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Abstract

In this article, using the first development of a generalization of the Jensen’s inequality,
we give a newly limit for the Shannon entropy with respect to the uniformly convex functions.
In other words, we obtained an accurate upper limit for this Entropy. So, it will be presented
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an example with utilization for structural complexity (SC) study for a computer network
(CN) shaped using a connected graph (CG) and applications in probabilities.
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1. Preliminaries

The subject of entropy is used in many branches of mathematics such as
statistics, code theory, information theory, dynamical systems, physics and
thermodynamics. The Shannon entropy has been used by many researchers. The
Shannon entropy has many applications in information theory especially for
discrete-valued random variables [1,3,4,5,6,10,14], for example, in measure
theory [2] having an important impact in data integration [7] and, also to
probabilistic estimation [13]. In addition, many applications of Shannon entropy
there are in the transmission, in the processing and also in storage of information.
In [9], the authors give new generalizations of the inequality of Jensen and some
applications. Recently was established new upper bounds of Shannon's entropy
([11]). In this paper, using the first development of a generalization of the
inequality of Jensen, it was established a new bound for the Entropy of Shannon
with respect to the uniformly convex (UC) functions. In other words, we found an
accurate upper bound of the Shannon Entropy. So, we present an application for
SC study for a CN, which it is shaped by a CG and applications in probabilities.

Definition 1: [4] L: [c,d] = R is UC having the modulus ¢;: R* — [0, +) if,
in addition, ¢ is an increasing function, which vanishes only at 0, satisfiyng:

Lew+ (A -tw) <tltw)+ A —-19)L(w) —t(1 —1)d.(Jv —w]|),

for every 7 € [0,1], w,v € [c,d]. Moreover, if ¢;(w) = ¢;.w? then L will be
named strongly convex.

Theorem 1: [12] We consider L:] = R as being a function which is UC having
the modulus ¢1: R* — [0,+00] on ], {x;}72, € [c,d] being a sequence. If § is
a permutation on {1,...,m} with X5¢1y < X2y <-.. < Xs(m), then we get

LR, nx) < X%y nL(x) — 205" tsayTsaen®1(Ksaeny — Xs@y)  (1.1)
for convex combinations such as Y.J%; x;1; which contains points x; € J."

Definition 2: [8] The entropy of Shannon of a positive probability distribution
1 1 "
X=(0y....0) s HX):=X2, ri'logr_i'

2. Main results

Next theorem establishes a new generalization of the inequality of Jensen by
using the functions which are uniformly convex. Considering L a UC function, §
a perturbation on {1,2,---,m} which satisfy the condition

Xsm) = 0 = Xs@) = X5(1)
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then it will be obtained:
L nix) < TsamyL(Xsamy) + TsyL(Xs(ny)

1
+(1 = 150m) — "5 L2 1121m mxa(z)rsa))

1
—Tsay(1 = Tsamy — Ts)) P1Xi2 152 1.m PE—OL(O R Xs(1))
1
+5m) Toamy + Ts) — D1y — L2 1121m mxs(z)%(z))
m—z _TSWTSL)

< X% nl(x) — X% FE—— b1 (X5041) — X5(j))

X§WTS(L)
—T5cy(1 = Tsamy — Ts(1) P1 Rz 1,m Fur—— Xs(1))
1
sm) Tsemy + 75¢1) — D1 (Xsm) — Zi1,121.m FEr—— XsTs(1))

Proof: Suppose that Xs(ny = -+ = x5(1). We get,

LER, xim) = L(XsamyTsamy + Xs@yTsa) + Zittieim XsTs@))
Xsrs(
=L <x§(m)r6(m) + xsyTsy + (1 = T5em) — T5(1)) 2iz1m —1—r5((7,)1)—(r;(1)) ‘
From, xs¢1) < -+ < X5(my it will be obtained:
TSWXSQW)

In view [[12],Theorem 2.3] it will be obtained:

LQEL, nx) = L(tsayXs(ry + TsemyXsam)
+(1 =15y — 7 ( m M)
(1 = Tsemy) — Ts) | Zi21;121m FE——

1
< L(x 1 + sy [(x +(1-r - l(ix 1 )
(Xsm)Tsem) T syl (Xs(ny) + ( 5(m) — T5(1)) PE—C OO

m-—1

1
X5\ Ts() — X
A Eem—— OLLC) 5(1))

xa(z)ra(z)> 2.0

7505y + Tsemy) — D1 (
—Ts5emy- (L = Tsam) — Ts)) 1 (xé'(m) — Yot FEE—

Also, since
m—1 1
=2 1-7T5m)~Ts(1)

according to Theorem 2.3 in [12] we have
XsTs( s
L (Zf’iuﬂ,m %) < Xiizm ﬁ“xs(z))

~Ts(m)~T8(1) m)~T8()
_\m-2 1 —
2=z EE——— Tsa+ s P1(Xsar1) — Xs))-

Finally, in view of relation (2.1) and (2.2) the proof of theorem will be
complete.

7'5(1) = 1,

2.2)



2132 H. BARSAM, Y. SAYYARI AND L. CIURDARIU

Corollary 1: When the map l is strongly convex, when § is a perturbation
{1,2,---,m} such that

xé‘(l) < x8(2) <--< X(g(m)
then we have
L(X121 1ixy) < 1501y L(xs01y) + T5em) L (Xs(m))

1
+(1 —r - L( e X )
( sem) — Tsa) L | 2122 raom o SOTEW
2
1

+e1Tsay(Tsy + Tsom) — 1)( it PR T—— XsTs) —x5(1))

2
1
+c1Tsamy) (Ts) + Tsmy — 1) (x8(m) X% mxs(z)rs(z))

< L(x))r,—c P
Sty LG - e B

1
7‘5(1)7”5(1+1)(x5(z) - x5(z+1))2

2
+e1say(Tsy + Tsemy — D ( XsyTs) — x5(1))

1
Z - =
T ~T8(m)=T8(1)

2
1
+c1samy) (s + Tsemy — 1) (x6(m) 2=z mxa(z)%(z)) .

Proof: We take ¢;(x) = ¢;x? in Theorem 2.

Lemma 1: We consider the function L:[c,d] = R given by L(x) = log% also
¢ > 0. The function L will be strongly convex (SC).

Proof: Set modulus ¢4 (1) = —r . The function ¢; will be increasing, and ¢,

will vanish, but only at 0. Furthermore it will be considered the fixed points w, v
in the interval [c, d]. Then it will be given the function,

g(@):=(1-r1).log(v) + 7.log(w) —log((1 — 7).v + 7. W)

w-w?
T (1-1),
for every 7 in the interval [0,1]. In this point, it will be shown that 0= g(7), for
w-w)?

every T in [0,1]. By using that g(0) =0,9(1) =0, 0 < —_— —

d‘rz - (‘L'w+(1—1.')v)2

w-v)*
d2
Therefore we get,

7.(1—-1) (vz_;;)Z + log (TW+(11_T)V) rlog( ) +(1- r)log( )

, we have 0 = g(t), for every w,v € [c,d] when t is in interval [0,1].

Lemma 2: We will consider a function @,:1 = R. If this function is twice-
differentiable with

m: = inf{®} (x)|x € I} > 0,
then the function @, will be a UC function having the modulus @ (u) = —
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Proof: The function ¢ is increasing. Moreover, ¢ will vanish only at 0. It will
be considered two fixed points ¢;,d; € I, and it will be defined the function,

Q)= APy (cy) + P(d))(1 =) — Py (Acy +dy. (1 - )
A.(1-A)m 2
-5 (dy —c1)

for all A € [0,1]. It will be shown that ¢(4) = 0, when A in [0,1]. Now using
that (p(O) =0,¢(1)=0,

dlz m(C1 - dl) - (dl - Cl)zq) (ACI + (1 - ﬂ')dl) S O,
®,(1) =0 forevery cq,d; € [, v], A € [0,1]. Thus,
/1. CI)Z(Cl) + (1 - A)q)z(dl) 2 cbz(/‘{ C1 + dl' (1 - A)) +

Therefore, the proof is complete.

A(1- /1)m

(dy — 1)

3. New Entropy Bound
In this section, we apply Lemma 1 obtaining new strong bounds of
Shannon's entropy.

Theorem 3: If r; < -+ <1y, with Y2, 1, =1 then

m-2 (M1 —1? < ( m-2 )1'T1‘T2 1y, 1y
}[(X) + 2(1 1—Tm Z TITI+1 log 1-11—Tm (rl) 1(rm) "
<logm — ri(1—rm—-mry+711)?

2(1-7r1-Tm)
rZ(mry—rm+r1—-1)?

2rm(1-11-Tm)

Proof: Assume that r; <--- <1,. Consider the function f(x) = —logx on

7

[i,i]. According to Lemma 1, f is SC on [i,i] with modulus ¢; = =
Tm T1 Tm T1

2
Now, in Corollary 1 set f(x) = —logx,c; = %,xl = ri for 1 <1 < m. Hence,
1
we have
—<<
m
So, perturbation § on {1,2,:--,m} ¢ ould be §(k) =m—k+ 1. So,
1 1
—logm < —n,log (Z) —nrlog (r—)
_(1 —Tm — rl)log (1 —rm—T1

_rlzrm(l_r —T)( m—2 1)2
2 m 1 1-rm—11 ™m

2 2
T m-2 1
—In = - (- +7)
2 1-rm—71 T

2
1 r2 m Tm— 1 1
<_§:?117"110g( ) 1zm 2 1-1 l( )

1-rm—11 m+1-1  Tm-1

‘il,_;
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by some calculus we obtain the result.
In proof we use the following equality:

m-2 "m+1-1"m-1 1 _ 1 )2 _ 1 Zm—z (7”1_7”l+1)2

1=2 1-Tm=7T1  Tm+1-1 Tm-1 1-11-Tm I=2 TIT+1

Lemma 3: Assume that d >c >0, d=>x; =c¢,l=1,---,m, and also L is SC
having the modulus cy. Then we obtain

L(z?;zlxz> + clmz[(zf’;lxz_c)z+(d_>:?;1xz)2]
24+m (2+m) m m

m
SL(C)+L(d)+1L(Zl=1XI)
2+m 2+m m

1
< EZ{T& L(x)).

Proof: We suppose that
C=Xg S X51) S S Xgm) S X1 = d,
without to loss of generality. Put §(0) =0, §(m + 1) =m + 1 we have
Xs500) = Xs(1) S 0 = Xgm) = X§(m+1)-

Also, put r; = ﬁ for m+1=12= 0 in Corollary 1 we get

1 L(c)+L(a) m 1
L gt ) < KOOy (g )

2+m 2+m 2+m
__am |(1ym AL _lym g
(2+m)? [(mzl:1 X1 C) + (d mzl:1 xl) ]

_1 ym+1 __ 1
= 2+mzl:0 L(xl) (m+2)m

| G2 =)+ (- i x) ]

1 . 1 2 1 2
<L L) - 2 [(ZZ& x—c) +(d-237m, x) ]

(2+m)?

— 2
It (Rsaen) — Xs))

which end the proof.

4. Application in statistical theory

It will be given here several application with respect to SC functions. Also,
we use the following notation in the next: Assume that x; € [c,d],1 <[ < m,

0<c<d. Let X=1{x;,,%n}, X ={c,x1,,xm,d}, VX:= (x5, ,[X}
and E(L(X)):= =Ty L(x).

Proposition 1: Let L be SC having modulus c;. We get,
LEW) + 5 s (€00 — a)* + (b — £(X))°]

(2+m)?
< ﬁ [L(c) + L(d) + mL(E(X))]
< E(L(X)).
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Proof: A direct utilization of Lemma 3 will lead us to conclusions.

1
Lemma 4: [t will be considered L:[c,d] = R given by L(x) = —x2. The

3
function L is SC having the modulus éd_ixz.

Proof: We suppose that d = f > a = c are fixed. We take h:[0,1] » R by
h(s) = (a.s+ (1~ 5).0)7 —s.az — (1 —5).f7 — +.5.(1 - s).(";—‘%")z.
Here we get h(0) =0, and h(1) =0,
B'(s) = 2 (B — @)*(d 72 — (as + B(1 — ) D) <O,
for all 1 > s > 0. Hence, the result is obtained.

Proposition2: If d >c>0,d =2 x; = ¢,l =1,---,m then it will be obtained:
1
= Ve+Jd+meEzZ(X)
e(Vx) s=mee
md_%
m(m+2)2

<&@ - [(EC) =) + (d = £(X))*]

Proof: According to Lemma 4, the function f(x) = —/x is a SC with modulus
3 3

= %d_f. Now, in Lemma 3 put f(x) = —V/x and ¢; = %d‘i the results

obtained.

5. Application in graph theory

Here, we improved bound of Shannon Entropy network which modeled by
Popescu et al. in [9]. We have a graph as follows: G = (V, £), sothat V - the set
of nodes as |V| =n, and € - the set of edges as (|| =m). If the edge
(n;,ny) € &, then two nodes n; and n, are in a relation. The edges (ny,n;)
and (nj,n,) are equivalent. The number of edges which are incident to the node
n;: d(ny) = 5-[:1 8(n;,n;), determines the degree of n;. If (n;,n;) € £, then
6(ni, Tl]) = 1, ifelse, S(ni,n]-) =0.

The probability that a node be “in relation” is defined by:
d(n;
=) =gy

In the case of connected graphs we have anev d(nj) =2m, so 1; =

ﬁd (n;). The structural stability of the graph is shown by graph entropy. The

random node re-connections increase the entropy. Therefore this decreases the
stability. We have the Shannon entropy as:

H(G):= Ticymev r(n)log——

r(ny)’

Using Theorem 3 we obtain next bound for H (G):
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r1(1-rp—nry +71)? r12 (n1’n—rn+r1—1)2

H((G) <logn —
( ) = log 2(1-1r1—13) 2rp(1-11—-17)
_2f yn-2 (ri41-r)*
1-11-Tn l=2 TR

(a) (b)

Figure 1
The graphs for G; and G,.

Example 1: Two graphs G; and G, with given vertices are assumed. Now we
check the H (G;) and I(G;), i = 1,2 bounds for these two graphs with the table
of values and the graph.

For the graphs and tables of G, G,, H(G,) and I(G,), see Table 1 then
Table 2, and then Figure 1, and Figure 2.

Table 1
Table of G,
n Entropy #(G,) Entropy bounds I(G,)
3 0.451 0.461
5 0.602 0.681
10 0.778 0.989
15 0.874 1.168
20 0.94 1.295
25 0.991 1.393
30 1.032 1.473
35 1.066 1.54
40 1.096 1.599
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Table 2
Table of G,

n Entropy #(G,) Entropy bounds I(G,)
3 0.451 0.398
5 0.677 0.686
10 0.987 0.994
15 1.167 1.172
20 1.294 1.297
25 1.392 1.395
30 1.472 1.475
35 1.54 1.542
40 1.598 1.6

Entropy bounds 1(G'y)

(a)

8. Conclusion

Entropy bounds
1G.2)

Figure 2

h)

The graphs for H(G,) and I1(G,).

Using the first extension of Jensen's inequality modification, we give a new
bound of the Shannon entropy with respect to uniformly convex functions. In
other words, we find an exact upper bound in the case of the entropy of Shannon.
For better understanding, two examples of different graphs are provided with the
table of results along with the comparison of the limits, which shows the
differentiation of the limits.

References

[1] M. A. Khan, M. Hanif, and Z. A. Khan, “Association of Jensen’s in-
equality for s-convex function with Csiszar divergence,” J. Inequal.
Appl., pp. 1-14, (2019).



2138 H. BARSAM, Y. SAYYARI AND L. CIURDARIU

[2] H. Barsam, and A. R Sattarzadeh, “Hermite-Hadamard inequalities
for uniformly convex functions and Its Applications in Means”, Mis-
kolc Math. Notes, vol 21, no 2, pp. 621-630, (2020).

[3] H. Barsam, and Y. Sayyari, “Jensen’s inequality and m-convex func-
tions,” Wavelets linear algebr. (In press).

[4] H. H. Bauschke, and P. L. Combettes, “Convex analysis and mono-
tone operator theory in Hilbert Spaces,” Springer-Verlag (2011).

[5] T. M. Cover, and ]. A. Thomas, “Elements of Information Theory,”
John Wiley and Sons, Inc (2006).

[6] S.S.Dragomir, “A converse result for Jensen’s discrete inequality via
Griiss inequality and applications in information theory”, An. Univ.
Oradea. Fasc. Mat., vol. 7, pp. 178-189, (1999-2000).

[7] S.S. Dragomir, and C.J. Goh, “Some bounds on entropy measures in
Information Theory,” Appl. Math. Lett., vol. 10, no. 3, pp. 23-28, (1997).

[8] R. K. Pathria, P. Beale, “Statistical Mechanics (Third ed.),” Academic
Press (2011).

[9] M. A. Popescu, E. Slusanschi, V. lancu and F. Pop, “A new bound
in information theory,” Networking in Education and Research Joint
Event RENAM 8th Conference, 11-13 Sept. (2014), DOI: 10.1109/RoE-
duNet-RENAM.2014.6955301.

[10] Y. Sayyari, “An improvement of the upper bound on the entropy of
information sources,” Journal of Mathematical Extension, vol. 15, no. 5,
pp. 1-12, (2021).

[11] Y. Sayyari, “New refinements of Shannon’s entropy upper bounds”,
Journal of Information and Optimization Sciences, vol. 42, no. 8, pp. 1869-
1883, (2021). https://doi.org/10.1080/02522667.2021.1966947.

[12] Y. Sayyari, “New entropy bounds via uniformly convex functions,”
Chaos, Solitons and Fractals, vol. 141, no. 1, pp. 110360, (2020).

[13] Y. Sayyari, and H. Barsam, “Hermite-Hadamard type inequality for
m-convex functions by using a new inequality for differentiable func-
tions”, . Mahani Math. Res. Cent., vol. 9, no. 2, pp. 55-67, (2020).

[14] S. Simic, “Jensen’s inequality and new entropy bounds,” Appl. Math.
Lett., vol. 22, no. 8, pp. 1262-1265, (2009).

Received July, 2024



