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Abstract

In the online shortest path problem, the arc costs are the online parameters in a network
and their values are not known for decision-makers in advance. So, the online decisions are
made by arriving any node and with respect to some statistical information of the leaving
nodes and not by the realization of the arc costs; however, the decisions for the traversed
paths are not changed or rejected, and they are established permanently. The online decision
criteria are defined as expected path lengths related to the available statistical information
in the online manner. The online expected stochastic shortest path lengths are computed by
two novel online adapted formulas. Then, the competitive analyses are presented for the
obtained online stochastic optimal solution against the offline optimal solution. The expected
competitive ratios are revealed differences between the application of some local and global
information, so that it shows e-2 improvement for the local statistical information against the
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globalb statistical information, relatively. Numerical results and the average case analyses
compared the obtained formulas as the online optimality indices. The formulas are applied
in both acyclic and cyclic networks, and the obtained competitive ratios are verified by some
numerical examples.

Subject Classification: (2010) 90C27, 90C59.
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Competitive ratio.

1. Introduction

In the considered online stochastic shortest path problem, decisions
are made based on some statistical information in an online manner;
however, there is neither a function nor probability distribution to describe
the unknown parameters of the network. The arc costs (and the path
lengths) and the topology of the network are online parameters, so some
online policies reveal the adjacency nodes by arrival any node. Thus, the
online made decisions are not allowed to be changed or rejected (otherwise,
there will be some penalties). The obtained online solutions are evaluated
by the competitive analysis, and the obtained competitive ratio determines
the optimality index of the obtained online solution against the optimal
offline solution.

Local and global information interaction has been considered in some
applications [4,7, 12, 15, 18]. The advanced information play an important
role in the traffic control for path planning problems [7, 10]. Chen et al.
[10] compared the strategies to apply global local information, and
determined a global algorithm who applies global information has an
improved performance against a local one. Rout guidance The rout
guidance strategies need to analyses the traffic data and provide a high
qualified routing plan [2]. Information feedback has a critical role to avoid
traffic congestion [11, 12, 21]. Chen et al. [11] studied that providing some
partial information of a road to travelers could improve the performance
of a routing system.

Kalaia and Vempala [14] determined a path between two nodes, and
then the times on all arcs are revealed. Provan [17] considered the stochastic
traversal lengths of the arcs, and they become known upon arrival at the
tail nodes. Sever et al. [20] applied a discrete time finite horizon Markov
decision process to model a dynamic stochastic shortest path problem.
Ardakani and Sun [2] applied some advanced traveler information systems
according to the stochastic realization of the arc costs. Gyorgy et al. [13]
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considered a weighted directed acyclic graph, and the arc weights are
changed in an adversarial way. Awerbuch and Kleinberg [3] assumed
unknown arc delays during routing sequential paths in a network. Balogh
et al. [5] considered the online bin packing problem and they proposed an
optimal competitive ratio.

In our considered model, the arc costs are the online parameters of
the network; so, we apply some statistical information according to some
local and global decision criteria. The online policies determine the
permitted nodes, and they are generally defined as the adjacency nodes of
the traversed nodes. Therefore, the topology of the network is revealed
gradually where the arc costs are not known.

Provan [17] considered the model that the arc costs are taken from a
given strictly increasing finite set of numbers with given probabilities.
Kalaia and Vempala [14] wanted to ensure that their total cost is not much
larger than the minimum total cost of any path. Sever et al. [20] applied
dynamic programming to formulate and evaluate online and offline
policies. Ardakani and Sun [2] tried to reduce optimization time by
estimation of travel times. Gyorgy et al. [13] designed a game where a
decision maker had to choose a path between two distinguished vertices
in each round, such that the loss of the selected path is as small as possible.

The competitive ratio presented by Awerbuch and Kleinberg [3] is
bounded by the arc number (1m) and the number of the most permitted

arcs to use so that it could attain the bound mg ; in the best permutation of
their presented method based on the online linear algorithm, the bound is
m?. Our obtained competitive ratios are bounded with m in both local
and global formulations.

Here, the considered model is a routing planning model in the lack of
information about either arc costs or path lengths. The contribution of
this study are listed as the following highlights:

* An online shortest path routing model is developed, where there is
not access to the information about the arc costs or the path lengths.

e The preference of the local information of the arc costs and the global
information of the path lengths during routing process are analysed
competitively by some theorems, for cyclic and acyclic networks.

e The expected competitive ratios are computed in the both cases
locally and globally.
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e It is shown that the application of local statistical information
produces e’.

The paper is organized as follow: section 2 describes the routing
model of the problem, section 3 produces the competitive analysis of the
local and global routing policies, and section 4 presents the numerical
results of the proposed online algorithm implementations on both cyclic
and acyclic networks of different sizes.

2. The online stochastic shortest path problem

There are some online routing policies and they show some nodes
and arcs which are permitted to traverse at the current policy time. In the
lack of the costs’ values, we consider the advanced statistical information,
and decisions are made to obtain the expected optimal value. So, the arc
costs are not known during the online routing process and the next node
is chosen by some available local and global statistical information. It is
not considered a special distribution function for statistical retrieved
information; however, the uniform distribution function is applied to
produce some statistical values as the numerical instances. Thus, two
formulas are considered and they are applied as the optimality indices for
the online stochastic shortest path (O-SSP). It is not allowed to reject
previously traversed nodes, although they could be traversed several
times (in a cyclic network).

Awerbuch and Kleinberg [3] used some partial information of the
arcs and paths in the network. Sever et al. [20] assumed traveler gets the
real-time information about the state of the network before arriving at
each node; in their model, the travel times can be predictable from
historical data and retrieved from online data. In our studied model, the
arc costs are online parameters and decisions are made according to the
statistical information of the paths from the traversed nodes toward the
destination node or the leaving arcs of the traversed nodes according to
the global or local information, respectively. Kalaia and Vempala [14]
defined some periods for the online made decisions and in each period
they chose the decision which has done best so far; they used some
realizations of the lengths of the arcs in each period.

Let G=(N,A) be a directed network with the node set N and the arc
set A and s,deN are the original source and destination nodes,
respectively; Il is the policy set and x, €IT is the policy of time t and
determines the permitted nodes, for t=1,2,...,|I1|, in online manner. Let
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A, and N, denote the arcs and nodes of the policy time t, 7,, and s, and
d, are the source and destination nodes of x,, respectively. For any
(z' j)€ A,, the decision variables of policy 7, are shown by x’j €{0,1}, and
c >0 is the online cost of the arc (1 f) thatis retrieved from the statistical
1nformat10n of the network; so, u, " is the expected length of the online
shortest path from node i given by the policy =, toward the original
destination node d; it is assumed that there is a path from any node toward
node d. The initial policy 7z, and the last policy 7, consist of the original
source node s and the original destination node d, respectively. The other
policies m, l<t< |T1|, are constructed of the leaving nodes of the
traversed nodes in the previous policy z, ;. The policies could be given
dynamically [13, 20] or by a probability distribution function.

The online decision variables should satisfy the following local
feasibility condition for any 1<#<|IT|

1 i=s,
VieN,: X xl';‘ - Y x7'=40 otherwise 1)
i j)ed, J:(ji) €Ay ,
-1 i=d,

Inductively, one unit flow is sent from the original source node to the
original destination node by intermediate source and destination nodes
according to constraint (1). So, any feasible solution for the online problem
is a feasible solution for the offline problem; finally, the following global
feasibility conditions (2) are satisfied by time ¢

1 i=s
t
; . t b .
Vie ,U:1N’ » ]_)ezut Axij p i)ezu' Axﬂ. 0 otherwise (2)
’ r=1""r v r=1""r _1 i=dt

where xfj is the exact offline value of the decision variable related to arc
(i,j) by time t. However, it is not allowed to return from the current
traversed nodes and the solution process should be continued by policy
m,, but it could be traversed several times. Notice, according to the
constraints (2), one unit flow is sent from the original source node to the
current destination node and the final solution is feasible for the offline
problem, inductively.

In the online model, the values of the decision variables are
determined according to the policy set II, such that they construct a
shortest path from the original source node to the original destination
node, finally. The expected length of the O-SSP is minimized with respect
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to the available statistical information and it is applied to determine which
node will be the next node to traverse. So, contrary to the stochastic and
real-time models [4, 17, 20], the realization of the arc costs is possible in the
online problems.

Whenever one node is allowed to traverse by an online policy, it
should satisfy constraint (1). So, if x:;t =1 for (i,j) € A,, then thereisadual
constraint that is in equal form because of the complementary slackness
conditions (see [5 9]) Consequently, the Corresponding dual form of
constralnt (1) is u, K —u; i <c, " for (i, NeA,, if X, "t =1 then u, s updated
by u ftc, i Then in the optlmal solution c, = u "yt is an estimation
Value of the online parameters c, "t with respect to the expected values of
u' and u, 1

For two networks with the same number of nodes, the policy sets in the

acyclic network contains more distinct nodes than the cyclic network.

Node i is a reached node if there is a path from the original source node

that traverses the node ¢ by time £—1 according to constraint (2). In an

online manner, there are two kinds of update states for arc (i, j) € A, and
i,jeN,:

(a) ieUIN, is a reached node but je¢UN, is released by =, as
seen in Figure 1. State (a) shows a node could be reached from a
previously reached node.

O ®)

State (a) for online released nodes and arcs.

Figure 1

b) i,jeU N, both are released by 7, as seen in Figure 2. If there is a
cycle in the network then it may cause the states (b1) and (b2). In the
state (b1) arc (i, ) is traversed for the first time, but in the state (b2)

(D) _A— ()
o by o (b2)
Figure 2

States (b1) and (b2) for online released nodes and arcs.
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arcs and nodes are traversed several times. However, there is not any
negative cycle (a cycle with negative cost) in the network that causes
to infinity optimal solution.

So, the states in the cyclic networks contain some repeated nodes
those are traversed previously, and then the policy sets of the acyclic
networks expand the search area to find a better solution.

Two formulations of the O-SSP are presented to compute the expected
length. In the first one, it uses the statistical information of the arc costs;
then, the expected length is computed as follows

[n . ) o] o
E|Y > cx'|=Y ¥ E(c)x
t=1(i,fes, 7Y t=gpes, 0

1]

S X B - ©)

t=1(i,j)eA,
|

=|§: > P —u")x " —u")x"
=130, )ea, & ] ! U
P _is the probability distribution of the arc cost for any (i, j) € A,, and
it is retrieved from the local statistical information. For the second
formulation, the O-SSP length from the departure nodes is independent of
the current arc cost, then we apply the conditional probability (see [19])

T, T, T s 3 T T
P(uit Icij[ =u,' _ujt)ZPc(uit _ujt)Pu(uit)

P is the probability distribution of the O-SSP length from the
departure node i to the destination node d, and it is retrieved from the
global statistical information. So, the expected length is computed as
follows

t=1(i,])eA, £=1(3i,f)ed,

1 nom | .
E(Z > C,-fxi]-'J:z > E(cij’)xijf

7l
= ¥ E(u |c:l’,’ =u" —u;.rf )] —u;r’ )x;’ 4)

t=1(i,j)eA,

= ;’jpc(u;‘r _ u;ﬂ )pu(u:ff )(u;ﬂ _ u;ﬂ )x;ff

The first formulation (3) applies the local information of the arc costs,
but in the second one (4) the global information of the O-SSP length from
the current nodes toward the destination node is applied. In both
formulations, decisions are made according to the minimum expected
length.
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Consider the example network in Figure 3; it is a cyclic network with
6 nodes and 10 arcs. The policy set of the example network (Figure 3) is
shown in Table 1 and the nodes of policy x, , are released by arrival any
nodes of policy x,, for t=1,2,3,...,5. Node 1 is the original source node
and node 6 is the original destination node, so 7, ={1} and 7z, ={6}; the
other policies x,, m,, m,, #;, are represented in Table 1. The policies
determine the available information of the arrival nodes. By arrival any
node in the policy time ¢, it is allowed to access some statistical local and
global information of the arc costs and the path lengths, respectively; so,
the expected length of the O-SSP from the source node 1 into the destination
node 6 is computed by the equations (3) for the case local arc costs released
information, and (4) for the case global path lengths released information.

Figure 3

The example network

Table 1
The policy set of the example network.

Policies T, T, T, T, T T,
Nodes {1} {2/3} {2/4/5} {3/4/5/6} {2/3/4/6} {6}

3. The online algorithm and the Competitive analysis

The online algorithms are applied to solve the online problems and
their performances are measured by the competitive analysis. Obviously,
the online solution is not better than the optimal offline solution, so the
optimality index is presented by the competitive ratio. The approximate
complementary slackness theorem (Theorem 1) provided the relationship
between a feasible solution and the optimal solution [6].

Theorem 1 (Bazaraa et al. [6]): Let x=(x,,x,,...,x,) and y=(y,,¥,,..-,Y,)
are feasible solutions for the primal and the dual of the linear optimization
problems, respectively:
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* Primal complementary slackness: there is a o>1 that for any i,
1<i<n, if x,>0 then < Yy, <c

* Dual complementary slackness: there is a f>1 that for any j,
1<j<m, if y,>0 then b]. STiLax, < ﬁbj.

Therefore, there is ratio ¢off and by weak duality the following
inequalities are obtained

n m n
;cixl. <of Z%bjyj < ocB_Z;cixf
i= j= i=

where x; and y, are the feasible primal and dual variables, ¢, and b, are
the primal and dual objective function coefficients, respectively, and x;
are the optimal primal solutions. Notice, the adjacency matrix of the
shortest path problem is unimodular, so the integer constraint could be
relaxed [1]. Then, by Theorem 1, there is a ratio for any feasible online
made path and the optimal shortest path which is called the competitive
ratio.

Let ALG be an online algorithm and OPT is the optimal
corresponding offline algorithm for a minimization problem P, then ALG
is 0 -competitive with respect to OPT if there is an independent constant
€ that for all input I of P, ALGP(I) < 0.OPTP(I) + € [8].

For the online stochastic model, the competitive analysis is done
according to the expected value of ALG,(I) which is executed on the
stochastic problem P, E[ALG,(I)] < 0.OPT,(I) + £ [8].

In the general case, if C=max(’_ Heult A c;f' and |A|=m then the

competitive ratio is mC, because it is possible to exchange almost m arcs
with possibly C improvement. Let network be acyclic then the competitive
ratiois (n—1)C, where n=|N| and it needs to exchange almost n—1 arcs.

The algorithm establishes a path from the current source node s, to
the current destination node d, with respect to the policy #,, for any time
t (see Algorithm O-SSP) by minimizing the expected path length. Then,
the selection procedure is implemented according to the statistical
information of the network due to minimize the expected length of the
O-SSP. In each iteration, some values of variables x;* are set 1 or 0, for
(i,j)€ A,. Porvan [17] obtained the shortest path length as the decision
variable values, in every iteration. The competitive analysis of the proposed
methods according to the equations (3) and (4) are presented in the
following Theorems 2 and 3, based on some local and global information,
respectively.
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Algorithm O-SSP

Input t=0,d, =5

While d, #d do

t=t+1,s,=d,

SELECTION PROCEDURE

Select d, = argmin {expected path length from s, to v for all veN,}
according to 7, =(N,, A,)

if forany ieN,, (i,j)€ A, is in the minimum expected path from s, to
d, then

set x:;’ =1
end if
end while

The Hoeffding’s inequality provides an exponential upper bound for
a set of independent random variables [16]. So, let 0<X <1, j=1,2,...,n,
X= %Z}leﬂ and u=E(X), then for 0 <8 <1—u we have [16]

p(X-u=8)<e?”

Consequently, the proves of the following theorems apply the
Hoeffding’s inequality on the single random variable c;f, where its
expected value is ¢,.

Theorem 2: If the selection procedure of O-SSP algorithm applies the expected
value as defined in equation (3), then the competitive ratio is at most e”>mC.

Proof: According to equation (3) the optimal offline solution is

ol | = Tt 4 4 A
e el = B R et ]

. T T T, T T . T, T —
Since P(u.! —u')=P(c.'!=u'—-u'), andif u'—u'>¢c then
e\ j if i j i i if

T, T, T T — I, —
P(c,! =u,' —u)=P(c;' —¢, =u,' —u,' =)
where, El.]. = E(c;f ), and put Z;f = uf’ —u;[f —-C., SO
"V<e C (5)

T T p—
If ut —u].f Scij then
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ﬂ:t_ ”I'_ ”f _ = _ ”f___ ﬂt 71',
P(c,,], =u' —u, )= P(cl.], ¢l =c¢,—u' +u, )
andput At =T —u' +u't, so
q q i ]

2(A7 )
— 3 -7 — T -, -
P(c,—c,/ =A/)<P(C,—c,/ 2A ) <e ¢ (6)

The last inequalities (5) and (6) are held by the Hoeffding’s inequality
[16], where P(0 < c;‘ <C)=1. However, the inequalities (5) and (6) imply
287
P(u" —u;rf)SE ¢

Then, we have
287

Tt e i AV
E(Zci], X, JS e (u, —u, )xi]. .

ti,j ti,f

- . ~2(A%t)*C? _
In the worst case, AZ" =C, where mfﬂ e =¢?. Further, the
i

values of the decision variables x:;’ determine a path from node s to node
d by time |IT|
E| Scitxt |<e? Yt —ut)xt =e(u™ —u")
t,i,j v ti,j ! i 4 s
Initially ¢ =u;" —u}", and then by updating procedure, the feasibility
is held for the dual variables. If there is (i,j)e A that c'l.]'.j' >y, then it
needs almost mC improving replacement of arcs, so

T T _ *
E( S txt J <e”mCYc x.
7oy i 7y

ti,j

Corollary 1: If the network is acyclic then the competitive ratio is e>(n—1)C,
because any cycle is determined by at most n—1 numbers of the arcs.

Theorem 3: If the selection procedure of O-SSP algorithm applies the expected
value as defined in equation (4), then the competitive ratio is at most e *mC.

Proof: The expected length of the O-SSP is obtained by equation (4) and it
is depended on both the distribution probabilities of the arc cost and the
expected length of the O-SSP from the current nodes,
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E( St j =Y Pt )P ()t —u)xt
f )T e T e R Ry
Since 0<u''<mC, suppose E(u')=i' then by Hoeffding’s
inequality [16] (as the proof of theorem 2 we have
C2A7)
P@ut)<e ",

where A;" =|u’ -u"|. So,

AR oy
T c? TR ()" V2
E[Zpij xS e xe (u, u; )xl,], .
ti,j ti,j
On the other hand,
AR ANy
inf e © xe "C =e¢?lxel=e*,

(& A7)

when Z;tf =C and A" = mC. Finally E(Z, cpxy) <e'mCy, ¢, x.

Corollary 2: If the network is acyclic then the competitive ratio is e™*(n—1)C.

Consequently, the improvement of the competitive ratio is obtained
atleast e / e = ¢® » 7.3891 relatively, where the global information is
applied according to equation (4) against the local information according
to equation (3).

4. Numerical results

The networks are created randomly with different sizes of nodes and
arcs and also topologies. However, there is a path from any node toward
the original destination node and there is a path form the original source
node toward any node, and this property is satisfied in both cyclic and
acyclic networks (property I). Property I helps us to avoid trivial solutions.
Also, another property is satisfied for acyclic networks where there is not
any directed cycle in the acyclic networks (property II). Property II is not
satisfied by the cyclic networks, however there is no negative cycle in the
network.

The costs of the arcs are positive integer values and they are generated
according to the uniform distribution; it is considered C=7 in the
generated networks. The online routing policies are revealed by arriving
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of the traversed node including all of the departure nodes of the current
policy nodes in both cyclic and acyclic networks.

The numerical results of O-SSP algorithm implementation are shown
in Table 2. So, if the local routing information is applied, then O-SSP
algorithm considers the selection operator (3) (Opt. onlinel); and if the
global routing information is applied, then O-SSP algorithm considers the
selection operator (4) (Opt. online2). The random networks are generated
as cyclic (Cyc.) and acyclic (Acyc.) with thousands of arcs and different
topologies. The optimal values in Table 2 are obtained as the average value
for ten times of implementations for both online and offline versions of the
stochastic shortest path problem.

The policy times in Table 2 determine the online routing released
information policies those are applied in the online routing process.

Table 2

The numerical results for the instance networks.

Node Arc Opt. onlinel | Opt.online2 | Opt. offline |Policy time

Cyc. | Acyc. | Cyc. |Acyc.| Cyc. | Acyc. | Cyc. | Acye. |Cyc. |Acyc.
100 | 4929 | 2483 | 6.9 3.8 6.9 3.6 36 | 25 | 54 | 58
150 | 11077 | 5590 | 114 | 41 | 114 | 43 3.1 1.7 | 67 | 86
200 | 19763 | 9899 | 11.3 2.8 12.0 3.3 2.6 13 | 93 | 117
250 | 31028 | 15496 | 13.2 43 12.5 41 2.6 1.7 | 127 | 149
300 | 44937 | 22440 | 7.8 3.8 8.1 3.7 2.3 19 | 147 | 174
350 | 60558 | 30460 | 12.4 | 44 | 119 | 43 2.3 1.7 | 180 | 212
400 | 79689 | 39890 | 13.3 4.9 13.1 4.8 22 17 202 | 222
450 |101173| 50554 | 13.6 44 13.6 3.5 2.4 13 | 242 | 272
500 |124464| 62178 | 12.1 5.3 12.1 53 2.0 1.7 | 257 | 269
550 |150959| 75537 | 12.8 | 4.6 | 13.7 | 4.6 2.0 1.5 |288 | 329
600 [179297| 89660 | 11.8 | 50 | 11.8 | 42 22 1.5 | 298 | 346
650 |210632|105624| 10.0 4.5 10.0 4.5 1.9 15 | 339 | 404
700 |244150|122116| 13.9 42 13.9 3.9 1.9 14 | 333 | 420
750 |280177|140530| 16.7 4.8 16.7 41 1.7 14 | 360 | 440
800 [319558|159645| 11.6 | 4.7 | 116 | 40 1.9 1.5 | 400 | 468
850 |360525|180680| 12.5 4.5 12.5 4.0 1.7 13 | 416 | 490
900 |403198|202550| 16.0 | 48 | 16.0 | 43 2.0 1.6 |432 | 517
950 |450705|225830| 10.7 5.7 10.7 57 1.7 14 | 484 | 544
1000 |499064 |249671| 11.5 4.6 11.5 44 1.8 1.7 | 465 | 577

Average 12.1053 |4.4842|12.0789 | 4.2421 | 2.2053 | 1.5947
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Actually, the online policies in the acyclic networks are produced by
adding the new adjacency nodes, so the numbers show the obtained sets
of the new adjacency nodes where they could be traversed exactly once. In
the cyclic networks, the policies could contain some repeated nodes, so the
numbers show the most reached nodes by the online routing process,
while they could be traversed several times. Therefore, the search area in
the acyclic networks is relatively more expanded than the cyclic networks
(see policy time in Table 2).

The competitive analyses of the proposed methods are done on both
cyclic and acyclic networks. The average cases of the competitive ratio
with respect to the theorems 2 and 3 are shown in Figures 4 and 5 for cyclic
and acyclic networks, respectively.

In the cyclic networks, the average case analyses show the length of
the online obtained path does not almost differ whether the local
information or the global information is applied, as well as the competitive
ratio; since, the cycles cause the repeated traversed nodes and consequently

Competitve ratio
(-}
’

~m—onlinel
4+—online2

100 200 300 400 500 600 700 800 900 1000
Node number

Figure 4

The competitive ratio of cyclic networks in average case

2
L
4
K4
z
=9 #-onlinel
—a—online2
0
100 200 300 400 500 600 700 800 900 1000

Node number
Figure 5

The competitive ratio of acyclic networks in average case
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the policies contained some repeated nodes (see policy time in Table 2),
and then there are some paths as cycles those could not make differences
between the global information and the local information.

However, the results of the acyclic networks reveal the differences of
the equations (3) and (4), where the global information (4) (online2) acts
better than the local information (3) (onlinel). So, in the acyclic networks,
the obtained paths contain some useful global information of the network
and it affects the competitive ratio, relatively.

The overall average of the competitive ratios when decisions are done
with respect to the equations (3) and (4) are 5.4892 and 5.4772 for the cyclic
networks; also, they are obtained 2.8119 and 2.6601 for the acyclic networks.
So, the obtained relative improvements are 0.9978 and 0.946 for the cyclic
and the acyclic networks, respectively.

5. Conclusion

The online stochastic shortest path problem in the cyclic and the
acyclic networks were studied, in this paper. The competitive analyses of
the presented online algorithm were done according to the application of
the local and global information in the network. Two formulations were
obtained for the O-SSP length with respect to the available local or global
statistical information. The numerical results showed that the global
statistical information of the paths could lead to a better competitive ratio.
However, cycles in the network caused a smaller number of distinct nodes,
but in the acyclic networks decisions were made in more expanded search
area, relatively. Also, the obtained competitive ratios were improved by
the bound of the number of arcs against the previous works. Other
stochastic models of the O-SSP problem could be studied for future works.
Markov decision process is one of the stochastic models which can be used
to improve the online made decisions. Another direction is the decision
criterion that was an average case for our online made decisions.
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