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Abstract

In models of reliability of stress-strength, the stress can fall under the influence of
two strengths, and to varying degrees, the reliability of this factor can be expressed by the
formula P(X<Y<Z). The paper aims to find the formula of reliability for two models: the
first is the cascade model (1+1), where it consists of a main component and the second is a
standby component, assuming that the component has two strength variables X and Z and
is subjected to stress Y, the second is the cascade model (2+1), which consists of two main
components and a third is standby component, assuming that both components have two
strength variables X and Z, and the first component is subjected to stress Y, and the second
component to stress Y,, in both cases, the stress and robustness random variables will follow
the inverse Chen distribution.The reliability function is estimated in two different methods
maximum likelihood and percentile. Monte Carlo simulation is performed to compare
the estimation results using the statistical criteria: meansquare error and mean absolute
percentage error the results showed that the best estimator is ML.

Subject Classification: Primary 68M15, Secondary 62F10.
Keywords: Reliability, Probability P(T<X<Z), Stress-strength, Cascade, Estimation.

This research was conducted at Almustansiriyah University and University of Sumer.

* E-mail: dr_nadaskaram@uomustansiriyah.edu.iq (Corresponding Author)
" E-mail: ahmedharoon885@gmail . com

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIOS-1650

1506 N. S. KARAM AND A. H. KHALEEL

1. Introduction

Reliability is defined as the period of non-stop operation of the component
under the influence of Y stress, where the component resists stress with its
strength X where p(Y < X) [1]. In another case, the model can work when the
pressure Y on the component falls between two specific values of the
component strengths X and Z, that is, the stress is within certain limits, and in
this case, the reliability can be found as follows: R = P(X < Y < Z)[2]. The
(1+1) model, which is a special cascade model, consists of a main component C,
and a component C, with an active standby state, and the component C; with a
failed state is replaced by the component C, [3]. Also in the (2+1) of the cascade
model, where it consists of two main components D, and D, and component D
it is in standby case, where if any components of D;or D, fail, component D5
replaces it so that the model continues to work [1-3].

Many researchers have addressed reliability in their research: Khan and Jan
[5] fended the reliability of a multicomponent system of Burr distribution.
Karam and Khaleel [4] studied a special serial model where the model consists
of two basic units and a standby unit that activates if one of the two main
components fails. Khaleel [6] discuss the reliability of a single-component
model with strength alone and exposed to four stresses. Mutkekar and Munoli
[3] find the reliability of a two-component model., the first basic and the second
standby that replace the basic component in case of failure. Doloi and Gogoi [7]
studied a cascade model consisting of n-components.

The purpose of the paper is to find the formula when R = P(X < Y <
Z) and apply it in the Cascade model (1+1) as well as (2+1) when the random
variables of the stress-strength with the inverse Chen. Methods (maximum
likelihood and percentile) were used to estimate the model's reliability and
simulation was conducted to indicate the best method to estimate by comparing
simulation results using MSE and MAPE.

2. The mathematical formula

In 2000, Chen suggested the two-parameter distribution with a cumulative
failure rate function [8]. The random variables Y is stress while X and Z are
strengths independent identically exponential distributed X~ICh(f,a),
Y~ICh(B,8) and Z~ICh(B,A). The functions of inverse Chen distribution are
[9]:

F(x) = exp (a (l—e"_ﬁ)) x>0;a,f>0 )
x—B

f(x) = afx~ A e"_ﬁea<1_e ) x>0; a,f>0 )

R(x) =1—exp (a (1 — e"_B)> x>0;a,f>0 3)

x—(+B) ex‘Be“(l‘ex_E)

1-exp(a(1-ex"))

H(x) =%

x>0, af>0 4)
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Where « is shape and £ is the scale parameters and since f(x) is pdf then
J fdx =1
So that

x— B
Jy xmaH) ex_Bea(l_e >dx = i 5)

Now the reliability of three cases will be found in detail:

The first case p(x < y; < z): the reliability of the stress-strength model
component is defined as the probability that the system can work only when the
stress Y on it lies between two certain values of component strengths X and Z.
The reliability of this case can be found as follows:

Ri=px<y; <2z)= fylFx(Dﬁ)(l — H,(y1))g(y)dy, (6)

Using equations 2 and 4 in equation 6 yields:

R, = fy1 exp <a (1 - eyl_ﬁ)) <1 —exp <A (1 - eyl_ﬁ)>> g(y)dy,
=/, exp <a (1- eyfﬁ)) 91)dys

-/, (1 — exp </1 (1- eyl_ﬁ))) 9Oy,

- -B
—(1 B —oY
=8P fyl yl( +B)ey1 ela+d)(1-e’1 )dyl

_ -B
—(1+ B —eY
— 5B fyl Y1( Bloyi” g(A+8)(1-e"1 )dyl
1 1
=% pars ~ P pars
5 5
T @+s)  (A+8) (M
Now the reliability of the first case is obtained
A8—ab
1= @0 ®)
The second case cascade (1+1) model: the reliability system of the model
cascade (1+1) of the two components (one activated and one standby) to be
working under the impact of stresses y; and y, respectively, where are
independently and identically distributed, let X and Z be the lower and upper
strengths, respectively of each component. To obtain the expression for
reliability, consider that:

Ry =R+ R, ©)
R, was found in the first case:

Ri=plx <y <2)=[, B~ H,1))g()dy

R, is found as follows:

Ry=(plx <y, <)) plx<y,<z)=(1-RIp(x<y,<z) (10)
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In a cascade system after every failure, the stress is k [3] such that

Y2 =ky1, ¥3 = ky, = k’yy, ..,y = k' lyy ete.
It is obvious that once the distribution of y; specified the distribution of
Y2, V3, -, Yy are automatically specified. Then

R; =(1—-R)p(x <ky, <2z) (11)
R, =(1- R1)fy1Fx(k}’1)(1 — H,(ky1))g(y1)dy,
For the case that k = 1 [3] we get:
R, = (1—RDR, (12)
So that
Riy=Ri+(1—-R)=R(1+1-Ry)=Ri(2—-Ry)
So the function of reliability for the second case is:

Ri = [(aiz)_(ii&] [2 - ((aii)—(o;jm)] (13)

The third case cascade (2+1) model: In this part, we will present the
expressions of reliability for cascade (2 + 1) stress-strength of the three
components (two activate and one standby) where to be the stresses
Y~ICh(6;,B8); i = 1,2 respectively are independently and identically
distributed, we can obtain the reliability formula by:

Ra1c = Ric + Ry + R (14)

Reliability R;. will be estimated by the probability of the action of the first
and second components, as be

Ric=p(x <y, <2)p(x <y, <2z) =16, (15)

Reliability estimate of R,. with the probability of replacing the failure of
the first component with the third component and the continuity work of the
second component, as being:

Rye=(1—-0)px <ky, <2)c,

Since k = 1 then

Rye = (1 =) (16)

Finally, the reliability estimate R;. with the probability of replacing the

failure of the second component with the third component and the continuity
work of the first component, as being:

R3yc = (1 —c)p(x < ky; < z)cq

= (1= cx)cc; (17)
For ICh dist. We get
_ & & 28i-as;
17 aroy) 46y (@+61)(A+61) (18)
5, 5, A6,—as;,

€2 = (a+63) - (A+6832) - (a+682)(A+62) (19)
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Now equations 18 and 19 will be used in equations 14, 15, and 16 as
follows

Ric = [((aiii)_(jilsl)) ((ai(;z)_(jizsz))] (20)
Ree = |(1= Z550050) (@rsraem) (@rsoanss) en
Rsc = [(1 - (aiiz)_(‘;izﬁz)) ((aiii)_(jiisl)) ((aiiz)_(iiisz))] (22)

Finally, by replacing equations 20, 21, and 22 in equation 14, the function
reliability for third case is obtained.

Ra1e = [((aizi)_gisl)) (mf%ﬁ{&izaz))] +[(1- (aigi)_(iilsl)) ((aizi)_(j\il&))
((aizz)(oltizcsz))] [( (aigz)_(ox(iisz)) ((aiii)_(iilal)) ((aizz)_(jizsz))] 23)

3. Estimation

The unknown distribution parameters will be estimated in two different
ways, the maximum likelihood method and Percentile method, to find an
estimate of the reliability function for (R4, R4, and R,;.).

3.1 Maximum Likelihood Method
Suppose x4, x5, ... X, form ICh(a, ). The function L is given as follows
[9]:
L=L(a,p,x) =Tl f(x) (24)

B
-B a<161>
= [Ii2; ap x; ~AHB) ox Ty

B
. o, a1t
=a"B"[[iz1 x; ah [lize®i Tlizie
Taking the logarithm of both sides of the above equation:

- -B
In(L) = nina + ninf — (F + 1) X, In(x;) + Xk, x; by Yl (1 —e%i )
(25)
By deriving the equation 25 for the parameter a:

1 -B
2 r;(L) Z+n—3n, e
The ML estimator of the parameter ais:

n

Ay = ———p— (26)
X.
Y,e’i o -n
In the same way find The maximum likelihood estimator of the parameters
661,08, and A are:
= _ m o _ mq = _ my
6]ML - -B > 6]1ML - y—ﬁ > 5]2ML - -B ’

Y m P m Vi
Z;’;le J -m Zhl:le j1 —m, T2 ez —my,
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A, = ———. (27)

Yhe1 e’h —w

Where m, m,, m,, and w are simple sizes.

3.2 Percentile Method

Suppose that X~ICh(a,B), the estimator of percentile is found by
decreasing the square sum among the value and probable value of CDF so as

[9]:
P =31 [E(F&x)) - F(x)]° (28)

-B
oc(l—exi ) i .
F(x)=e where E(F(xl-)) =P, and P, = = 1,2,..,n

Then Pr estimator of A; is attained as:
2

a(l—ex;ﬂ>

InP=Y",|InP,—In| e (29)
By deriving the equation 34 for the parameter a:

dlnp —B —B

2l =23, [lnPl- —a (1 —e*i )] (—(1—e*i'))

257 [P —a(1- ") (A -y =0

Hence the percentile estimator of « is:

A Y npi(1-e”i
fpy = HEEICE) (30)
?:1(1_exi >

Also the estimators of the §,;, 5, and A are:

-B -B y.
s Z]-IgllnP]-(l—eyl ) 5 = 2:1;11 lnPi(l—eyll ) —~ Zjnzlillnpjz(l—e 2
Jpr yB 2> Shpr T v B 20 Pzpr T v B 2
m _avj my _ a7 mp _aj
]-:1<1 e’) > Zj1=1<1 e 1 > Ziz=1<1 e )2 >
5 T InPL(1-e”h )
Apy = =5 ———— (1)

-B
Zﬁ‘;l(l—ezh )

Where m, m;, m, and w are simple sizes.

4. The Simulation

The simulation was made to compare the outputs of the estimation
methods using MSE and MAPE. The simulation study was repeated for a
number (10,000) and samples of various small, medium, and large sizes were
used independently [10].
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4.1 Algorithm of Simulation

Simulation algorithms have been written to estimate the reliability of the
third cases using the MATLAB software, as in the steps below:

1.  Random samples (xq, %5, ..., %), (Y11, Y12 ---’3’1m1)y V21, Y22, ""yZmz)'
and (zy, z3, .., Z) of sizes (n, m, my, m,, w) = (25, 25, 25, 25, 25) (60, 60,
60, 60, 60), and (100, 100, 100, 100, 100) aregenerated..

2.  The parameters values of five experiments («, §, 64, §,, 1) in table (1):

Table 1
Values of five experiments

Experiment | « 5 |68 | 2| B R, Riq Ro1c

1 05109]0.7]0.7]0.7]0.7]0.4629 | 0.1543 | 0.0197
02102|1.1]09|1.8]0.9]0.1778 | 0.6400 | 0.4636
02[04]09]19]24]0.9]0.7333 | 0.7732 | 0.4882
0305|1219 ]1.1]0.8]0.6061 |0.5273 | 0.1597
0410622 ]13]15]0.9]0.6600 | 0.5298 | 0.1850

[V N ESN OS] ) 9]

3. Parameters (a,6,8,,8,,4) were estimated (ML and Pr) in equations:
(26),(27),(30), and (31) respectively.

L R,
4. Calculate the mean by Mean = %

5.  The "mean square error": MSE(R) = %Zlgzl(I@ —R)?
6.  The mean absolute percentage error: MAPE(R) = %Zle |RLIT_R|.

4.2 Simulation Results

After applying the previous steps of R for sample size
(n,m,my, m,,w) = (25, 25, 25, 25, 25) = A, (60,60,60,60,60) = B, and
(100,100,100,100,100)C.

Table 2
The results of simulation Ry, Rq; and Ry,

Ry Ris Raic
ML Pr ML Pr ML Pr

MSE |MAPE | MSE |MAPE | MSE |[MAPE| MSE [MAPE| MSE |MAPE| MSE |MAPE
0.2931]0.3899(0.1336{0.3513]0.01540.0985]0.0219{0.2537]0.0012{0.0241 {0.0006]0.0136
0.0934]0.2324 10.1236{0.3443 [0.0062|0.06230.0133{0.1518 |0.0010{0.0157 {0.0004]0.0119
0.0560{0.1838 [0.1199{0.3415{0.00390.04960.0103 [0.1414 [0.0004|0.0126 {0.0001]0.0113
0.01120.0728]0.0063]0.0702 [0.0055]0.0589 {0.0803|0.1667 [0.0068 | 0.0661 |0.0610 | 0.2423
0.00340.0440]0.0047]0.0618 [0.0024|0.0388 {0.0422{0.0587 [0.0029{0.0430|0.0569 | 0.1363
0.0019{0.0333 {0.0041{0.059310.00140.02980.0108|0.0463 |0.0017{0.0332 {0.0457]0.1246
0.1681]0.2995[0.1702{0.3931 {0.0030]0.0423 {0.0599/0.1101]0.0063 | 0.0636 |0.0720{0.2644
0.05820.1808]0.1521]0.279810.0012]0.0271 {0.0399{0.0968 |0.0028 | 0.0421]0.0573|0.2577
0.03240.1381]0.1355]0.254910.0007|0.0209 {0.0198{0.0723 |0.0016 | 0.0322]0.0458 | 0.2253

Contd...

5
@
»

[3S)
[elldidieldbdielitdts
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0.1383]0.2611]0.1427]0.3647 |0.0081 | 0.0707 {0.0654 | 0.1395 [0.0042]0.0515 |0.0061]0.0709
0.044910.1601 0.129810.35380.0034 | 0.0462 [0.0419{0.1303]0.0018]0.0339 {0.0052{0.0682
0.024810.1210 ]0.1246{0.3489]0.00190.0349 [0.0292{0.12770.0010] 0.0258 |0.0049{0.0677
0.1648)0.2851]0.1933]0.43010.00800.0706 |0.0484[0.1775]0.0050| 0.0565 [0.0121{0.1056
0.0541]0.1750{0.1795]0.41890.0033{0.0367 {0.0201|0.1141 |0.0021]0.0367]0.0113{0.1041
0.0295]0.132410.1747]0.4151]0.0019]0.0347]0.0114/0.1009 [0.0012]0.0280|0.0111]0.1040

Q||| 0= | >

4.3 Discussion of the results

The results from the three cases of reliability Ry, Ry; and R, will be
discussed as follows:

About the first case: from Table 1, it was found that R; value increases as
the parameter & value increases and decreases as the parameter a value
increases also from Table 2, the simulation results showed that the best
reliability estimator R, is ML estimator in all experiments.

In the second case of reliability: from Table 1 it is found that the value of
R;; decreases as the values of the (@ and §) parameters increase and increases
as the value of the(8; and8;) parameters increases and from Table 2 it was
found that the ML estimator is the best to estimate R;; when making a
comparison within the simulation of the five experiments and different sizes.

Finally, the third case of reliability: from Table 1 it was found that the
value of R,;.increases with increasing parameter values (8; and6;) and
decreases with increasing parameter values (@ and &) also from Table 2 it was
found that the ML estimator is the best to estimate R,;. for all simulation
experiments of different sizes and the two criteria: MSE and MAPE.

5. Conclusions

The reliability formula for single-component, (1 + 1), and (2 + 1) models
of successive stress strength was derived, by the distribution of, the inverse
Chen distribution. A simulation was made to compare the ML and Pr methods
in five different experiments for different distribution parameters and at different
values for different sample sizes. In general, I found that the best performance
was for maximum likelihood estimates.
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