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Abstract
This manuscript delves into the study of plane wave behavior in a half-space denoted as 

M1, representing a double porous nonlocal thermoelastic solid. This solid encompasses dual-
phase-lag (DPL) effects with memory, interacting with an inviscid fluid half-space referred to 
as M2. The model is solved using the eigenmode method after converting the dimensionless 
governing equations into a two-dimensional format. Through this investigation, it has been 
discerned that the medium M1 exhibits five distinct types of waves: four longitudinal waves, 
one transverse wave, and one mechanical wave in M2. By imposing boundary conditions at 
the interface, the corresponding secular equations are derived. The components of various 
physical fields are then obtained in closed form. Numerical simulations are employed to 
visualize the impact of nonlocal, memory, and stiffness on the fundamental properties of 
waves. Graphical representations effectively convey the outcomes of these simulations, 
providing insights into how these parameters influence wave characteristics.

Subject Classification:  74H45, 74J05, 74F05, 76S05.

Keywords: Non-local, Phase lags, Memory dependent derivatives, Double porosity, Stiffness.

1.  Introduction

The classical thermoelasticity theory does not explain the process 
driving thermal signal velocity. In classical thermoelasticity theory, 
thermal disturbances are expected to spread infinitely, which is unrealistic. 
Paradigm of nonlocal thermoelasticity, initially introduced by Edelen and 
Laws [1] and further refined by Eringen and Edelen [2], emerged as a 
groundbreaking departure from conventional thermoelastic approaches. 
In this theoretical framework, the constitutive variables’ values are 
intricately linked to the overall system’s characteristics, accounting for 
diverse physical parameters and specific site conditions such as mass, 
entropy, body force, and internal energy. Expanding upon this concept, 
Polizzotto [3] and Chakraborty [4] extended nonlocality to elasticity and 
various domains beyond. Exploring the ramifications of size-dependent 
thermal features in nano-scale heat transport, Kumar et al. [5] pioneered a 
nonlocal DPL model. 

The word “memory-dependent derivative (MDD)”, coined by Wang 
and Li [6], involves transforming the Caputo-type [7] derivative into an 
integral representation. The first order =( 1)a  for time delay > 0t  of 
function f can be defined in an interval −[( ), ],t tt  with kernel −( ) :K t z  

−
′= −∫

1( ) ( ) ( ) . (1.1)
t

t
D f t K t f dt t

z z z
t
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Depending on the inherent characteristics of the given circumstance, 
the kernel function may be

 = =
2 − = − − + − = − − = =

 − − = =

2
2

2
2

1 if 0
( ) 1 ( ) ( ) 1 ( ) if 1 2 , 0 (1.2)

(1 ( ) ) if 1

n m
n mK t t t t n m

t n m
z z z z t

t t
z t

Investigating the waves in thermoelastic double-porous materials 
carries significant significance across diverse domains, such as 
geomechanics, hydrogeology, and petroleum engineering. This 
significance arises from the fact that the majority of Earth’s materials 
exhibit a combination of porosity and elasticity. Nunziato and Cowin [8] 
altered the conventional elasticity theory by specifically concentrating on 
integrating voids within elastic materials. Iesan [9] proposed a theoretical 
framework for thermoelastic solids containing voids and presented several 
theorems pertaining to the uniqueness of the solution. Iesan and 
Quintanilla [10] give the theoretical framework for thermoelastic materials 
with double porous architectures, incorporating nonlinearity. Barak, along 
with a dedicated team of researchers [11]–[18], delves into an extensive 
inquiry, meticulously investigating the profound implications of 
nonlocality and memory effects on the intricate phenomena of wave 
propagation across diverse media. 

This study systematically explores the repercussions of MMD, 
stiffness, and nonlocal effects on wave propagation within an isotropic 
nonlocal homogeneous thermoelastic dual-phase lag half-space, denoted 
as 1 ,M  juxtaposed with an inviscid fluid half-space 2 .M  Employing the 
eigenmode analysis, the study methodically formulates expressions for 
the pertinent variables, subsequently deriving a compact form of the 
secular equation by integrating thermal and mechanical boundary 
conditions. The investigation culminates in a detailed graphical 
representation of computer-simulated outcomes, exemplified through a 
material reminiscent of magnesium crystals. This meticulous examination 
advances our comprehension of wave dynamics within the specified 
thermomechanical context, contributing valuable insights into the intricate 
interplay of memory-dependent derivatives, stiffness, and nonlocality on 
the fundamental characteristics of wave propagation.
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2. Field equations

 After Eringen’s work [19], the studies by Iesan and Quintanilla [10] 
and Ezzat et al. [20] guide us to the constitutive relation of a dual type of 
voids in the nonlocal thermoelastic medium that is isotropic and 
homogeneous. This material incorporates dual-phase-lag with MDD, 
considering the absence of external body force.

− ∇ = = + + −2 2(1 ) 2 (2.1)L
ij ij ij kk ij ij ije e b Tx s s ld m d y b

− ∇ = = +2 2 1 1
1(1 ) ( ) , , (2.2)L

i i i ia bx s s f y

− ∇ = = +2 2 2 2
1(1 ) ( ) , , (2.3)L

i i i ibx s s f gy

− ∇ = = − − − +2 2
1 1 1 3 1(1 ) ( ) (2.4)L

jjbe a a Tx z z f y g

− ∇ = = − − − +2 2
2 2 3 2 2(1 ) ( ) (2.5)L

jjde a a Tx z z f y g

The equations of motion: 

= − ∇ 

2 2
, (1 ) (2.6)L

ji j ius r x

+ = − ∇ 

1 2 2
, 1 1( ) ( ) (1 ) (2.7)L L

j js z c x f

+ = − ∇ 

2 2 2
, 2 2( ) ( ) (1 ) (2.8)L L

j js z c x y

The heat equation:

 
 + = − ∇ + + + + +
 
 





2
2 2 2

0 0 1 0 2 0(1 ) , 1 ( )
2

(2.9)

T q q

q
T ii kk eK D T D a D T e T T C Tt t t

t
t x b g f g y r

where, 1
is  and 2

is  are the equilibrated stress tensor, ,l m  indicate the 
Lame’s constants, iu  denotes the component of displacement, the intrinsic 
equilibrated body forces is denoted by 1z  and 2 ,z b and d are voids 
parameters, f  and y  are the volume fraction field of dual voids, r  is the 
density, ∇  is the nabla operator, = (3b l + 2 ) tm a  is temperature 
coefficient,

 
corresponding to thermal properties 1g  and 2g  are the 

constitutive coefficients, ta  is linear thermal expansion, ,a 1 ,a 2 ,a 3 ,a 1 ,b
g  represents the material constants, for type-I, II voids, 1c  and 2c  are the 
inertia coefficients, x  is nonlocal parameter, T is the change in temperature, 
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eC  is the specific heat, K is the thermal conductivity, 0T  denotes the 
ambient temperature, qt  & Tt  are the phase lags. Subscript L stands for 
local effect. 

3. Problem formulation 

We examine a semi-infinite nonlocal thermoelastic solid medium 
1( )M  containing dual types of voids, positioned beneath a semi-infinite 

inviscid fluid medium 2( ).M  The disturbance is confined to the 
neighborhood of = 0.z  The state variable is dependent on time t and x, z 
coordinates. The medium’s displacement is denoted as ux =u(x,z,t), uz 
=w(x,z,t).

Figure 1
Schematic diagram of the problem

The equation of motions and equation of energy has been obtained by 
using the governing equations (2.1)-(2.9) in two-dimensional form as 
follows 

+ + + + + + − = − ∇ 

2 2( 2 ) , ( , , ) , , , , (1 ) (3.1)xx zz xz xz x x xu u w w d b T ul m m l y f b r x

+ + + + + + − = − ∇ 

2 2( ) , , ( 2 ) , , , , (1 ) (3.2)xz xx zz z z zu w w d b T wl m m l m y f b r x

− + − + + + + − + = − ∇ 

2 2
1 1 3 1 1( , , ) ( , , ) ( , , ) (1 )

(3.3)
x z xx zz xx zzb u w a b a a Tf y y f f y g c x f
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− + − + + + + −

+ = − ∇ 

3 1
2 2

2 2 2

( , , ) ( , , ) ( , , )
(1 ) (3.4)

x z xx zz xx zzd u w a b
a T

f g y y f f
y g c x y

 
 + + = − ∇ + + + +
 
 

+ +

 





2
2 2 2

0 0

1 0 2 0

(1 )( , , ) 1 ( , , )
2

( ) (3.5)

T q q

q
T xx zz q x x

e

K D T T D a D T u w

T T C T

t t t

t
t x t b

g f g y r

Dimensionless formulas:

′ ′ ′= = = =

′ ′ = = =

′ ′= = =

2
1 1 1

2
1 0 11

1 1
1

0 0

1 1
2

0 1 1

1 1( ', ') ( , ), , ( ', ') ( , ), ( , ) ( , ),

1( , ) ( , ), ( ', ' , ' ) ( , , ), ( ', ') ( , ),

' , , (3.6)

f f f f f f

zz zx zz zx T q T q

f f

x z x z p p u w u w
c T cc

c
t t u w u w

T T
TT
T c c

w w c
f y f y

b
rw

s s s s t t w t t
b b

w w
x x f f

Equation (3.6) has been inserted into equations (3.1)-(3.5); the 
governing equations in their dimensionless form are presented as follows.

+ + − + + − = − ∇ 

2 2 2 2
2 1, , (1 ) , , , , (1 ) (3.7)xx zz xz x x xu u w f f T ud d y f x

− + + + + − = − ∇ 

2 2 2 2
1 2(1 ) , , , , , , (1 ) (3.8)xz xx zz z z zu w w f f T wd d f y x

− + − + + + + − + = − ∇ 

2 2
4 5 3 6 7 2

1

1( , , ) , , ( , , ) (1 )

(3.9)

x z xx zz xx zzf u w f f f f Tf f f y y y x f
d

− + + + − + + − + = − ∇ 

2 2
9 10 8 11 12 2

2

1( , , ) , , ( , , ) (1 )

(3.10)

x z xx zz xx zzf u w f f f f Tf f f y y y x y
d

 
 + + = − ∇ + + + +
 
 

+ +

 





2
2 2 2

0

13 14

(1 )( , , ) 1 ( ( , , )
2

) (3.11)

T q q

q
T xx zz q x zD T T D a D u w

f f T

t t t

t
t x t e

f y

where,
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= = = = = =

= = = = = =

= = =

1

22 2 2
0 1 3 11 1 1 1 1

1 2 3 4 5 62 2 2 2 2
1 0 1 1 0 1 1 1

2 2
1 0 1 0 1 3 1 2 0 12 1

7 8 9 10 11 122 2 2
1 11 1 1 1 1 1

24 4
01 1 2 1

13 143 3
1 1 1 1

, , , , , ,

, , , , , ,

, ,
(e

T b a cbc dc b a c
f f f f f f

aT T c a a a

T T d a c Ta c
f f f f f f

a b bc b b b
Tc c

f f
CK K

b c
w c b w c b r w w

g c b c g cg
r w w

bg g
e

r lw c w c
+

= =
+

= = = = = =

2
2 1
1 1

22 2
2 2 2 2 2 231 2 4
3 2 4 1 22 2 2

1 2 1 1 1

2, , ,
2 )

, , , , , .

eC c
c

K
cb c cac c c

c c c

rl m w
m r

m d d d
c r c

Here, e  denotes the constant for thermomechanical coupling, 1w  
denotes the characteristics frequency, =; 1, 2, 3, 4ic i  are the velocities due 
to longitudinal wave, transverse wave, and volume fraction fields of dual 
voids, respectively.

Now, using the Helmholtz theorem, we have

= − = +, , , , , (3.12)z x x zw G H u G H

here, G and H represent the scalar and vector velocity potential functions. 
Equations (3.7)–(3.11), combined with equation (3.12), yield the following 
results. 

+ + + − = − ∇ 

2 2
1 2, , (1 ) (3.13)xx zzG G f f T Gf y x

+ = − ∇ 

2 2 2( , , ) (1 ) (3.14)xx zzH H Hd x

− + + + − + + − + = − ∇ 

2 2
4 3 5 6 7 2

1

1( , , ) ( , , ) , , (1 )

(3.15)

xx zz xx zz xx zzf G G f f f f Ty y f f f y x f
d

− + + + − + + −

+ = − ∇ 

9 8 10

2 2
11 12 2

2

( , , ) ( , , ) , ,
1 (1 ) (3.16)

xx zz xx zz xx zzf G G f f

f f T

y y f f f

y x y
d

 
 + + = − ∇ + + + +
 
 

+ +

 





2
2 2 2

0

13 14

(1 )( , , ) 1 ( ( , , )
2

) (3.17)

T q q

q
T xx zz q xx zzD T T D a D G G

f f T

t t t

t
t x t e

f y
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Following Achenbach [21], for the inviscid fluid half-space, the 
governing equations are

= −  (3.18)f f fp r f

 ∂ ∇ − =
 ∂ 

2
2 2

1 0 (3.19)f
f t

f
a

= ∇
 (3.20)f fu f

Where, =2 ,f

ff
l

ra  fp  represents the acoustic pressure, fr  is density, 

fl  is the bulk modulus, ,f fu w  are velocity components, ff  is the velocity 
potential of the fluid medium.

Upon incorporating the dimensionless quantities as per equation 
(3.6) and omitting the primes, we get

 ∂
∇ − = =  ∂ 

2
2 2

2 2 2
1

1 0, where, . (3.21)f
f f

f t c
a

f d
d

4. The problem’s solution

Utilizing the eigenmode technique, we assume the following 
solutions:

= −( , , , , , ) { ( ), ( ), ( ), ( ), ( ), ( )}exp{ ( )} (4.1)f fT G H z T z z G z H z z k x cty f f y f f i

Where bar notations denote the amplitudes of the respective 
functions, w  and k are the angular velocity and the wavenumber, and 
= /c kw  is the phase velocity. 

After using equation (4.1), equations (3.13)-(3.17) and (3.21) take the 
form (after suppressing the bars):

+ + + − =2
11 12 1 2( ) 0 (4.2)d d m G f f Tf y

− + + + + − + =2 2 2
4 31 32 33 3 34 7( ) ( ) ( ) 0 (4.3)f m d G d m d f m d f Tf y

− + + − + + + =2 2 2
9 41 42 43 44 12( ) ( ) ( ) 0 (4.4)f m d G m d d m d f Tf y

+ + + + + + + + =4 2 2 2 2
52 53 54 55 56 57 58 59 60( ) ( ) ( ) ( ) 0

(4.5)
d m d m d G d m d d m d d m d Tf y
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− =2 2
5( ) 0 (4.6)m m H

− =2 2
6( ) 0 (4.7)fm m f

= = − + = − =2 2 2 2 2 2 2 2
11 12 31 4Where, , ( 1 ), 1 , ,dm d k c d c k d f k

dz
w x x

 
= − = − + − = + =  

 

2 2 2 2 2
2 2 2

32 33 5 34 3 6 41 92 2 2
1 1 1

1 1 , , ,cd d k f d f k f d f kw x x w
d d d

 
= + = − = − − −  

 

2 2 2
2 2 2 2

42 10 43 8 44 8 112 2
2 2

, , (1 ) ,cd k f d f d k k f fw x x
d d

 
 = + + = + =
 
 

2
2

1 0 2 3 1 21 ( , ) ( , ) , 1 ( , ), / ,
2
q

q q q T TA Q a Q A Q A A A
t

t t t t tE E E

= = − = + = −2 2 3
4 2 52 4 53 51 4 54 51/ , , ( ), ,A A d kc A d kc d k A d k c dx i e i e i e

= − = = − = = −55 13 4 56 13 51 57 14 4 58 14 51 59 4, , , , 1 ,d f kcA d kcf d d kcf A d f kcd d kcAi i i i i

= − =2
60 51 ,d kcd k Qi iw

− − + + − + − + − +
= =

2 2 2 2 2 2 2 2 2

3 2

{ ( 2 1) 2 ( ) 2 }exp( ) 2 2
( , ) ; , .i i i i i

i
i

m n Q Q m n m Q Q Qn m
Q i q T

Q
t t t t t

t
t

E

For the nontrivial solutions, equations (4.2)-(4.5) yield the following 
characteristics equation

+ + + + =8 6 4 2
0 1 2 3 4 0 (4.8)L m L m L m L m L

The coefficients = −: 0 4iL i  are determined using the determinant of 
equations (4.2)-(4.5), roots = −2 ( 1 4)jm j  are determined by solving 
equation (4.8).

Characteristics roots of the equation (4.6) are
 

= − 
− 

2
2 2
5 2 2 21 (4.9)cm k

d w x

The mechanical wave in the fluid medium is represented by equation 
(3.21), having the characteristic root.
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 
 = −
 
 

2
2 2
6 21 (4.10)

f

cm k
d

The radiation condition ≥ = −Re( 0, 1 5),jm j  for the medium 1 ,M  is 
satisfied by the solution

=

= − −∑
4

1
( , , , ) (1, , , ) exp{ ( ) } (4.11)j j j j j

j
G T V W S U k x ct m zf y i

= − −5 5exp{ ( ) } (4.12)H U k x ct m zi

For the medium 2 ,M  the radiation conditions ≥6Re( ) 0m  is satisfied 
by the solution is given

= − +6 6exp{ ( ) } (4.13)f U k x ct m zf i

By substituting the value of the solution (4.11) into the equations 
(3.13), (3.15), and (3.16), a nonlinear set of equations is obtained. The 
collection of equations can be shown as a matrix as follows: 

     − −−     
+ − = −     

     
− + −          

2
12 111 2

2 2 2
32 33 3 34 7 4 31

2 2 2
42 43 44 12 9 41

1
(4.14)

j q

q q j q

q q j q

V m d df f
m d d f m d f W f m d

m d m d d f S f m d

The values of parameters , ,j j jV W S  are obtained from equation (4.14).

5. Conditions at the Boundary

The boundary conditions are assumed at = 0z  as follows;

 ∂
= − = = − = = + = ∂ 

1 2 *, 0, , ( ) 0, ( ) 0, , 0

(5.1)

LL L L L
zz f zx zz n f z z z

wp K w T H T
t

s s s z z

it is noted that *H  indicated heat coefficient and nK  indicated stiffness 
parameter. The given boundary conditions may be written with potential 
functions using the constitutive relations as follows

− ∇ − + =


2
12 2 2

0

(1 ) 2 ( , , ) (5.2)f
xx xz f

c
G G H

T
r

x d f
b
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− ∇ + − =

2 2 2(1 ) 2 ( , , ) 0 (5.3)xz xxH G Hx d

− ∇ − + = − −
+

  

2 2 2 1 1
,

0

(1 ) 2 ( , , ) ( , , ) (5.4)
2

n n
xx xz f z z x

K c K c
G G H G H

T
x d f

b l m

+ =1, , 0 (5.5)z za bf y

+ =1 , , 0 (5.6)z zb f gy

+ =*, 0 (5.7)zT H T

6. Derivation of the secular equation

After putting the solutions (4.11)-(4.13) in the equations (5.2)-(5.7), we 
get a set of equations in = −, (1 6)qU q  as

=

+ + + =∑
4

2
11 12 13 5 5 14 6

1
( ) 0 (6.1)q q

q
p p m U p m U p U

=

− + + =∑
4

2
13 11 12 5 5

1
( ) 0 (6.2)q q

q
p m U p p m U

=

+ + + + + =∑
4

2
11 31 32 33 34 5 5 35 6 6

1
( ) ( ) 0 (6.3)q q q

q
p p m p m U p p m U p m U

=

+ =∑
4

3
1

( ) 0 (6.4)q q q q
q

m V f W U

=

+ =∑
4

8
1

( ) 0 (6.5)q q q q
q

m V f W U

=

+ =∑
4

*

1
( ) 0 (6.6)q q q

q
m H S U

= − + + = = =
2
12 2 2 2 2 2 2 2

11 12 13 14
0

where, (1 ) 2 , , 2 , ,f cp k k p p k p kc
T

r
w x d w x d i i

b
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− −
= = = = =

2
2 2 2 1

31 32 33 34 35
1 1 0

, , , 2 , .n n nkcK K k c K c
p p p p k p

c c T
i

w x d i
r r b

Using the set of equations (6.1)-(6.6) and upon doing algebraic 
calculations, the ensuing secular equation is obtained as

′+ + + + − + +

′ ′+ + + + + − + +

′ ′+ + + − + −

′+ + +

2 2 * 2
14 11 12 5 11 31 1 32 1 1 1 11 31 2 32 2

* 2 * 2
2 2 11 31 3 32 3 3 3 11 31 4 32 4

* 2 *
4 4 14 13 33 34 5 35 13 5 6 1 1 1

* *
2 2 2 3 3

( )[( )( ) ( )
( ) ( )( ) ( )
( )] ( ( ) . )[ ( )

( ) (

p p p m p p m p m F H F p p m p m
F H F p p m p m F H F p p m p m
F H F p p p p m p p m m m F H F

m F H F m F H ′ ′− + − +

′ ′ ′+ + − + + + + +

′− + + =
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3 4 4 4 35 6 11 12 5

2 * 2 * 2 *
11 12 1 1 1 11 12 2 2 2 11 12 3 3 3

2 *
11 12 4 4 4

) ( )] ( )
[( )( ) ( )( ) ( )( )

( )( )] 0 (6.7)

F m F H F p m p p m
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where,

+ + +
= + + +

2 2 3 2 3 3 3 3 4 4 3 4
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( ) ( ) ( )
( ) ( ) ( ) ,
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F m V f W m V f W m V f W

m S m S m S

+ + +
= + + +

1 1 3 1 3 3 3 3 4 4 3 4

2 1 1 8 1 3 3 8 3 4 4 8 4

1 1 3 3 4 4

( ) ( ) ( )
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+ + +
= + + +

1 1 3 1 2 2 3 2 4 4 3 4

3 1 1 8 1 2 2 8 2 4 4 8 4

1 1 2 2 4 4

( ) ( ) ( )
( ) ( ) ( ) ,

m V f W m V f W m V f W
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+ + +
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1 1 3 1 2 2 3 2 3 3 3 3
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1 1 2 2 3 3

( ) ( ) ( )
( ) ( ) ( ) .
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F m V f W m V f W m V f W

m S m S m S

Similarly, ′qF  can be derived by substituting q qm S  to qS
 
in = −, 1 4.qF q

7. Solving the secular equation

The characteristic equation (6.7) provide all of the information 
regarding the wave attributes, including wavenumber, attenuation 
coefficient, and phase velocity. The characteristic equation (4.8) has roots 
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in complex quantities. Thus, the waves’ phase velocity is similarly complex. 
After obtaining the characteristic roots = −2 ; 1 6,jm j  we get

= ±
1 . (7.1)j

j

c
m

We write
 

− − −= +1 1 1 *
j j jc v Qiw 		   (7.2)

noted that −= + =* 1 * *, ,j j j jk R Q Riw w n  and *
jQ  are real quantities. Equation 

(4.1) provides the component of the solution that becomes 
− + −* * ( ).j j jQ x R x ti n  This implies that *

jQ
 
and jv  are the wave attenuation 

coefficient and phase velocity. Using equations (6.7) and (7.2), the MATLAB 
software is used to obtain the roots = −2 ( 1 4)jm j  of the characteristic 
equation (4.8). By using 2 ,jm  once the characteristic equation (6.7) is 
solved, and putting relation (7.2) in equation (7.1), phase velocity

 
( )jv  and 

attenuation coefficient *( )jQ  of waves is determined as jn = 1/Re( ),jm *
jQ

= Im( );jmw = −1 4.j  Specific loss is described as the ratio of the energy 
dissipated ( )ED  in a material during one complete stress cycle to the 
maximum energy stored in the specimen at its peak strain ( ).E  Here, the 
specific loss is

= = = =
* *

*

Im( )4 4 4 (7.3)
Re( )

j j j

j

Q QkESL
E k R

n
p p p

w
D

The penetrating depth of the waves is given as

= =
*

1 1 . (7.4)
Im( )

j

PD
k Q

8. Physical field’s distribution

 Using the interface’s boundary conditions (5.1) of the nonlocal 
isotropic thermoelastic solid and inviscid fluid half-spaces, the components 
of displacement, fluid displacement, variation in temperature, and fraction 
of volume field have been determined. From the equations (5.2)-(5.7), we 
have

= ℘ = ℘ = ℘ = ℘ 

exp( ), exp( ), exp( ), exp ( ),s s j s s j s j s jU U W W f yW W FW Y W

= ℘ = ℘ = ℘ exp( ), exp( ), exp( ),s j f f j f f jT U U W WQ W W W
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℘ = − = −* *( ) ( ); 1 6 (8.1)j j jR x v t ji

= =

= = =

= = = = = = = =

   
= − = + − = − + + +   
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4 4
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exp{ }, 1 , ,

, , , ,

Here, s s s s s f f f f

i i i
j S S

i i

i i i i i i
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i i i
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U U m U U
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U U U U
VU WU S U U

V W S U k W m
U U U U

f f y y

i i

i

W

F Y Q 6
6

1

.
U
U

Inserting equation (8.1) in the set of equations (5.2)-(5.7), we get 

= (8.2)AX B

where,

+ + +
− − − +

= + + + + + + +
+ + +
+ + +
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2
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2

11 31 1 32 14 1

5 1 1 1 3 1
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,

p p mU U
p mU U

p p m p mX BU U
U U m V f W
U U m V f W

Equation 8.2 is used to determine the value of = −1/ ( 2 6).iU U i

9. Numerical Results and Discussions

Utilizing the MATLAB software, a numerical analysis is conducted to 
illustrate how the memory-dependent derivative, nonlocal parameter, and 
stiffness parameter impact a range of wave profiles. The computation 
takes into account a substance that resembles magnesium crystals. 
Following Pathania and Joshi [22] and Singh and Tomar [23], numerical 
values are given in Table 1.
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Table 1
Material constant values

Symbol Value Symbol Value

l 10 21.5 10 Nm−× 2g 6 23.11 10 Nm−×

1a 10 21.2 10 Nm−× eC 6 2 2 11.809 10 m s K−×  
m 9 27.5 10 Nm−× K 2 1 11.7 10 Wm K− −×

3a 6 21.23 10 Nm−× fr 3 31.0 10 Kgm−×

b 8 22 10 Nm−× d 8 22.1 10 Nm−×

r 3 32 10 Kgm−× 1b 68.1 10 N×

2a 10 22.21 10 Nm−× a 98 10 N×

0T 293 K 2c 1330kgm−

ta 5 11.78 10 K− −× fl 3 22.140 10 Nm−×

g 98.2 10 N× 1c 1320kgm−

1g 6 2 12 10 Nm K− −×

	
For numerical computations, values of nonlocal and phase lags are 

considered as 0.002,x =  0.1 ,T st =  and
 

0.4q st =  for a fixed kernel ( )k t x−
= 1 ( )/ .t x t− −  Figs. 2-12 represent the impact of memory and nonlocality 
on the considered model. The thermoelastic solid with MDD, nonlocal 
thermoelastic solid with MDD, and nonlocal thermoelastic solid without 
MDD models are shown by the blue, red, and green solid lines, respectively.

The relationship between the wavenumber and the phase velocity 
profile is shown in Fig. 2. The phase velocity decreases with increasing 
wavenumber. All three curves initially line up, but when the wavenumber 
rises, there is a noticeable variance for all models considered. It has been 
observed that the amplitude of phase velocity increases when nonlocality 
is present.

Fig. 3 shows how wavenumber affects specific loss. When the 
wavenumber is less, the magnitude of specific loss is higher and decreases 
as it increases. When the wavenumber rises, there is a noticeable variation 
for every model considered, even if the three curves initially coincide. It 
has been demonstrated that the amplitude of phase velocity grows when 
MDD is present and decreases when nonlocality is present.
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Figure 2
Variation of phase velocity with 

wavenumber

Figure 3
Variation of specific loss with wave-

number

Figure 4
Variation of attenuation coefficient 

with wavenumber

Figure 5
Variation of penetrating depth with 

wavenumber

The attenuation coefficient’s behavior with wavenumber is depicted 
in Fig. 4. The attenuation coefficient clearly rises linearly with wave 
number, as the graph shows. The effect of MDD and nonlocality on the 
attenuation coefficient is nearly identical to that seen in the specific loss 
graph in Fig. 3. The relationship between the penetration depth and 
wavenumber is demonstrated in Fig. 5. For vanishing wavenumber, the 
penetrating depth magnitude is rather great, and it decreases with 
increasing wavenumber. At first, the presence of MDD causes a fall in 
penetrating depth, and the presence of nonlocality causes an increase in 
magnitude. As a further increase of wavenumber, all three curves overlap 
and disappear the impact of MDD and nonlocality.
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Figure 6
Variation of surface displacement 

(horizontal) with wavenumber

Figure 7
Variation of surface displacement 

(vertical) with wavenumber

Figure 8
Variation of fluid displacement 
(horizontal) with wavenumber

Figure 9
Variation of fluid displacement  

(vertical) with wavenumber

The visual representations of the components of horizontal and 
vertical surface displacement with wavenumber are presented in Figs. 6 
and 7, respectively. The surface displacement components are reduced 
when MDD is absent and nonlocality is present. Surface displacement 
components have a nearly linear pattern in the absence of MDD with 
nonlocality. Figs. 8 and 9 demonstrate how the wavenumber affects both 
the horizontal displacement components and the components of vertical 
fluid displacement. Although the fluid displacement components are 
shown to roughly follow the same pattern for the models under 
consideration, their magnitudes vary.
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The impact of the wavenumber on temperature change at the solid-
fluid half-space interface is presented in Fig. 10. As the wavenumber rises, 
so does the change in surface temperature. With MDD present, the surface 
temperature variation shows a greater magnitude and follows a linear 
trend. Nonlocality makes the shift in surface temperature less drastic.

Figure 10
Variation of surface temperature change with wavenumber

Figs. 11 and 12 depict the changes in the volume fraction field for 
type-I and type-II voids concerning the wavenumber. An exponential 
decrease in the volume fraction of both void types is observed as the 
wavenumber increases. The volume fraction field influenced by voids 
becomes more significant in the presence of MDD and nonlocal effects.

Figure 11
Variation of Volume fraction type I 

voids with wavenumber

Figure 12
Variation of Volume fraction type II 

voids with wavenumber
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Figs. 13-23 represent the impact of stiffness parameters on the 
considered model. The stiffness parameter 5,nK =  10,nK =  and nK →∞  
are shown by the blue, red, and green solid lines, respectively.

The impact of the stiffness parameter on the variation of wave phase 
velocity is shown in Fig. 13. It has been found that as the stiffness parameter 
value rises, phase velocity increases in magnitude as well. If the stiffness 
parameter value tends to infinity, i.e., the interface is perfect, the amplitude 
of phase velocity is higher than when the interface is imperfect, i.e., the 
waves travel more efficiently at a perfect interface than at the imperfect 
interface.

Figure 13
Variation of phase velocity with 

wavenumber

Figure 14
Variation of specific loss with wave-

number

Figure 15
Variation of attenuation coefficient 

with wavenumber

Figure 16
Variation of penetrating depth with 

wavenumber
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Fig.14 shows the impact of the stiffness parameter on the specific loss. 
As the wavenumber increases, the specific loss magnitude diminishes. 
Furthermore, when the stiffness parameter value diminishes, the 
amplitude of a specific loss also decreases. A perfect interface results in a 
greater magnitude of specific loss than an imperfect interface.

Fig. 15 shows the relationship between the attenuation coefficient 
and wavenumber for various stiffness parameter values. The attenuation 
coefficient’s amplitude consistently grows with increasing wavenumber, 
and it similarly rises with higher stiffness parameter values. Notably, there 
is a substantial difference in the magnitude of the attenuation coefficient 
between perfect and imperfect interfaces. In imperfect interfaces, the 
magnitude is lower compared to perfect interfaces.

Figure 17
Variation of surface displacement 

(horizontal) with wavenumber

Figure 18
Variation of surface displacement 

(vertical) with wavenumber

Figure 19
Variation of fluid displacement 
(horizontal) with wavenumber

Figure 20
Variation of fluid displacement (ver-

tical) with wavenumber
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Fig. 16 illustrates the effect of stiffness parameters on the depth 
corresponding to the wavenumber. A larger value of the stiffness parameter 
corresponds to a lower magnitude of the penetration depth. Also, if the 
stiffness parameter’s value is approaching infinite, i.e., the interface is 
perfect, the penetrating depth’s magnitude is lower compared to the 
imperfect interface.

Figs. 17 and 18 show how the stiffness parameters affect the surface 
displacements in the horizontal and vertical directions. The magnitude of 
the horizontal displacement component increases as the stiffness 
parameter’s value increases while the amplitude of the vertical 
displacement component decreases. The amplitude of the horizontal 
surface displacement component is higher when the interface is perfect 
compared to when it is imperfect, while the magnitude of the vertical 
displacement component exhibits the opposite pattern.

The influence of the stiffness parameter on the vertical and horizontal 
fluid displacement components’ magnitude is shown in Figs. 19 and 20, 
respectively. For all the values of the stiffness parameter considered, both 
the fluid displacement components rise with the wavenumber. The 
magnitude of the fluid’s components of displacement increases along 
with the stiffness parameter’s value. The magnitude of both displacement 
components is more prominent when it comes to a perfect interface than it 
is in the case of an imperfect interface.

Fig. 21 depicts the change in surface temperature with wave number 
for various stiffness parameter values. The stiffness parameter acts as an 

Figure 21
Variation of surface temperature change with wavenumber
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increasing agent for the surface temperature change’s amplitude. When 
the interface is perfect, i.e., when the stiffness parameter value tends to 
infinity, the surface temperature amplitude is much higher than when the 
interface is imperfect.

Figure 22
Variation of Volume fraction type I 

voids with wavenumber

Figure 23
Variation of Volume fraction type II 

voids with wavenumber

Figs. 22 and 23 show the influence of stiffness parameters on the 
variation in fraction of volume for type-I and type-II voids. The fraction of 
volume associated with both types of voids decreases due to the 
wavenumber increases. Additionally, an increase in the stiffness parameter 
value results in higher volume fraction fields for both types of voids. If the 
stiffness parameter tends to infinity, the volume fraction field’s magnitude 
also increases.

10. Conclusion

In the current study, plane wave propagation at the surface of an isotropic 
homogeneous nonlocal thermoelastic solid-half space having double 
porosity with memory-dependent derivative (MDD) and inviscid fluid 
half-space. From the above analytical and numerical discussion, some 
significant observations concluded as 
•	� When nonlocal effects are present, the magnitudes of the attenuation 

coefficient, solid displacement, fluid displacement, and temperature 
change decrease, whereas the phase velocity and penetrating depth 
increase.

•	� The amplitude of specific loss, attenuation coefficient, phase velocity, 
change in temperature, and components of displacement is higher 
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when memory effect is present, while the magnitude of penetrating 
depth shows a lower amplitude.

•	� In contrast to the nonlocal effect, the memory-dependent derivative 
effect enhances the magnitude fraction of volume field for both 
kinds of voids.

•	� The amplitude of the attenuation coefficient, phase velocity, 
specific loss, temperature change, horizontal and vertical fluid 
displacements, and void’s volume fraction field increases as the 
value of the stiffness parameter increases, but the amplitude of 
penetrating depth decreases.

•	� The amplitude of the horizontal solid displacement component 
increases as the stiffness parameter’s value rises, while the magnitude 
of the vertical solid displacement component decreases.
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