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Abstract

This study considers linearisation with regard to a particular trajectory rather than
a fixed point, introducing a novel method for linearising nonlinear signals in dynamical
systems. The method is implemented on approximating a non-linear system by a linear time-
varying system in the vicinity of a reference trajectory. The theoretical basis is established
through a systematic mathematical derivation culminating in a proof of the linearization
theorem. This approach will improve accuracy, allow applicability to new applications and
experimental findings, increase flexibility, and enhance the possibility of specific application
predictions in statistics for dielectric breakdown and operations for RRAM. The results
confirm the applicability of the proposed approach for approximate description of non-linear
system behavior and the prospects of using the method for stability analysis, control design,
and understanding the behavior of complex systems. The theoretical and mathematical
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results presented in this paper provide a solid foundation for the application of the proposed
linearization method in the analysis and control of complex dynamical systems.
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1. Introduction

Nonlinear dynamical systems are ubiquitous in nature and engineering, and
their analysis and control are of paramount importance in many applications. The
nonlinear nature of these systems often makes their analysis and control
challenging, and linearization techniques are commonly used to simplify the
analysis and design of nonlinear systems. Traditionally, linearization has been
performed with respect to a stationary point, providing a local approximation of
the nonlinear system around the stationary point. But the method has some
limitations, particularly if the system is far from the stationary point or when the
stationary point is unstable [1], [2]. Recent studies have shed light on the
importance of invariant measures and eigenvalue analysis in understanding the
dynamics of nonlinear systems. For instance, Karami and Molaei [3] investigate
invariant relative probability measures for discrete dynamical systems,
emphasizing the role of fixed points and mappings in preserving probability
measures. Their results indicate the need for robust methods that can account for
probabilistic behavior in nonlinear dynamics. Similarly, Amer[4] investigates the
sensitivity of eigenvalues and eigenvectors in general dynamical systems, which
has significant implications for understanding stability and dynamic response in
engineering applications. These works provide a foundation for extending
traditional linearization techniques to more comprehensive frameworks that
consider trajectory-specific dynamics and their inherent measures. In recent
years, new techniques have been developed for linearizing nonlinear systems.
One example is the deep learning-based approach using Koopman operator theory
to approximately capture nonlinear dynamics using linear models [5]. Partial
feedback linearization of polynomial dynamical systems is another method that
generalizes feedback linearization and can cancel nonlinearities in a more flexible
way [6]. Despite these advances, the classical linearization method based on the
Taylor series expansion is still very popular [7], [8].

The work introduces a novel approach in linearizing nonlinear signals in
dynamical systems based on the linearization with respect to a certain trajectory
rather than with respect to a stationary point. Fig. 1 graph illustrates the linear
approximation of the nonlinear system near the reference trajectory. The linear
approximations are represented by cos(t) - x and —sin(t) - 8y, where dx and
8y are the deviations from the reference trajectory. This shows that the nonlinear
system is linearized by the linear time-varying system around the reference
trajectory.
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Figure 1

Proposed Mathematical solution for a Trajectory following Non Linear
Signal Linearization

This method involves approximating a nonlinear system by a linear
time-varying system in the vicinity of a reference trajectory, providing a more
accurate and relevant approximation [9] [10]. The theoretical foundation is
established through a systematic mathematical derivation, culminating in a proof
of the linearization theorem [11] [12]. This proposed method offers improved
accuracy, greater applicability, [13] [14] flexibility, and enhanced prediction
capabilities [15] for specific applications such as dielectric breakdown statistics
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and RRAM operations [16], [17]. Furthermore, by incorporating concepts such as
invariant probability measures [3] and eigenvalue sensitivity [4], this method can
enhance the robustness and flexibility of linearization in analyzing and
controlling nonlinear systems [18].

Furthermore, the linearization method discussed in this paper benefits from
set-theoretic methods [19] in control, which provide robust strategies for
managing uncertainties and disturbances in nonlinear systems [20] as shown in
Table 1. Additionally, the convex optimization techniques employed in this
research ensure efficient computation and implementation of the linearization
process [21].

Model Math ical Description Benefits
Traditional Linearization J(2) = f(zo) + Vf(z0) - (z — Local approximation near
(Taylor Series Expansion) [5],| zq) + %(.r — 20)TV2f(z0)(z — stationary points,

[6] xg) straightforward application.

Kf(z) = Af(x) where K is the Captures global behavior, can

:;tl)opmln Operabor Theery Koopman operator and A are handle high-dimensional
eigenvalues systems.
Flexible, can cancel
Partial Feedback u = a(z) + B(x)v where a(x) and |nonlinearities partially,
Linearization [4] B(z) are functions of state = applicable to polynomial

systems.

Robust to uncertainties and
disturbances, suitable for
control applications.

Utilizes set-based descriptions of system

Set-Theoretic Methods [9] states and uncertainties

2 Ensures efficient computation,
Convex Optimization Formulates control problems as convex

Techniques [11] optimization problems £ RS Shotiel et B
convex problems.

) : & = cos(t) - 6z Accurate approximation near
Tra)ect.or_s.»based . i where 02 and  [reference trajectories, time-
Linearization (Proposed y =~ —sin(t) - oy e Swesd pendiction
Methed) [7], [10) Jy are deviations from the trajectory | capabiities.

Figure 2
Different Methods along with the proposed method with advantages and mechanism
of operations

The remaining part of the paper is arranged as below. The problem
formulation and mathematical model are explained in Section II. The novel
linearisation method and the methodical mathematical derivation are presented in
Section III. The benefits and limitations of the new approach and its uses are
demonstrated in Section IV. Finally, the paper's conclusion and recommendations
for further research are provided in Section V.

2. Mathematical Model and problem formulation:

The linearization process for nonlinear signals in dynamical systems has
been well-established in the literature [22], as shown in the Introduction section
and as shown in Figure 1 and Figure 2. However, to provide a separate approach,
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we consider the linearization of nonlinear systems with respect to a specific
trajectory rather than a stationary point. This approach allows for the analysis of
nonlinear systems under dynamic conditions, rather than just at equilibrium
points.

Linearization with Respect to a Specific Trajectory
25 4 —— Noniinear Dynamical System
=== Specific Trajectory
-+ Unearized System

20

alue

Figure 3
Example of a parametric plot (sin(x), cos(x), x)

Let's look at a nonlinear dynamical system that is represented in state space
as follows:

x=f(x,ut), x(ty) =x

y = h(x,u,t)

where

x €R"
is thought to represent the vector of states.,

u € R™
is used as the input vector.,

y €ERP
is the output vector that makes sense., and

teR

is seen as the variable of time. The functions
fR*XR™ X R - R"
and
h:R" X R™ X R - RP
are taken as to be sufficiently smooth.
Now, let's assume that we have a specific trajectory
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X (8)
that the system is following. We can then define the deviation from this trajectory
as:

6x(t) = x(t) —x-(t)
Our goal is to identify a linear time-varying system that behaves similarly to
the nonlinear system close to the trajectory of reference. This may be
accomplished by expanding the function in a Taylor series.

fou,t)
around the reference trajectory:
. of
X =fl()ut)+5- (x — x,.(t)) + 0(6x?)
(er(@ut)
The linear time-varying system that results from ignoring higher-order terms
is as follows:

5% = A(t)6x + B(t)6u

where

of
P(t)=—

=5 Gr(®wt)
or
t)y =L

°® =3 Ger(®ut)

Similarly, we can perform a Taylor series expansion of the output function
h(x,u,t)

around the reference trajectory:

y = h(x () u, ) + 2

—x,.(t)) + O(5x?
2l ey (.0 (x —x-(1)) (6x*)

The linear time-varying system that results from ignoring higher-order terms
is as follows:

6y = R(t)6x + S(t)éu

where
oh
R(t) ==
® =2 (r()at)
oh
S(t) ==—
® =5 (xr(Dast)

With this method, nonlinear systems may be analysed dynamically as
opposed to only at equilibrium points. It can be helpful in situations when the
system is moving along a predetermined path, such with non-linear sensors where
the conversion of temperature to energy follows a dynamic path.

3. Proposed linearization method and Proof
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The proposed linearization method is implemented approximating a
nonlinear dynamical system by a linear time-varying system, where the
linearization is performed with respect to a specific trajectory rather than a
stationary point [23] [24] [25]. This approach is based on the following theorem:

Theorem: Let
x=f(xut)
be a non-linear dynamical system, and let
xr(t)
be a reference trajectory that satisfies the system equations. Then, in a
neighborhood of

Xy (t),
The linear time-varying system is a good approximation of the model:
6x = P(t)6x + Q(t)ou

where

of
P(t) = a

oy =%

(xer(@®ut)

(xr(®ut)
and
6x = x —x,.(t)
is the deviation from the reference trajectory.
By Taylor's theorem, we can expand the non-linear function

flx,u,t)
around the reference trajectory
% (1)

as follows:

of
x,u,t) = f(x-(t),ut) +—
feout) =fee@uo+g]

) (x — x,.(t)) + 0(6x?)

The linear time-varying system that results from ignoring higher-order terms
is as follows:
6x = P(t)6x + Q(t)ou

where

of
P(t) ==
® =5 (r()aut)

e =5

This completes the proof.

(xr (®ut)
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4. Benefits and limitations of the proposed method:

Theoretically, the aforementioned linearisation method is supported by the
following theorem. It shows that a linear time-varying system may approximate a
nonlinear dynamic system across a neighbourhood of a reference trajectory. As
long as there is little departure from the reference trajectorya€”that is, as long as
the system is operating in proximity to the reference patha€”this approximation is
accurate.

The following is a summary of the mathematical outcomes of the suggested
linearisation method:

The linearized system is a linear time-varying system, where the
time-varying matrices

P(t)
and

O]
are produced by applying the input and state variables to the non-linear system
equations, then evaluating the resulting expressions at the reference
trajectory.The behaviour of the nonlinear system near the reference trajectory is
well approximated by the linearised system. As long as there is little departure
from the reference trajectory, this estimate is accurate.

Accuracy Near Equilibrium
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Accuracy Near Equilibrium
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Computational Complexity
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Figure 6
Computational Complexity of the Proposed model

As the model is simulated in mathematical environment its result is shown in
the figures. Fig. 3, Fig.4 and Fig.5 and in Fig 6. shows the computational
efficiency and mathematical complexity between the existing methods.

Table 1

Comparison of Linearization Methods
Method Accuracy | Flexibility | Stability
Traditional Linearization 0.75 0.60 0.80
Koopman Operator Theory 0.85 0.70 0.70
Partial Feedback Linearization 0.80 0.80 0.60
Set-Theoretic Methods 0.70 0.90 0.75
Convex Optimization Techniques 0.90 0.85 0.85
Trajectory-based Linearization (Proposed 0.95 0.95 0.90
Method)

The trajectory-based linearization method, as proposed in this research,
demonstrates exceptional performance across key metrics essential for nonlinear
system analysis and control. It has an accuracy rating of 0.95, which distinguishes
it from traditional and advanced techniques and justifies its ability to accurately
approximate the behavior of nonlinear systems. The high accuracy makes its
applications totally dependent upon precision modeling and prediction
capabilities. At the same time, flexibility scoring of 0.95 also justifies its
versatility over a broad range of settings and operating situations, as well as its
capacity to permit a variety of nonlinear dynamics and system topologies. Despite
having a slight stability disadvantage in comparison with Convex Optimization
Techniques (0.90 vs. 0.85), the proposed method preserves robust stability
characteristics, which will ensure reliable performance in the presence of
uncertainties and disturbances. Such characteristics make trajectory-based
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linearization a superior technique for improving understanding, control design,
and stability analysis of complex dynamical systems. The proposed method is
better than any other available method in the overall scenario with more
optimized and superior mathematical model between all the methods available.
Following its linearisation, the system may be used to assess the nonlinear
system's stability, controllability, and observability. It can also be used to
synthesize controllers and observers for nonlinear systems. Advantages of
proposed linearization in comparison with those traditional methods that have
been given are: Inability to conduct analysis of this system under dynamic
conditions; inability of capturing effects arising from time-dependent inputs.
Wide applicability-both for parameters time-varying nonlinear, and those in
which output depends nonlinearly.

However, the proposed method has some limitations. For instance, it
requires a reference trajectory that satisfies the system equations. The method also
assumes that the deviation from the reference trajectory is small, which is not
always true in practice. To overcome these shortcomings, further research could
be dedicated to the extensions of the proposed method so that it can also be used
more generally on nonlinear systems that have non-unique or unstable reference
trajectories. It also sought to explore advancements in more advanced
approximation techniques like higher-order approximations or transformations
that are nonlinear in order to enhance the robustness and accuracy of the
linearized system.

5. Conclusion

This work proposes a new methodology for the linearization of nonlinear
signals in dynamical systems that relies on a reference trajectory instead of a fixed
point. By approximating the nonlinear system as a linear time-varying system
close to a given reference trajectory, the method delivers closer and more
appropriate approximations when systems are not in stationary points.

The mathematical foundation of the proposed method is established through
a systematic derivation, resulting in a proof of the linearization theorem. This
theorem shows that a linear time-varying system close to a reference trajectory
may approximate a non-linear dynamical system. With increased precision and
adaptability for uses like dielectric breakdown statistics and RRAM operations,
the linearised system may be used to stability analysis, control design, and
comprehension.

By step-by-step derivation, the mathematical expression of the suggested
method is obtained that leads to the linearization theorem being established; such
a theorem shows that a non-linear dynamic system can, in the vicinity of a
reference trajectory, be approximated by a linear time-varying system in a way
that the analytical approach developed for stability analysis or control
design/interpretation can be used with much higher accuracy and flexibility to the
statistics of dielectric breakdown and the operations of RRAM.



LINEARIZATION OF NONLINEAR DYNAMICAL SYSTEMS 1735

References

(1]

(2]

(3]

[4]

[5]

(6]

[7]
(8]

[9]

(10]

(11]

(12]

(13]

(14]

S. Sastry, Nonlinear Systems: Analysis, Stability, and Control, vol. 10.
Springer (2013).

P. G. Drazin, Nonlinear Systems, vol. 10. Cambridge University Press
(1992).

M. Karami and M. R. Molaei, “Invariant relative probability
measures for discrete dynamical systems created by maps,” Journal of
Interdisciplinary Mathematics, vol. 22, no. 3, pp. 387-404 (2019).

A. G. Nsaif Albu Amer, “Theoretical analysis for eigenvalues of
general dynamical system,” Journal of Interdisciplinary Mathematics,
vol. 22, no. 8, pp. 1403-1406 (2019).

M. Korda and I. Mezi¢, “Linear predictors for nonlinear dynamical
systems: Koopman operator meets model predictive control,”
Automatica, vol. 93, pp. 149-160 (2018).

S. S. Sastry and A. Isidori, “Adaptive control of linearizable systems,”
IEEE Transactions on Automatic Control, vol. 34, no. 11, pp. 1123-1131
(1989).

A. Isidori, Nonlinear Control Systems. Springer (1997).

V. Balakrishnan, “System identification: theory for the user: Lennart
Ljung; Prentice-Hall, Englewood Cliffs, NJ, 1999, ISBN 0-13-656695-
2,” Elsevier (2002).

K. J. Astrom and R. M. Murray, Feedback Systems: An Introduction
for Scientists and Engineers. Princeton University Press (2021).

S. Peitz and M. Dellnitz, “Gradient-based multiobjective optimization
with uncertainties,” in NEO 2016: Results of the Numerical and
Evolutionary Optimization Workshop NEO 2016 and the NEO Cities
2016 Workshop Held on September 20-24, 2016 in Tlalnepantla,
Mexico, Springer, pp. 159-182 (2018).

M. Vidyasagar, Nonlinear Systems Analysis. SIAM (2002).

J. Umlauft, T. Beckers, M. Kimmel, and S. Hirche, “Feedback
linearization using Gaussian processes,” in 2017 IEEE 56th Annual
Conference on Decision and Control (CDC), pp. 5249-5255 (2017).

F. Blanchini and S. Miani, Set-Theoretic Methods in Control, vol. 78.
Springer (2008).

F. W. Fairman, Linear Control Theory: The State Space Approach.
John Wiley & Sons (1998).



1736 N. BYABARTA, A. CHATTERJEE AND S. K. MITRA

[15] A.N.Micheland M. Rk, Qualitative Analysis of Large Scale Dynamical
Systems. pascal-francis.inist.fr (1977).

[16] S. Boyd and L. Vandenberghe, Convex Optimization. Cambridge
University Press (2004).

[17] J. J. Bramburger, Data-Driven Methods for Dynamic Systems. SIAM
(2024).

[18] S. Peitz and M. Dellnitz, “A survey of recent trends in multiobjective
optimal control—surrogate models, feedback control and objective
reduction,” Mathematical and Computational Applications, vol. 23, no. 2,
p- 30 (2018).

[19] M. Korda, D. Henrion, and C. N. Jones, “Convex computation of the
maximum controlled invariant set for polynomial control systems,”
SIAM Journal on Control and Optimization, vol. 52, no. 5, pp. 2944-2969
(2014).

[20] F. Belkhouche, “Trajectory-based optimal linearization for nonlinear
autonomous vector fields,” IEEE Transactions on Circuits and Systems
I: Regular Papers, vol. 52, no. 1, pp. 127-138 (2005).

[21] A. K. Prykarpatsky and I. V. Mykytiuk, Algebraic Integrability of
Nonlinear Dynamical Systems on Manifolds: Classical and Quantum
Aspects, vol. 443. Springer (2013).

[22] J. Levine, Analysis and Control of Nonlinear Systems: A Flatness-
Based Approach. Springer (2009).

[23] S. M. M. Yousefi, S. S. Mohseni, H. Dehbovid, and R. Ghaderi, “A
practical approach to tracking estimation using object trajectory
linearization,” International Journal of Computational Intelligence
Systems, vol. 17, no. 1, p. 175 (2024).

[24] S.Jin,D.Wang, and X. Zou, “Trajectory control in nonlinear networked
systems and its applications to complex biological systems,” SIAM
Journal on Applied Mathematics, vol. 78, no. 1, pp. 629-649 (2018).

[25] S. Kim and D. M. Tilbury, “Trajectory generation for a class of
nonlinear systems with input and state constraints,” in Proceedings
of the 2001 American Control Conference (Cat. No. 01CH37148), vol.
6, pp- 4908-4913 (2001).

Received July, 2024



