that Example 3 of Giorgi and Molho [34] is not correct, 
even if the related assertion is true, that is the set of minimum points of an invex 
function in general is not convex. A correct example is the following one. 
Consider  

                
defined on   {            }  The set of all minimum points is given by 

              {         }  {          } 
which is not a convex set. 

Note that the above points are stationary points of    so   is invex; 
however, by setting          and   (    )  we have             
 
   and             (  

   )
 
(  

  
 
  )  

 
     so that   is not 

quasiconvex and hence also not pseudoconvex. 
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Moreover, it appears that, contrary to what holds for convex functions, if the 
set         is not open, it is not longer true for an invex function on     
that a local minimum point is also a global minimum point. Consider again the 
function 

                

and the set    {              
     }  Every stationary point of   on    

is a global minimum point on     and therefore   is invex on     The point 
   

     is a local mimimum point of   on     with     
      

    but the 
global minimum on    is           

We have previously remarked that in sufficient Kuhn-Tucker optimality 
conditions for a nonlinear programming problem      but also for a 
multiobjective programming problem, all functions involved in the said problems 
must be invex with respect to the same kernel function    This fact may be 
viewed as a serious restriction to the application of invex functions to optimality 
conditions; an interesting result of Martinez-Legaz (62) clarifies the situation. 

Theorem 10: (Martinez-Legaz). Let           be differentiable functions 
defined on an open (convex) subset   of     The following statements are 
equivalent. 
     The functions           are invex with respect to the same kernel    
      The functions ∑   

                          are invex with respect to the 
same kernel    

      The functions ∑   
                         are invex. 

     For every                  every stationary point of ∑   
         is a 

global minimum point. 
 
The requirement that in sufficient Kuhn-Tucker optimality conditions, the 

kernel function   must be the same for all functions involved in the problem, 
remains a rather stringent condition and this fact rises the question whether 
invexity is indeed a " true" generalization of convexity. Take into consideration 
the following examples of Phu [72]. See also for other critical considerations Phu 
[73], [74]. Let                         with             

These functions are continuously differentiable on     The functions   
and    are invex on    with respect to the same kernel 

                   
with                       for all                             
Let us consider the problems 

                                  
                                   

 
For             the Kuhn-Tucker conditions are satisfied for both 

problems. However,    is not a local minimizer (and obviously not a global 
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minimizer) of problem      and the same point is not a local minimizer of 
problem       Therefore, the invexity of   and the convexity of   are not 
sufficient for a Kuhn-Tucker point of      and      to be a minimizer. The 
situation may occur even if   is a strictly convex function. Take, for instance, the 
function 

         
 
    

        
Note that in fact      is a concave function and that there exists no 

function   such that both functions   and   are invex with respect to that  , 
otherwise          would be a minimizer of      and of       as it results 
from Hanson (1981). 

We remark that the functions introduced by Heal [43] and the ones 
considered by Rueda [78] are strictly included in the class of invex functions. See, 
e. g., Giorgi and Molho [34] and Hanson and Mond [41]. Indeed, the functions 
introduced by Heal [43] and Rueda [78] are special classes of (differentiable) 
convexifiable functions (see the previous section). It is therefore immediate their 
inclusion in the class of invex functions. The reverse implication does not hold, as 
differentiable convexifiable functions are pseudoconvex, but the converse does 
not hold. We remark also that the class of functions introduced, as a 
generalization of invex functions, by Hanson and Mond [40], coincides in fact 
with the class of invex functions. See Craven and Glover [18], Caprari [16]. The 
above class of functions, subsequently called also F-functions, have attracted 
several authors, all of them with the convinction that this class is wider than the 
class of invex functions. The list is too long to be reported here; a partial list is 
given by Caprari [16]. Obviously, all these generalizations which in fact are not 
generalizations, produce only confusion. 

For what regards the relationships of invex functions with other generalized 
convex functions, see, e. g., Ben-Israel and Mond [11], Giorgi [23], Giorgi and 
Molho [34], Pini [75]. Here we prove the following result. 

Theorem 11: Let          be differentiable and quasiconvex on the open 
convex set    Then   is invex on   if and only if   is pseudoconvex on    

Proof:  
     Let us assume that for a point      we have           Then, if   is 

invex,    is a global minimizer and, being also quasiconvex, then   is also 
pseudoconvex. If   is pseudoconvex, then          implies that    is 
a global minimizer and hence,   is invex. 

     Let us assume that          for all      Then, if   is quasiconvex, it 
is also pseudoconvex (see, e. g., Cambini and Martein [13]) and hence   is 
also invex. Conversely, an invex function without stationary points, being 
quasiconvex, has to be also pseudoconvex.  
 
On the grounds of the above result, in other words, the intersection between 

the class of invex functions and the class of (differentiable) quasiconvex functions 
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is given by the class of pseudoconvex functions. For      Pini [75] has proved 
that pseudoconvex functions coincide with invex functions. For an example of an 
invex function which is not pseudoconvex, see the previously considered function 

                
defined on   {            }  Another example is given by Ben-Israel 
and Mond [11], where there is a misprint. The function to be considered is 

           
         

      
Since there are no stationary points,   is invex. Taking                

      gives              but                so that   is not 
quasiconvex and hence not pseudoconvex. 

As previously said, invex and related functions have attracted many authors 
who have produced on these subjects several papers. The “critical” papers of 
Cambini and Carosi [14], Caprari [16], Martinez-Legaz [62], Zalinescu [86] and 
others, have put into evidence several flaws appeared in various papers regarding 
the above subjects. The list of wrong or doubtful results is too long. We point out 
only a curious statement of Antczak [2], who introduces the class of r-invex 
functions; at page 560 of the quoted paper, the author states: "As (it) is known, 
invex functions are characterized by the fact that each stationary point of a 
function is its global minimum point. It turns out that the same result is true for a 
wider class (italics ours) of generalized convex functions, that is for r-invex 
functions". How its is possible that two functional classes, having the same 
characterization, are such that one of them is wider than the other one? This is for 
me a mistery. 

Invex functions have been largely used also in obtaining various optimality 
and duality conditions in vector optimization problems. The related literature is 
quite vaste. We take into consideration only the papers of Osuna-Gomez, 
Rufian-Lizana and Ruiz-Canales [71] and Osuna-Gomez, Beato-Moreno and 
Rufian-Lizana [70]. In the said papers it is stated that " every vector Kuhn-Tucker 
point is weakly efficient if and only if this problem is KT-pseudoinvex". The 
statement seems to be correct but the " converse" part of the related proof is not 
clear and satisfactory. I rewrite this part of the proof. With reference to the 1999 
paper in JMAA, let us suppose that every KT point is weakly efficient. We prove 
that the contrapositive implication of Definition 3.4 is satisfied. Suppose that 
system (13) in the proof of Osuna-Gomez and others does not have a solution. By 
Motzkin's theorem of the alternative, equation (12) of the same paper is satisfied. 
Therefore  ̅ is a WEP, which implies that system (14) has no solution. The other 
part of the proof is obvious. We have to point out that the above quoted paper 
contains other errors. 

Finally, we spend some words on a paper of Martin [61]. This author defines 
KT-invexity (i. e. Kuhn-Tucker invexity), with reference to the following problem 

        {        
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where the functions are differentiable on an open set       We denote by   
the feasible set of     and by              the set 

      {          }  
The Kuhn-Tucker conditions at      are 

         ∑   
                

                      
                 

Definition 7: Problem     is KT-invex if there exists          such that, 
for every         it holds 

                               
                              

Martin [61] proves the following result. 

Theorem 12: Every point    which satisfies the above Kuhn-Tucker conditions 
for problem     is a global minimizer for problem     if and only if     is 
KT-invex. 

However, there is an open question: KT-invexity is trivially satisfied by 
every solution    of      by choosing            This is a tautological 
condition, as it is coincident with the definition of a solution of      Hanson and 
Mond (1976b) study the problem of finding necessary and sufficient conditions of 
invex type that are not trivial, i. e. with         not identically zero for each 
feasible       These authors introduce Type I invexity, a pointwise notion of 
invexity for      we will denote by HM-invexity. 

Definition 8: Problem     is HM-invex at      if there exists        
such that for every      it holds 

                         
                           

Theorem 13: (Hanson and Mond [42]). Let     be HM-invex at       Then 
   solves     if and only if    satisfies the Kuhn-Tucker conditions for      

Furthermore, Hanson and Mond [42] prove that, under an additional 
condition on the contraints of      a vector-valued function      must exist, 
which is not identically zero.  

Theorem 14: Let      be a Kuhn-Tucker point for     and let be 
               Then    solves     if and only if     is HM-invex with 
respect to the vector-valued function       which is not identically zero, for each 
     

Remark 4: The condition               cannot in general be relaxed, as 
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The point      is a Kuhn-Tucker point which solves the above problem, 

but if HM-invexity is imposed at       it results         

Remark 5: Invexity has been used also to state suitable constraint qualifications 
for problems of the type      See, e. g., Giorgi and Guerraggio [28] In particular, 
Hanson [39] states that “constraint qualification requirements of the Kuhn-Tucker 
theory appear inherently through invexity”. In order to obtain his results, the same 
author assumes that the Kuhn-Tucker multipliers vector is bounded. We have to 
remark that a classical result of Gauvin [20] states that the set of Kuhn-Tucker 
multipliers satisfying the Kuhn-Tucker conditions for     at       is a 
nonempty bounded convex set if and only if the Mangasarian-Fromovitz 
constraint qualification holds at     

Remark 6: Generalized convexity has been introduced by several authors also in 
order to generalize the second-order characterization of convex functions. There 
are many papers and definitions, sometimes of doubtful meaning. On this subject, 
i. e. second-order generalized convexity, the paper of Zalinescu [87] takes stock 
of the situation. 

5. Conclusions 
Generalized convexity is a fascinating subject which has given rise to 

several interesting theoretical results and applications. The class of generalized 
convex functions is by now very wide, perhaps too wide, involving several " 
baroque" definitions with doubtful meaning and no utility towards applications. 
See, e. g., the surveys of Kanniappan and Pandian [52] and Pini and Singh [76]. 
We conclude the present paper by quoting a sentence of  Giannessi [21]: “In the 
last three decades there has been an impressive growth of definitions of 
generalized convexity, both for sets and functions. The way of obtaining them is 
very simple: if we remove one of the many properties enjoyed by convexity or we 
extend one of the terms of the definition, then we obtain a generalized concept; 
now the same can be done with the concept just obtained, and so on in a 
practically endless process. Some of such generalizations are of fundamental 
importance; unfortunately many generalizations look like mere formal 
mathematics without any motivation and contribute to drive mathematics away 
from the real world.” 
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