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1. Introduction

Fibonacci sequences and their extensions find numerous applications
across various domains, including arts and sciences. Notably, Fibonacci
p-numbers, a broader variant of Fibonacci numbers, introduced by Stakhov
and Rozin [20] and have found applications in coding theory, particularly
in designing error-correcting codes and data compression algorithms. For
any given integer p>0, the Fibonacci p-sequence is defined by the
following recurrence relation

+F n>p

pn = Fp,n—l p.n-p-17/

with initial values Fp’0 =0, Fp,k =1 for k=1,2,...,p. Its companion
sequence, the Lucas p-sequence {L, }7,, [20] also satisfy the same
recurrence relation but begins with initial values L ,=p+1, L =1 for
k=1,2,...,p. It is clear to see that when p=1, the Fibonacci p-sequence
and the Lucas p-sequence reduce to the classical Fibonacci sequence {F }” |
and Lucas sequence {L }” , respectively. For further information
regarding the Fibonacci p-numbers and general second-order linear
recurrences, we refer to [1, 12, 20, 24].

There are several non-homogenous extensions of Fibonacci recurrence

relation. One among them is the Leonardo p-sequence {£, }; which was

0

introduced by Tan and Leung [22] and defined by the following non-
homogenous relation:

L =L +L  +pn>p (1.1)

P pn-1 pn—p

with initial values £ =L  =--=L =1. Itis clear to see that when
p=1, itreduces to the classmal Leonardo sequence{£ }” . The number of
vertices in the n-th Leonardo tree is counted by Leonardo numbers. The
Leonardo sequence finds applications in various fields, including
mathematics, computer science, and cryptography. For the history of
Leonardo sequences, see [A001595] in the On-Line Encyclopedia of Integer
Sequences [19], and for the properties of Leonardo numbers, we refer to [2,
3,5,13,18].

A relation between Leonardo p-numbers and Fibonacci p-numbers
was given by

L =(p+DE, -~ (1.2)

and a relation between Leonardo p-numbers, Fibonacci p-numbers and
Lucas p-numbers was given by
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L =L

P pn+p+l - Fp,n+p+1 - P

(1.3)

Recently, Zhong et al.[25] have studied a companion sequence of
Leonardo p-sequence, called Lucas-Leonardo p-sequence, and defined it
by the following non-homogenous relation:

R, =R, . +R +p,n>p (1.4)

pn—p-1

with initial values R =p*+p+1,R, =-=R =1. The non-
homogenous relation of Lucas-Leonardo p-sequence can be converted to

the following homogenous recurrence relation
R,, = Rm_l + Rp’”_ -R n>2p. (1.5)

[2 P pn-2p-1,

A relation between Lucas-Leonardo p-numbers and Lucas p-numbers
is given by
RM =(p+ 1)LW -p (1.6)

and a relation between Lucas-Leonardo p-numbers and Leonardo
p-numbers is given by

R,,=(p+1L,, ~pL, 1.7)

n-1°

In particular, for p=1, it reduces to the Lucas-Leonardo sequence
(R}, in [A022319]. A relation between Lucas-Leonardo and Lucas
numbers is

R =2L 1. (1.8)

Another companion sequence of Leonardo sequence, namely the
Francois sequence {F }” , see [A022318] in [19], is studied by Diskaya
and Menken [6]. The Francois numbers also satisfy the same recurrence
relation as Lucas-Leonardo numbers but begins with initial values 7 =2,
F,=1. A relation between Francois numbers, Fibonacci and Lucas
numbers is given by

F =L +F, —1. (1.9)

n+

On the other hand, quaternion algebras finds applications in various
fields such as mathematics, physics, computer science, engineering, and
robotics. It is particularly useful in representing and manipulating spatial
rotations and orientations in three-dimensional space due to its compact
and efficient representation of such transformations. It is also known that
the quaternion algebras are central simple algebras and also clifford
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algebras. Let F be a field with characteristic not 2. The generalized
quaternion algebra over a field F is defined as:

Qp(a,b)={x=x +x,i+x,j+xk|x, x,,x,,x, €F,
i =a,j* =b,ij=—ji=k] (1.40)

where a,b are nonzero invertible elements of field F. It is clear to see that
when F=R and a,b=-1, we get the real quaternion algebra. For x€Q,
(a,b), the norm of x, denoted as N(x) and defined as N(x) = xf - ax; -
bx; + abx;. We recall that a generalized quaternion algebra is a division
algebra if and only if a quaternion with a norm of zero is necessarily the
zero quaternion. Otherwise, the algebra is called a split algebra. It is
known thatreal quaternion algebra is a division algebra and the quaternion
algebra over finite field Z , denoted as QZ (-1,-1) is a split algebra, where
gis an odd prime integer, see [9]. Many research studies have concentrated
on quaternions whose components stem from distinctive integer sequences
such as Fibonacci, Lucas, Leonardo sequences, among various others. In
particular, Horadam [10] introduced the Fibonacci quaternions by taking
coefficients as Fibonacci numbers. In [16], Savin studied special Fibonacci
quaternions in quaternion algebras over finite fields. Recently, in [23], the
authors studied Leonardo quaternions over finite fields. For more
information related to quaternion algebras and Fibonacci-like quaternion
sequences we refer to [4, 7, 8, 11, 14, 15, 17, 21] and the references therein.

In this paper, we would like to contribute on this topic by introducing
a new class of quaternions, called Lucas-Leonardo p-quaternions. We
derive several fundamental properties of these numbers including
recurrence relations, generating function, and summation formulas. The
main motivation of our paper is to consider companion sequences of
Leonardo quaternions and derive some special Lucas-Leonardo and
Francois quaternions in quaternion algebras over finite fields. In particular,
we determine the Lucas-Leonardo quaternions and Francois quaternions
which are zero divisors and invertible elements in the quaternion algebra
over certain finite fields.

2. Lucas-Leonardo p-quaternions

In this section, we introduce a new class of quaternions, namely
Lucas-Leonardo p-quaternions, and explore the fundamental properties
of these sequences. Throughout this section, we consider the real
quaternion algebra Q(-1,-1). Also, for the simplicity, we denote I as
1+i+j+k.
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Definition 1: The n™ Lucas-Leonardo p-quaternion is defined by

QRW = Rp,n +R i+ Rp/m j+ Rp'Mk

p.n+l

where R, is the n™ Lucas-Leonardo p-number.

From the definition of Lucas-Leonardo p-numbers, we have
QRP,O = Rp/o + Rp,li + Rp,zj + Rp/sk =I+p(p+1)
QR}M = Rp/l + Rp,zi + Rp/sj + R,,Ak =]

QRW_3 = RW_3 + Rp,p_zi + Rp/p_] j+ ka =1

QR,,, =R, ,*+R, ,i+R, j+R, . k=I+(p+1)’k
@RMH - wal + Rmi + Rﬂ,wlj + Rwﬂk
=1+i+(p* +2p+2)j+(p” +3p+3)k
=I+(p+D((p+1)j+(p+2)k)
QRP,P = Rrhp + Rn,wli + Rp,pﬂj + RMHSk

=1+(p* +2p+2)i+(p* +3p+3)j+(p* +5p+5)k
=I+(p+D)((p+Di+(p+2)j+(p+4)k).

Itis clear to see that from the relation (1.4) and the definition of Lucas-

Leonardo p-quaternions, we have

QRp,n = QRp,nfl + QRp,ﬂ—p—l + pl’ n> p (21)

For n>2p, from the relation (1.5) and the definition of Lucas-
Leonardo p-numbers, we have

QR,,=QR,,, +QR

pn-p

- QRp,n—Zp—l ° (22)

Now we state the generating function of the Lucas-Leonardo
p-quaternions.

Proposition 1: The generating function for Lucas-Leonardo p-quaternions
is

14 p+l
L+p(p+1)+ Y (QR,, , ~QR,, ,)x" +pl—
n=1

1—x—xP*1

G(x)=
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Proof: We consider the formal power series representation for the
generating function of Lucas-Leonardo p-quaternions, G(x) = X5 Q
R,,x". By using the relation (2.1), we get
(1 —x— xp+1 )G(x) - iQR’, nxn _ iQRp nx;Hl _ iQRp nxn+p+l
! n=0 ! n=0 !

n=0

14 14 0
= ZQRp,nx” - Z_%QR;;,HX" + > (QRM —QRWH -QR X"

n=0 n=p+1 panp

p n p n < n
:E}QRMx —ElQRp,nflx +pl ¥ x

n=p+1

P " P

= QRP,O + VE(QR‘”'" - QRp,n—l)x +pl T
14 p+l
=I+p(p+1)+ ;(QRM ~QR,, X" +pli—

which gives the desired result.
Note that from initial values of Lucas-Leonardo p-quaternions, we
have

S(QR,,~QR,, )"

P

=(QR,,-QR, )x+(@QR,,-QR )x’+-+(@QR, ,-QR, )x""
+(@QR,,,~-QR, W+ @QR,,,-QR,,, x" T+ (QR,,-QR,

5 2%
=—p(p+Dx+(p+1)*kx"? +(p+1)°(G+K)x"" +(p+1)((p+1)i + j + 2k)x”

=(p+D(=px+(p+Dkx"? +(p+1)(j+k)x"" +((p+1)i + j + 2k)x").

p-1

Now we provide some relations between Lucas-Leonardo
p-quaternions, Leonardo p-quaternions, Fibonacci p-quaternions, and
Lucas p-quaternions. It’s worth noting that Fibonacci p-quaternions and
Lucas p-quaternions can be defined similarly to Lucas-Leonardo
p-quaternions as:

(@Fm = Fp,n +F i+F j+ Fp'Mk

p.n+l pon+
and

QL =L +L  i+L _j+L .k

pn pn p,n-*—lZ pn+2 pn+37

respectively.

Proposition 2: For n > p, we have the following relations:
() QR,,=(p+1QL,, ~pl,
(i) QR,, =(p+DQL,, -pQL, , ,
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(ii)) QR =QL, +pQL, ~p’l,
(lv) QRp,n = p(QLp,n _Qpp,n)+ QLp,n+p+l - QFp,;1+p+1 - p(p+ 1)1

Proof:
(i) From (1.6), we have
QR,,=R,,+R, ,i+R,  ,j+ Rp/mk
=((p+DL,, ~p)+(p+DL, ., ~p)i
+((p+DL, ., -p)j+((p+1L,, - pk
=(p+1)(Lp/" +Lp/n+1 k)-p(l+i+j+k)

=(p+ 1)QLW —-pl.

I+ Lp,n+2] + Lp/n+3

(ii) From (1.7), we have
QRp,n = Rp,n + Rp,nHi + Rp,nJij + Rp,n+3k
= (p + ]‘)‘Cp/n - p'cp,n—l + ((p + 1)’Cp,n+1 - pcp/n )l
+ ((p + 1)£p,n+2 - p['p/nﬂ )] + ((p + 1)’Cp,n+3 - p['p/nJrZ )k
= (p + 1)(£p,n + Ep,nﬂi + ‘Cp,n+2j + ‘Cp,n+3k)
_p(Lp,n—l + ’Cp,ni + Ep,nﬂj + Lp,wzk)

=(p+1QL,, -pQL, ..

(iif) By using the relation (ii) and (1.1), we can easily obtained the second
relation.

QRp,n = (p + 1)Q£p,n - p@ﬁp,n—l
=(p+D(,,+L, .,
—p([ﬁp,H + Ep/ﬂi +L i+ Ep

P+l

i+ Ep,mz j+ Ep
,n+2k)
= p(cp,n - Lp,n—l) + p(ﬁp,nﬂ - ‘Cp,n )l + p(cp,rwz - ‘Cp,nﬂ )] + p(‘Cp,n+3 + Ep,n+2 )k
HL, +L, i+ L, i+ L, k)

i+l P+
= p(cp,n—p—l - p) + p(ﬁp,n—p - p)l + p(ﬁp,n—pﬂ - p)] + p(‘cp,n—p+2 - p)k
+(£p,n + £p i+L o+ Lp,Mk)

M+l P+

k)

M43

— : . 2 . .
=pL,, L, i+L, L+ L,, LK) -p A+i+j+k)+QL,

p.n=p p.n=p

= p@ﬁpmw*l + Qﬁp,n - pzl.

(iv) By using the relation (iii) and (1.3), we obtain the desired result.
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QR,,=pQL,, +QL,, —plL.
=pL,, +L,, i+L j+L,

p.n-p p,n—p+1

HL,, + L, i+ L, i+ L, k)= p’l

n+l pn+2

= p(Lp/n _Fp,n - p) + p(Lp/nH _Fp,nﬂ - p)l

+p(Lp,n+2 - Fp,n+2 - p)] + P((Lp/n+3 - Fp,n+3 - P))k
+(L +L i+L, o ai+L, k)

p+p+l p+p+2

—(F +F i+F, sl VE, k) = pI=p’l

pt+p+l pn+p+2 pntp+
= p(Lp/n + Lp,n+l k) - p(Fp,n + Fp,m—li + Fp/n+2j + Fp,n+3k)
+QLp,n+p+1 - QFp,n+p+1 - PI - PZI

= p(QLp,n _QF )+ QLp/nﬂH—l - QFp/n+p+] - p(p + ]')I

pn

k)

n—p+2

I+ Lp,n+2] + Lp/n+3

Proposition 3: For n>p, we have

kzonRp,k = (P + 1)(QLp,n+p+1 - QLF’J’) — p(n + 1)I

Proof: By using the relation (i) in Proposition 2 and the summation formula

for Lucas p-quaternions i@LF ,=QL, .- QL, , weget
r=0 ! ! g

é)QRP,r = (p + 1) éJQLp,V - ZZEJPI
=(p+ 1)2@%, —p(n+1)I
=(p+1(QL,,,,.,~QL, )-p(n+1)L

Next we give a convoluted relation for Lucas-Leonardo p-quaternions.
To do this, we need the following relations in [1, Theorem 3] and [24,

Property 6], respectively:

(2.3)

SSL F =L —-F L ,
o Pttt potp p.p+1"pn

=F .-F . (2.4)

Proposition 4: For n>p, we have



COMPANION SEQUENCES ASSOCIATED WITH LEONARDO QUATERNIONS
ZQ p.n—t pt (p + 1)(QLp n+p QLp n) pl( P, 2p+1 )

Proof: By using the relation (i) in Proposition 2 and (2.4), we have

SOR,,.F, = X(p+DQL,, - pDF,,

=(p+ 1)Z@L

p.n—t pt

p
-pl EFplt
= (p + 1)Z(Lp,n—t + Lp,n—Hli + Lp,n—sz + Lp,n—HS ) pI( P, 2p+1

pn—t= pt

B (p+ 1)(21L F + ;Lﬂ 1| t+1FF’ 1‘1
P
+£LF’” 142 Pf]+§1Lpn 43 pt j_PI(F,,/zwl _1)

From the relation (2.3) and since Fw =1, we get

+1

ZQ p,n— t pit (p + 1)(Lp n+p Fp p+1Lp n + (Lp,n+p+l - Pp,p+le,n+1 )l
+L F L )k

pn+p+2 _Fp,p+1 pn+2 )] +(Lp,n+p+3 - p.p+1l " pn+3
_pI(Fp/ZpH _1)
=(p+D(L,,., +L
_(Lp,n + Lp,n+1

= (P + 1)QLp,n+p - (P + 1)QL - pI( p2pl )

P, n+p+ll + Lp n+p+2] + Lp n+p+3k)

i+L, ., j+L, k)= pI(E -1

p.2p+1

3. Lucas-Leonardo quaternions and Francois quaternions over finite

fields

1577

M)

In this section, we consider the quaternion algebra (@Zq(—l,—l), for
simplicity @, where g is an odd prime integer. First, we determine the
Lucas-Leonardo quaternions which are zero divisors in the quaternion
algebra Q, for q=3,5, and 7. It’s important to note that finding zero
divisors and invertible elements in the Lucas-Leonardo p-quaternions is
more challenging task than in the Fibonacci quaternions studied by Savin
[16]. This is mainly because the norm of Lucas-Leonardo p-quaternions is
more complex. So, we focus on the standard Lucas-Leonardo quaternion
case instead. Similar approach will be used for the Francois quaternions.

Let QR, be the nth Lucas-Leonardo quaternion defined as
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QRn = 7?’n + 7?’n+1i + RI’H—Zj + 7?’rr-¢-3k
where the basis {1,i,],k} satisfies the multiplication rules: i* = j*> = k* =

ijk = =1. By using the relation (1.8) for the Lucas-Leonardo quaternion

and using the relations L’ + L, =5F, , F'+F =F, , F+F =
3Fn+2’ LnFn+1 = F2n+1 + (_1)"1:'1, Ln +Ln+2 = 5Fn+1’ Fn +Fn+2 = Ln+1 the norm

of Lucas-Leonardo quaternion can be obtained as follows:

N@QR,)=R>+R2, +R2, +R>

n+3

= (2Ln - 1)2 + (ZLH+1 — 1)2 + (2Ln+2 - 1)2 + (ZLW3 — 1)2
=4L+L  +L + )-4L +L  +L ,+L )+4 (3.1)

=20(E, +F )-4L ,+L )+4

2n+1 2n+5 n+2 n+4
-5F ,+1).

=60F,,,, —20F,, +4=4(15F,

n+3

Proposition 5: A Lucas-Leonardo quaternion QR, is a zero divisor in
quaternion algebra Q, if and only if 7=0,2,3 (mod8).

Proof: A Lucas-Leonardo quaternion QR is a zero divisor in quaternion
algebra QZ3 if and only if N(QR,)= 0 in Z,. By using the relation (3.1),
we have

F

n+3

+1=0(mod3) <= F , =2 (mod3)

Since the cycle of the Fibonacci numbers is modulo 3 is
0,1,1,2,02,21,0,1,1,2,0,2,2,1,..., (3.2)

the cycle length of Fibonacci numbers modulo 3 is 8. So

F . ,=2(mod3)<n+3=3,56(mod8) <= n=0,2,3 (mod8).

Proposition 6: All Lucas-Leonardo quaternions QR, are invertible in
quaternion algebra Q, .
Proof: Since N(QR,) =40 in Z,, all Lucas-Leonardo quaternions QR,
are invertible in quaternion algebra Q, .

From previous Proposition, there are no Lucas-Leonardo quaternions
which are zero divisors in quaternion algebra Q, .

Proposition 7: A Lucas-Leonardo quaternion QR is a zero divisor in
quaternion algebra Q, if and only if n=0,6,7,9(mod16).
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Proof: A Lucas-Leonardo quaternion QR is a zero divisor in quaternion
algebra Q, if and only if N(QR,)=0 in Z,. By using the relation (3.1),
we have

Z,

N(QR,)=0 < 4(15E,, , —5F, , +1)=0 (mod?7)
& 4(F, ,+2F,_, +1)=0 (mod7)
o F +2F +1=0 (mod7)

2n+3 n+3
<:>F2 +F2 ,+2(F ,+F ,)+1=0(mod?7)
( n+l+1) +( y,+2+1) El(m0d7)

Since the cycle of Fibonacci numbers modulo 7 is
0,1,1,2,3,51,6,0,6,6,5,4,2,6,1,...,

the cycle length of Fibonacci numbers modulo 7 is 16. See [19, A105870].
So, we get

+1+(F _,+1)* =1(mod7) < n=0,6,7,9(mod 16).

( n+1 n+2

Next, we consider the Francois quaternions over certain finite fields.
Let QF, be the nth Francois quaternion defined as

QF, =F +F i+ F ,j+F .k

n+1 n+3

where the basis {1,7, j,k} satisfies the real quaternion multiplication rules.
By using the relation (1.9) for the Francois quaternion, the norm of Francois
quaternion can be obtained as follows:

NQF)=F +F: +F, +F:

n+l n+2 n+3
=(L,+F,  -1*+(L, +F, -1 +(L,,+F -1’ +(L, ,+F -1
= +Lfl+1 +L L+ )+ (F2 +F  +F,+F,)+4
+2(L F + LV!+1Fn+2 + LV!+21:;1+3 + L F +4) 2(L + L}Hl + L‘VHZ + Ln+3)
-2(F ,+F ,+F ,+F )
=5F, ,+5F, +3F, ,+4
+2(E,, , +(-)"+E,  +(1)"" +E, ,+(-1)"? +FE, , +(-1)"?)
_Z(Lmz + Ln+4) - 2(Fn+3 +F +5)
=5F, ,+5F, +3F, +4+2(F,  +F, ,+F, .+F, )

-2(5F, ,)- 2(F +F.

n+3 n+5 )

=7F,,  +10F,  +4+2(F,  +F, ,)+2(E

2n+2

)-12F, - 2F,

2n+5 2n 6 +5
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= 9F2n+1 + 12F2n+5 + 4 + 2F2n+2 + 2(F2n+4 + F2n+5) - 34Fn+l - 18Fn
=39F, , +48F, ,—34F  —18F, +4.

Proposition 8: A Francois quaternion QF, is a zero divisor in quaternion
algebra Q, if and only if #=0,1,6 (modS8).

Proof: A Francois quaternion QF, is a zero divisor in quaternion algebra
QZ; if and only if N(QF)=0 in Z,. From (3.2), the cycle length of
Fibonacci numbers modulo 3 is 8. Thus, we have

N(QF,)=0(mod3) < -F,, +1=0(mod3) < F, , = 1(mod 3)
< n+1=1,2,7(mod8) < n=0,1,6(mod8).

Proposition 9: A Francois quaternion QF, is a zero divisor in quaternion
algebra QZ5 if and only if n=5,8,10,19 (mod 20).

Proof: A Francois quaternion QJF, is a zero divisor in quaternion algebra
QZS if and only if N(QF, )= 0 in Z,. By using the norm relation, we have

N(Q]’;) = 6 A 4F2n+1 + 3F2n+2 + Fn+1 + 2Fn + 4 = O(mOd 5)
<-F, ,-2F, ,+F ,+F +4=0(mod5)

2n+1 2n+2 n+2

< -F F, .,+F ., +F +4=0(mod5) (3.3)

243 242 n+2

&F, ,+F, ,~F —F +1=0(mod5)

2143 2142 T n+2

< F F ,—F +1=0(mod)5).

2n+4 T2

We recall that the cycle of Fibonacci numbers modulo 5 is
0,1,1,2,3,0,3,3,1,4,0,4,4,3,2,0,2,2,4,1.

So the cycle length of Fibonacci numbers modulo 5 is 20. See [19,
A082116]. To find n such that the congruence (3.3) is satisfied, we need to
consider the following cases:

Case 1: If n=0 (mod20), then n+2 =2(mod20), 2n+4 = 4(mod20),
= 3(mod5), F,, =1(mod5), F, =0(mod5). It results F F

F2n+4 24 Tne2
F + 1 =3(mod5), therefore the congruence (3.3) is not satisfied.

Case 2: If n=1 (mod20), then n+2 = 3(mod20), 2n+4 = 6(mod?20),
F,., = 3(@mod5), F , = 2(mod5), F, = 1(mod5). Itresults F, , — F

n+4 n+2

- F +1 = 1(mod5), therefore the congruence (3.3) is not satisfied.



COMPANION SEQUENCES ASSOCIATED WITH LEONARDO QUATERNIONS 1581

Case 3: If n=2 (mod20), then n+2 = 4(mod20), 2n+4 = 8(mod20),
F,., = l(mod5), F _, = 3(mod5), F = 1(mod5). Itresults F, , — F

2n+4 4 n+2
- F +1 = 3(mod5), therefore the congruence (3.3) is not satisfied.

Case 4:If n=3 (mod20), then n+2 = 5(mod20), 2n+4 = 10(mod 20),
3 = O(mod5), F,, = O(mod5), F = 2(mod5). It results F,

2n+4 n+2 4
F., — F +1 = 4(mod5), therefore the congruence (3.3) is not satisfied.

n+

Case 5:If n=4 (mod20), then n+2 = 6(mod20), 2n+4 = 12(mod 20),
FE = 4(mod5), F , = 3(mod5), F, = 3(mod5). It results F,

2n+4 n+2 n 4

F., — F +1 = 4(mod5), therefore the congruence (3.3) is not satisfied.

n+

Case 6:If n=5 (mod20), then n+2 = 7(mod20), 2n+4 = 14(mod 20),
E = 2(mod5), F_, = 3(mod5), F, = 0(mod5). So, the congruence

2n+4

(3.3) is satisfied. Therefore, we have N(QF,) = 0<n = 5(mod?20).

Case 7:If n=6 (mod20), then n+2 = 8(mod20), 2n+4 = 16(mod 20),
E, ., = 2(mod5), F , = 1(mod5), F, = 3(mod5). Itresults F, , — F

2n+4 n+2 n+4 n+2

- F +1 = 4(mod5), therefore the congruence (3.3) is not satisfied.

Case 8:1f n=7 (mod20), then n+2 = 9(mod20), 2n+4 = 18(mod20),
FE = 4(mod5), F , = 4(mod5), F, = 3(modb5). It results F,

2n+4 4
F ., — F +1 = 3(mod5), therefore the congruence (3.3) is not satisfied.

n+

Case 9: If n=8 (mod20), then n+2 = 10(mod20), 2n+4 = 0(mod20),
F,., = 0mod5), F , = 0O(mod5), F = 1(mod5). So, the congruence

(3.3) is satisfied. Therefore, we have N(QF,) = 0<n = 8(mod?20).

Case10:If n=9 (mod20), then n+2 = 11(mod20), 2n+4 = 2(mod20),
= I(mod5), F , = 4mod5), F = 4(mod5). Itresults F, , — F

FZ n+4 n+4 n+2

- F +1 = 4(mod5), therefore the congruence (3.3) is not satisfied.

Case 11: If n=10 (mod20), then n+2 = 12(mod20), 2n+4 =
4(mod20), F, ., = 3(mod5), F , = 4(mod5), F, = 0(modb). So, the

congruence (3.3) is satisfied. Therefore, we have N(QF ) = 0Oon =
10(mod 20).

Case 12: If n=11 (mod20), then n+2 = 13(mod20), 2n+4 =
6(mod20), F, , = 3(mod5), F , = 3(mod5), F, = 4(mod5). It results
F,., — F., — F +1 = 2(mod5), therefore the congruence (3.3) is not
satisfied.
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Case 13: If n=12 (mod20), then n+2 = 14(mod20), 2n+4 =
8(mod20), F,,, = 1I(mod5), F_, = 2(mod5), F, = 4(mod5). It results
F,.., - F., — F+1 = 1(mod5), therefore the congruence (3.3) is not
satisfied.

Case 14: If n=13 (mod20), then n+2 = 15(mod20), 2n+4
10(mod20), F,, ., = O(mod5), F , = 0O@mod5), F, = 3(mod5). It

results F, , — F_, — F +1 = 3(mod5), therefore the congruence (3.3)
is not satisfied.

Case 15: If n=14 (mod20), then n+2 = 16(mod20), 2n+4

12(mod20), F,,,, = 4(mod5), F, = 2(mod5), F, = 2(mod5). It
results F, , — F , — F +1 = 1(mod5), therefore the congruence (3.3)

is not satisfied.

Case 16: If n=15 (mod20), then n+2 = 17(mod20), 2n+4
14(mod 20), F = 2mod5), F,, = 2(mod5), F, = 0(modb5). It

2n+4 n+2
results F, F ., — F +1 = 1(mod5), therefore the congruence (3.3)
is not satisfied.

4 n+

Case 17: If n=16 (mod20), then n+2 = 18(mod20), 2n+4
16(mod20), F = 2(mod5), F_, = 4(mod5), F = 2(modb5). It

2n+4 n+2 n
results F, F., — F +1 = 2(mod5), therefore the congruence (3.3)
is not satisfied.

n+4 n+

Case 18: If n=17 (mod20), then n+2 = 19(mod20), 2n+4

18(mod20), F, ., = 4mod5), F , = 1(mod5), F = 2(mod5). It
results F, , — F_, — F +1 = 2(mod5), therefore the congruence (3.3)

is not satisfied.

Case19:1f n=18 (mod20), then n+2 = 0(mod20), 2n+4 = 0(mod?20),
F,., = 0@mod5), F _, = O(mod5), F, = 4(modb). It results F, ,

F ., — F +1 = 2(mod5), therefore the congruence (3.3) is not satisfied.

n+.

Case20:If n=19 (mod20), then n+2 = 1(mod20), 2n+4 = 2(mod20),
F, ., = 1(mod5), F , = 1(mod5), F, = 1(mod5). So, the congruence

(3.3) is satisfied. Therefore, we have N(QF,) = 0 < n = 19(mod 20).

Thus we obtain the desired result.
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4. Conclusion

Quaternions find broad applications across numerous fields, notably
in physics and mathematics. Therefore, it is valuable to explore and
analyze the properties of specific types of quaternions. Numerous studies
have focused on quaternions whose components originate from special
integer sequences, including Fibonacci, Lucas, Leonardo sequences,
among others. Here, we introduce a new class of quaternions which can be
seen as a companion quaternion sequence of Leonardo p-quaternions. We
investigate basic properties of these quaternions and give some applications
over finite fields. The results of this paper can be summarized as follows:

* We derive a new class of quaternions which takes Lucas-Leonardo
p-numbers as a components. When p = 1, the Lucas-Leonardo
p-quaternions reduce to the Lucas-Leonardo quaternions. We obtain
generating function, recurrence relations and sum identities for
these new quaternion class.

*  We obtain that

- a Lucas-Leonardo quaternion QR is a zero divisor in
quaternion algebra Q, if and only if 7=0,2,3 (mod8),

- all Lucas-Leonardo quaternions are invertible in quaternion
algebra Q.

- a Lucas-Leonardo quaternion QR is a zero divisor in
quaternion algebra QZ7 if and only if #=0,6,7,9(mod 16).

e  We obtain that

- A Francois quaternion QF is a zero divisor in quaternion
algebra st if and only if n=0,1,6 (mod8),

- A Francois quaternion QF, is a zero divisor in quaternion
algebra QZS if and only if n=5,8,10,19 (mod?20).
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