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Abstract

We consider fractional, or average reward, optimal stopping problems for continuous
time stochastic processes. We extend the results in Morimoto [4] to the general case, and then
state the characterization of optimal value and optimal stopping time and the efficiency of
Denkelbach algorithm for searching an optimal stopping time.
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1. Introduction
Let (Q,F,P) be a complete probability space and {F;, t € R,} be a
filtration of sub o—fields of F which satisfies the usual conditions and F =
g (Ut€R+ Fy).
Let {X(t),t € R,} bean {F,}-adapted right—continuous stochastic process
such that
E[supX*(t)] < o and E[X ()] < » (t € R}).
teRy
And let {Y(t),t € R} be an {F,}-adapted right-continuous stochastic
process such that
E[supY(t)] <o and Y(t) = K >0 (t € R,).
teRy
We set
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C, = {t | 7: stoppingtime, P(t < 1) = 1, E[X~(1)] < o},
C, ={T€C | P(t<oo)=1}
We remark that in order that E[X~(t)] < oo, it is necessary and sufficient
that for 6 € R, E[(X(t) — 6Y(7))"] < 0. And we have for 8 € R,
E[sup (X(t) — 0Y(t))"] < oo.
teR,

Then we find a stopping time 7* € C,(C,), which is called optimal, such
that
EX@)] _ E[X(D)]
EY(@I

E[Y(z)] 7€C(Co)

In order to discuss an optimal stopping point for the above problem, we
introduce the following parametric problem: find for 6 € R, a stopping time
7" € Cy(C,) such that

E[X(z*) —0Y(x")] = sup E[X(7)—0Y(7)].

T€Co(Co)
Now we define the Snell envelopes of the parametric problems by

76 (t) = esssup E[X(7) — 0Y (7)|F¢],
TECt
Z9(t) = ess sup E[X (1) — OY (7)|F,].

TEC:
By the way, throughout this paper we make the following assumptions:
X (o) = lim sup X (1),
t—ooo
Y(o0) = gim Y (t).
Then we have
lim sup(X(t) — 8Y(t)) = X(o0) — Y ().
t—>oo

Fractional optimization problems have been studied by several authors, for
example, Aggarwal, Chandrasekaran and Nair [1], Iwamoto and Fujita [2],
Morimoto [4], Ren and Krogh [5], Sawasaki, Kimura and Tanaka [6], Stancu—
Minasian [7], and Tanaka [8]. In particular, Tanaka [8] gave new fractional
sequential optimization problems and dicussed their application to fractional
multiparameter optimal stopping problems.

We shall consider fractional optimal stopping problems for continuous time
stochastic processes with right continuity and quasi—left continuity. Moreover we
shall discuss the characterization of optimal value and optimal stopping time and
the efficiency of Denkelbach algorithm for searching an optimal stopping time.

2. Snell envelopes of parametric problem

In this section we state properties of the Snell envelope and an optimal
stopping time for the parametric problem. We refer Morimoto [3].
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Theorem 2.1: For 6 € R, there exists a right—continuous supermartingale

{Z9(t),t € R} majorizing {X(t) — OY(t),t € R} and satisfying

(1) 2°(t) =Z (t) = 2°(t) P-ac. tER,.

(2) lim sup,_.(X(t) — 8Y(t)) = lim sup,.eZ°(t).

(3) E[2°()] = sup,E[X(7) — 8Y (1)] = suprec E[X (1) — 6Y (D)].

(4) For any §1€Cy, with §<t, E[|2°(®)|] <o and E[Z°()|F] <
2°(%).

Theorem 2.2: Let 6 € R be fixed. Then & € Cy is optimal if and only if
E[X(§) = 0Y()|F] = Z°(§ At) for t €R,.

Theorem 2.3: Suppose that for any t, € Cy increasing to T,
lim supX(z,) < X(7) and limY(z,) =Y(7)
n—oo

n-oo
on {r < oo}.

Then we have
(1) &= inf{t|Z (t) = X(t) — OY(£)} is optimal in Cy,
(2) There exists an optimal stopping time ¢ € Cy if and only if P(§ < o) = 1.
(3) Iflim; X (t) = —oo, then & is optimal in C,.

Remark 2.1: If the condition (3) in the above theorem satisfies, we have
limy_(X(t) — 0Y(t)) = —oo for 8 € R.

3. Parametric method
For 6 € R, we set d(0) = supreaE[X(r) —0Y(7)].

Proposition 3.1: The function 6 — d(6) is convex.
Proof: For any 6, < 6, and A € [0,1], we have
d(46; + (1 — 1)) = supE[X(7) — (161 + (1 — 1)6,)Y (7)]

TECy
= supE[A(X(7) — 6,Y(1)) + (1 = D(X(7) = 6,Y (D)]
TECy
< SUCEEM(X(T) —-0.Y(t)] + SUCEE[(l - DX (7)) —6,Y ()]

= Ad(6;) + (1 — A1)d(8,).
Proposition 3.2: The function 8 — d(6) is strictly decreasing.

Proof: For any 6, < 8, and T € C,, we have
X(@) = 0,Y(r) = X(1) = 0,Y (1) + (6, — 6.)Y (1)
2 X(T) - 92Y(T) + (92 - GI)K
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E[X(t) —6,Y(7)] = E[X(z) — 6,Y(v)] + (6, — 6,)K.
Therefore we obtain d(6;) = d(6,) + (8, — 6,)K > d(6,).

Proposition 3.3: limg_,d(0) = —0 and limgy_,_,,d(6) = oo.

Proof: We may assume that 6 > 0.
d(8) = supE[X(7) — 8Y(7)] < E[supX*(¢t) — 6K]
TECy teER,
- —00 (8 = o0).
Next we may assume that 6 < 0.
d(o) supE[X(r) — 8Y(7)] = supE[X(T) — OK]
TEC T€Co
E[X(t)] — 6K
—E[X~(t)] - 6K

— o (6 - ).

\V\Y

Proposition 3.4: There exists only one 6 such that d(8) = 0.
Proposition 3.5: The function 8 — d(6) is Lipschitz continuous.

Proof: For any 6;,0,, we have
|d(61) — d(62)| = [supE[X(7) — 6,Y ()] — supE[X(7) — 6,Y (D)]|

TEC) T€Co
= SuCQIE[X(T) = 6,Y(™)] - E[X(7) = 6,Y ()]
= SuC£|91 — 0;|E[Y (D]

< |6, — 92|E[tsel;pY(t)]-
+

Proposition 3.6: We set 6 = ZF;EZ} for any T € C,. Then d(6) = 0.

Proof: Forany T € C_O, we have
d(®) = supE[X(r)—0Y ()] = E[X(x) —0Y(7)] = 0.

TEC)

4. Optimal value
Theorem 4.1: Suppose that for any t,, € Cy increasing to T,
limsupX(t,) < X(tr) and limY(r,) =Y (1)
n—-oo n-o
on {t < oo}.
Then we have
o _ EX@)I E[xX(™)]
6 = = .
EY@] oo EIY(D)]

TEC)
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Proof: Forany T € C_o, we have
0 =d() = E[X($) - 6Y(D)] 2 E[X() - 6Y (1)),
Then we obtain

g = FX@1  Fx@)
EV©] T BV @)

Remark 4.1: If lim;_,,X(t) = —oo, then we have P(§ < o) =1 and
o _ EX@I EX(®)]
0= = :
EY@]  seq BV

5. Dinkelbach algorithm
We consider the following algorithm. Let § > 0 be fixed.

(1) For 1, € C, such that 6, = iﬁf?l; we have d(6;) = 0.

(i) If d(6,) <&, then stop. In particular, 7, is exactly optimal if

d(6,) =0.
(i) If d(8y) = &, then set 0, = 0, = 2 204 60 t0 (2).
1 E[Y(11)]
(2) Find 7, € Gy such that d(8;) = sup;g E[X(7) — 0,Y ()] = E[X(7,) —
0,Y (72)]-
i If d(@z) < &, then stop. In particular, 7, is exactly optimal if
(i) If d(92) > &, then set 6 = )Y(E Z;} and go to (3).

(3) Find 75 € C, such that d(6;) = supreg, E[X(7) — 6:Y(7)] = E[X(73) —

05Y (73)].

(i) If d(65) < 3§, then stop. In particular, 73 is exactly optimal if
d(63) = 0.

(i) If d(8;) = &, then set 8, = ’y‘gf} and go to (K).

(k) Find 74 € C, such that d(8y) = sup,eg, E[X(7) — 6k Y (0)] = E[X (7)) —

OrY (T)]-

(i) If d(8;) <&, then stop. In particular, 7, is exactly optimal if
d(6x) = 0.

(i) If d(8;) = 6, then set Gy py = 22 . — | 1+ 1 and go to (K).

E[Y(z)]
Proposition 5.1: For any k such that d(6;) = §, we have 6., > 6;.

Proof:
0 <d(6y) = E[X(ti) — 0kY (11)] = Ok E[Y (Ti)] — E[0kY (7i) ]

= (Ors1 — OE[Y (1)],

from which we obtain 6,,; > 6,.
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Proposition 5.2: lim;_,..0) = 6.

Proof: By Proposition 5.1, there exists 8: = lim;_,,0;. Suppose that 6 < 0.
From the proof of Proposition 5.1, we have
0 <d(8y) = E[X(t) = 0Y ()] = Op1 E[Y (Ti)] — E[0kY (T4)]
< (O+1 — Ox)E[supY (1)],
teRy

and then limy_,,,d(6) = 0. Therefore we obtain d(6) = 0. On the other hand,
from 6 < 6, we have d(8) < d(0). This is a contradiction. By the same
arguments, we can conclude 6 = 6.
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