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Abstract
Let G be a finite simple graph with p vertices and q edges is called an edge odd 

graceful labeling if there exists a bijective map : ( ) {1, 3, 5, , (2 1)}f E G k→ −  such that when 
each vertex is assigned, the sum of all edges incident to it mod 2k, where = ( , ),k max p q  the 
resulting vertex labels are distinct. Any ( , )p q  - graph admitting edge - odd graceful labeling 
is called an edge-odd graceful graph. In this paper, we investigate the existence of edge odd 
graceful labeling for the cartesian product of two paths mP  and nP  where m and n are any 
positive integers. 
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1.  Introduction

A graph labeling is an assignment of integers to the vertices or edges 
or both, subject to certain conditions.Here we consider only finite simple 
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undirected graph.The set of vertices and edges of a graph G will be denoted 
by ( )V G  and ( )E G  respectively =| ( )|p V G  and =| ( )|.q E G

Lo [5] introduced a labeling of G called edge graceful labeling, which 
is a bijection f from the set of edges ( )E G  to the set {1, 2, , }q  such that the 
induced map *f  from the set of vertices ( )V G → {0,1, 2, , 1}p−  given by 

* ( )f u = ( )uv E G∈∑ ( )f uv ( )mod p  is a bijection. A graph which admits 
edge graceful labeling is called an edge graceful graph.

David Kuo and Jing- Ho Yan [4] have proved that the (2,1)L  labeling 
number of Cartesian product of path and cycles. Daoud [3] proved the 
necessary and sufficient condition for some path and cycle related graph 
to be edge odd graceful. For graph theoretic terminology we refer to 
Chartrand and Lesniak [2].

Rosa [6] introduced a labeling of G called β  - valuation, later on 
Solomon W. Golomb called as graceful labeling which is an injection f  
from the set of vertices ( )V G  to the set {0,1, 2, , }q  such that when each 
edge e = uv is assigned the label | ( ) ( )|,f u f v−  the resulting edge labels are 
distinct. A graph which admits a graceful labeling is called a graceful 
graph.

Mohamed Basher [1] motivated to use the cartesian product of two 
paths.He discussed about the odd- even graceful labeling that means if 
there exist an injective function : ( )f V G → {1, 3, 5, ..., 2 1}q +  such that 
induced function * : ( )f E G → {2, 4, 6, ..., 2 }q  defined by * ( )f uv =
| ( ) ( )|f u f v−  for every ( )uv E G∈  is a bijection. He proved that the planar 
grid and prism are odd- even graceful labeling.

Solairaju and Chithra [7] Introduced the concept of edge odd graceful 
Labeling. If G be graph with p vertices and q edges called an edge odd 
graceful labeling if there exists a bijective map : ( )f E G → {1, 3, 5, ,

(2 1)}k −  such that its induced map : ( )f V G+ → {0,1, 2, , (2 1)}k −  defined 
by ( )f x+ ≡ ( , )y V xy E∈ ∈∑ ( )f xy ( 2 )mod k  is injective, where k = max ( , ).p q  [9] 
Any ( , )p q  - graph admitting edge odd graceful labeling is called an edge-
odd graceful graph. Solairaju and Senthil Kumar [8] explained some of the  
product of path and cycles are edge odd graceful labelling.

The cartesian product of two paths mP  and nP  whose vertex set is 
( ) ( )V G H G×  having mn  elements, namely 1 2{ , , , }mnv v v  and its edge set 

is ( )m nE P P  = 1{{( : 0( )}i iv v i mod n+ ≡
 ( 1){( j n i jn iv v− + + : = 1i  to , = 1n j  to 

m)}} for all positive integers m and n. The cartesian product of two paths 
andm nP P  denoted as [ ].m nP P  
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2.  Main Result

Here we will discuss about all the positive possible integers for m and 
n in the following theorem. 

Theorem 2.1: The [ ]n nP P  is edge odd graceful for all integer 5.n ≥  

Proof: The graph [ ]n nP P  is a connected graph whose vertex set is 
21{ , , }

n
v v  and edge set is 1{{ i iv v + : 0i ≡ ( )}mod n ∪ ( 1){( j n i jn iv v− + + :
= 1 to ,i n = 1 to )}}j n  for all integer 5.n ≥  

Construct a bijective map : ( ) {1, 3, 5, ,(2 1)}f E G k→ −  in the various 
steps as follows: 

Let i varies from 1 to 2n  and 0( ).i mod n≡

Case (i): is even.n

Claim (1): To get edge-odd labeling of 1{ : 0( )}.i iv v i mod n+ ≡

Subcase (1a): Define 2
1( ) = [(3 ( 1))];i if v v n ln r+ − − −  where = ;i ln r+  i  is 

odd; 

= 0,l 1, 2, , ( 1);n − = 1, 3, 5,r , ( 1);n −  1,i ≠ 2[( ) 1],n n− + 2( 1).n −

1 2( )f v v = 1; 2 1
(

n n
f v

− + 2 2
)

n n
v

− +
= 2(2 2 1);n n− + 2 21

( )
n n

f v v
−

= 2(2 1).n n− −

Subcase (1b): Define 1( )i if v v + = 2[(3 2 1)n n− + + ( 2)l n − + ( 2)];r −  where 
= ;i ln r+  i  is even; l = 0,1, 2, , ( 1);n − = 2, 4,6,r , ( 2);n −

Claim (2): To get edge-odd labeling to all the edge in (( 1) ){ j n iv − + jn iv + : = 1i
to , = 1n j to }.n  

Subcase (2a): Define ( 1)( )j n i jn if v v− + + = [ ( 1) ];i j n+ −  where = 1, 3, 5, ,i 

( 1);n − = 1, 2, 3, ,j  ( 1);n −  when 1i ≠  and 1.j ≠  1 1( )nf v v + =
2(3 2 1).n n− −

Subcase (2b): Define 2
( 1)( ) = [( 1) ( 1) ( 2)];j n i jn if v v n n n j i− + + − + + − + −  

where = 2, 4, , ; = 1, 2, ,( 1);i n j n − 

Case (ii): is odd.n

Claim (3): To get edge-odd labeling of all the edges 1{ : 0( )}.i iv v i mod n+ ≡

Subcase (3a): Define 1( ) = [(2 2) ];i if v v n l r+ − +  where = ;i ln r+  i  is odd; 
= 0,1, 2,l , ( 1);n − = 1, 3, 5,r , ( 2);n − 1i ≠  to ( 1),n − 2( )n n−  to 

2( 1).n −
2

1( ) = (2 4 3) 2( 1);i if v v n n i+ − + + −  where = 1 to ( 1).i n −
2 2(( ) ) ( ) ( 1))

( = (2 1);
n n i n n i

f v v i
− + − + +

−  where = 1 to ( 1).i n −
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Subcase (3b): Define 1( )i if v v + = (2 2)n l− + (2 3)n − − ( 2);r −  where 
= ;i ln r+  i  is even; = 1, 2, ,l  ( 2);n − = 2, 4,6,r , ( 1).n −

Claim (4): To get edge-odd labeling to all the edge in (( 1) ){ j n i jn iv v− + + : = 1i  
to , = 1n j  to }.n  

Define ( 1)( )j n i jn if v v− + +  
=  2[(2 2 1)n n− +  +  (2 2)n −  ( 1)i −  2+  ( 1)];j −  

where = 1, 2, ,i n  
and = 1, 2, ,( 1).j n −

In both cases (i), (ii) and all its subcases, the induced map : ( )f V G+

→ {1, 2, 3, , (2 1)}k −  from f  is defined by ( ) ( )( 2 )f x f xy mod k+ ≡  where 
this sum runs over all edges through .x  Thus the given graph has edge 
odd graceful labeling from the maps f  and .f +  Hence the graph [ ]n nP P  
is edge odd graceful for all integer 5.n ≥  

Theorem 2.2: The [ ]m nP P  is edge odd graceful for all positive integers 
, 5,m n ≥  and .m n≠  

Proof: The graph[ ]m nP P  is a connected graph whose vertex set is 
1{ , , }mnv v  and edge set is 1{{ :i iv v i+ ≡ 0( )}mod n ∪ ( 1){ j n i jn iv v− + + : = 1i  to 
, = 1n j to }}.m  Here both m and n are the positive integers , 5m n ≥  and 

.m n≠
Construct a bijective map { }: ( ) 1, 3, 5, , (2 1)f E G k→ −  in the various 

steps as follows. 
Let i varies from 1 to mn. 

Case (1) > .m n  Here both m and n are even.

Claim (1): To get edge odd labeling to all the edges in 1{ : 0( )}.i iv v i mod n+ ≡

Subcase (1a): Define 1( )i if v v + = [(3 2 1)mn n− − − ( 1) ];r ln− −  where 
= ;i ln r i+  is odd; = 0,1, 2, ,l  ( 1);m − = 1, 3, 5,r , ( 1);n − 1.i ≠ 1( )i if v v +

= (2 1).n +

Subcase (1b): Define 1( )i if v v + = [(3 2 1)mn n− + + ( 2)r − + ( 2)];l n −  where 
= ;i ln r i+  is even; = 0,1, 2, ,l  ( 1);m − = 2, 4,6, ,r  ( 2).n −  

Claim (2): To get edge - odd labeling to all the edges in ( 1){ j n i jn iv v− + + : = 1i  
to , = 1n j  to }.m

Subcase (2a): Define ( 1)( )j n i jn if v v− + + = [ ( 1)];i n j+ −  where = 1, 3, 5,i ,

( 1)n −  and = 1, 2, 3,j , ( 1);m −  when 1i ≠  and 3.j ≠ 2 1 3 1( )n nf v v+ +  = 
(3 2 1).mn n− −

Subcase (2b): Define ( 1)( )j n i jn if v v− + + = [( 1)mn n− + + ( 1)n j − + ( 2)];i −  
where = 2, 4,6, , .i n  and = 1, 2, 3, ,( 1).j m −
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Case (2) < .m n  Both m and n are even integers. 

Claim (3): To get edge odd labeling to all the edges in the set 1{ i iv v + : 0i ≡
( )}.mod n

Subcase (3a): Define 1( )i if v v + = [(3 2 1)mn n− − − ( 1) ];r ln− −  where 
= ;i ln r i+  is odd; = 0,1, 2,l , ( 1);m − = 1, 3, 5,r , ( 1);n − 2 1,i n≠ +

[( 1)m − 1],n + ( 1).mn −

2 1 2 2( )n nf v v+ + = (3 3).mn −  ( 1) 1( m nf v − + ( 1) 2)m nv − + = (2 2 1).mn n− +

1( )mn mnf v v− = (2 1).mn n− −

Subcase (3b): Define 1( )i if v v + = (3 2 1)mn n− + + ( 2)r − + ( 2);l n −  where 
= ;i ln r i+  is even; = 0,1, 2,l , ( 1);m − = 2, 4,6,r , ( 2);n −  2 2.i n≠ +  

2 2 2 3( )n nf v v+ + = (3 4 1).mn n− −

Claim (4): To get edge-odd labeling to all the edges in ( 1){ j n iv − + :jn iv + = 1i  
to , = 1n j  to }.m

Subcase (4a): Define ( 1)( ) = [ ( 1)];j n i jn if v v i n j− + + + −  
where = 1, 3, 5, ,( 1)i n −  and = 1, 2, 3, ,( 1).j m −

Subcase (4b): Define ( 1)( ) = [( 1) ( 1) ( 2)];j n i jn if v v mn n n j i− + + − + + − + −  
where = 2, 4,6, , .i n  and = 1, 2, 3, ,( 1).j m −

Case (3) > .m n  Both m and n are odd integers. 

Claim (1): To get edge odd labeling to all the edges in 1{ : 0( )}.i iv v i mod n+ ≡

Subcase (1a): Define 1( )i if v v + = [(2 2) ];n l r− +  where = ;i ln r i+  is odd; 
= 0,1, 2,l , ( 1);m −  = 1, 3, 5,r , ( 2);n − 1i ≠  to ( 1),n − [( 1) 1]m n− +  to 

( 1).mn −

1( ) = [(2 2 2 3) 2( 1);i if v v mn m n i+ − − + + −  where = 1 to ( 1).i n −

( 1) (( 1) 1)( ) = (2 1);m n i m n if v v i− + − + + −  where = 1 to ( 1).i n −

Subcase (1b): Define 1( ) = [ (2 2) (2 1) ];i if v v l n n r+ − + − −  where = ;i ln r i+  is 
even; 

= 1, 2, ,l  ( 2);m − = 2, 4,6,r , ( 1).n −

Claim (2): To get edge-odd labeling to all the edges in ( 1){ j n iv − + jn iv + : = 1i  
to , = 1n j  to }.m
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Define ( 1)( )j n i jn if v v− + +  
=  [(2 2)n +  ( 1)i −  +  (2 2 1)mn m− +  +  2( 1)];j −  

where = 1, 2, 3,i , n  and = 1, 2, 3,j , ( 1).m −

Case (4) < .m n  Both m and n are odd integers.

Claim (3): To get edge - odd labeling to all the edges in 1{ : 0( )}.i iv v i mod n+ ≡

Subcase (3a) : Define 1( )i if v v + = [(2 2) ];n l r− +  where = ;i ln r i+  is odd; 
= 0,1, 2, ,l  ( 1);m − = 1, 3, 5,r , ( 2);n − 1i ≠  to ( 1),n − [( 1)m −

1]n +  to ( 1).mn −
1( )i if v v + = (2 2 2 3)mn m n− − + + ( 1);i −  where = 1, 3, 5, ,( 2).i n −

1( )i if v v + = [(2 1)mn m n− − + − ( 2)];i −  where = 2, 4,6, ,( 1).i n −

( 1) ( 1) 1)( ) = ;m n i m n if v v i− + − + +  where = 1, 3, 5, ,( 2).i n −

( 1) ( 1) 1)( ) = [(2 3) ( 2)];m n i m n if v v n i− + − + + − − −  where = 2, 4,6, ,( 1).i n −

Subcase (3b): Define 1( ) = [ (2 2) (2 3) ( 2)];i if v v l n n r+ − + − − −  where 
= ;i ln r i+  is even; = 1, 2, ,( 2); = 2, 4,6, ,( 1).l m r n− − 

Claim (4): To get edge-odd labeling to all the edges in ( 1){ j n iv − + jn iv + : = 1i  
to , = 1n j  to }.m

Subcase (4a) : Define ( 1)( ) = [(2 2 1) ( 1) 2 ( 1)];j n i jn if v v mn m i n j− + + − + + − + −  
where = 1, 3, 5, ,i n  and = 1, 2, 3, ,( 1).j m −

Subcase (4b): Define ( 1)( ) = [(2 2 2 1) ( 2) 2 ( 1)]j n i jn if v v mn m n i n j− + + − + − − − + −  
where = 2, 4, ,( 1)i n −  and = 1, 2, 3, ,( 1).j m −

Case (5) > .m n  Here m is even and n is odd positive integer.

Claim (1): To get edge odd labeling to all the edges in 1{ : 0( )}.i iv v i mod n+ ≡

Subcase (1a): Define 1( ) = [( 1) ( 1) ( 1)];i if v v mn l n r+ + + − + −  where 
= ;i ln r i+  is odd; = 0,1, 2, ,( 1); = 1, 3, 5, ,( 2);l m r n− −   [( 1) 2].i m n≠ − −

(( 1) 2) (( 1) 1)( ) = (3 3 1).m n m nf v v mn m− − − − − +

Subcase (1b): Define 1( ) = [(2 1) ( 1) ( 2)];i if v v mn m l n r+ − + + − + −  where 
= ;i ln r+  i  is even; = 0,1, 2, ,( 1);l m −  = 2, 4,6, ,( 1);r n −  

[( 1) 1].i m n≠ − −

(( 1) 1) ( 1)( ) = (2 2 1).m n m nf v v mn m− − − − +

Claim (2): To get edge-odd labeling to all the edges in ( 1){ j n iv − + jn iv + : = 1i  
to , = 1n j  to }.m



GRACEFUL LABELING OF PRODUCT OF TWO PATHS� 597

Subcase (2a): Define ( 1)( ) = [ ( 1)( 1)];j n i jn if v v j n i− + + + + −  where 
= 1, 2, ,( 2)i n −  and = 1, 3, 5, ,( 1);j m −  when 1i n≠ −  and 1;j ≠  when 

1i n≠ −  and 3, 5,j ≠ , ( 1);m −  when i n≠ and 1, 2, 3,j ≠ , ( 1).m −  
2

1 2 1( ) = (3 2 2 2).n nf v v mn m n n− − − − + +  ( 1)( ) = [ ( 1) ];j n i jn if v v j n i− + + + +
 

where = ( 1)i n −  and = 3, 5,7, ,( 1).j m −

( 1)( ) = [ ( 1)( 2)];j n i jn if v v j n i− + + + + −  where =i n  and = 1, 3, 5, ,( 1).j m −

Subcase (2b): Define ( 1)( ) = [(3 2 1) ( 2) ( 1)( 1)];j n i jn if v v mn m j i n− + + − + + − + − −  
where = 1, 2, ,( 2);i n −  and = 2, 4,6, ,( 2);j m −  when 1i n≠ −  and 

2;j ≠  when 1i n≠ −  and 4,6,j ≠ , ( 1);m −  when i n≠  and 2, 4,6,j ≠
, ( 1).m −

2 1 3 1( )n nf v v− − = [( 1)( 1) 1];n n+ − +  ( 1)( )j n i jn if v v− + + = [(3 2 1)mn m− + +
( 2)j − + ( 1)];i n −  where = 1i n −  and = 4,6,j , ( 2);m −  ( 1)( )j n i jn if v v− + + =
[(3 2 1)mn m− + + ( 2)j − + ( 2)( 1)];i n− −  where =i n  and = 2, 4,j ,

( 2).m −

Case (6) < .m n  Here m is even and n is odd positive integers. 

Claim (3): To get edge-odd labeling to all the edges 1{ : 0( )}.i iv v i mod n+ ≡

Subcase (3a): Define 1( ) = [( 1) ( 1) ( 1)];i if v v mn l n r+ + + − + −  where  
= ;i ln r i+  is odd; = 0,1, 2, ,( 1);l m −  = 1, 3, 5, ,( 2);r n −

Subcase (3b): Define 1( )i if v v + = [(2 2)mn n− + + ( 1)l n − + ( 2)];r −  where 
= ;i ln r i+  is even; = 0,1, 2, ,( 1);l m −  = 2, 4,6, ,( 1);r n −  

Claim (4): To get edge-odd labeling to all the edges in ( 1){ j n iv − + :jn iv +  = 1i  
to , = 1n j  to }.m

Subcase (4a): Define ( 1)( ) = [ ( 1)( 1)];j n i jn if v v j n i− + + + − −  where = 1, 2, 3, , .i n  
and = 1, 3, 5, ,( 1);j m −  when i n≠  and 1;j ≠  when i n≠  and ( 1).j m≠ −

2( ) = ( 1);n nf v v mn −  ( 1)( ) = ( 1)m n mnf v v mn m− − +

Subcase (4b): Define ( 1)( ) = [(3 2 3) ( 2) ( 1)( 3)]j n i jn if v v mn n j i n− + + − + + − + − −

Case (7) < .m n  Here m is odd and n is even integers. 

Claim (1): To get edge odd labeling to all the edges in 1{ : 0( )}.i iv v i mod n+ ≡

Subcase (1a): Define 1( ) = [(3 2 1) ( 1)];i if v v mn n ln r+ − − − − −  where 
= ;i ln r i+  is odd; = 0,1, 2, ,( 1);l m −  = 1, 3, 5, ,( 1);r n −  1.i ≠  

1 2( ) = ( 1).f v v n +
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Subcase (1b): Define 1( ) = [(3 2 1) ( 2) ( 2)];i if v v mn n l n r+ − + + − + −  where 
= ;i ln r i+  is even; = 0,1, 2, ,( 1);l m −  = 2, 4,6, ,( 2);r n −

Claim (2): To get edge-odd labeling to all the edges in ( 1){ j n iv − + jn iv + : = 1i  
to , = 1n j  to }.m

Subcase (2a): Define ( 1)( ) = [ ( 1)];j n i jn if v v i n j− + + + −  where = 1, 3, 5, ,( 1)i n −  
and = 1, 2, ,( 1);j m −

Subcase (2b): Define ( 1)( ) = [( 1) ( 2) ( 1)]j n i jn if v v mn n i n j− + + − + + − + −  where 
= 2, 4,6, , ;i n  and = 1, 2, 3, ,( 1);j m −  when 1i ≠  and 2.j ≠

1 2 1( ) = (3 2 1).n nf v v mn n+ + − −

Case (8) > .m n  Here m is odd and n is even integers.

Claim (3): To get edge odd labeling to all the edges in 1{ : 0( )}.i iv v i mod n+ ≡

Subcase (3a): Define 1( ) = [(3 2 1) ( 1)];i if v v mn n ln r+ − − − − −  where = ;i ln r i+  

is odd; = 0,1, 2, ,( 1); = 1, 3, 5, ,( 1); 1,[( 2) 1].l m r n i m n− − ≠ − + 

1 2( ) = (2 1).f v v n +  ( 2) 1 ( 2) 2( ) = ( 2 1).m n m nf v v mn n− + − + − +

Subcase (3b): Define 1( ) = [(3 2 1) ( 2) ( 2)];i if v v mn n l n r+ − + + − + −  where 
= ;i ln r i+  is even; = 0,1, 2, ,( 1); = 2, 4,6, ,( 2);l m r n− − 

Claim (2): To get edge-odd labeling to all the edges in ( 1){ j n iv − + jn iv + : = 1i  
to , = 1n j  to }.m

Subcase (4a): Define ( 1)( ) = [ ( 1)];j n i jn if v v i n j− + + + −  where = 1, 3, 5, ,( 1)i n −  
and = 1, 2, 3, ,( 1);j m −  when 1i ≠  and 3;j ≠  when 1i ≠  and ( 2).j m≠ −

2 1 3 1( ) = (3 2 1).n nf v v nm n+ + − −  ( 2) 1 ( 1) 1( ) = (2 1).m n m nf v v mn− + − + −

Subcase (4b): Define ( 1)( ) = [( 1) ( 2) ( 1)]j n i jn if v v mn n i n j− + + − + + − + −  where  

= 2, 4,6, , ;i n  and = 1, 2, 3, ,( 1).j m −

All the above cases and all its subcases,are induced map : ( )f V G+ →
{1, 2, 3, , (2 1)}k −  from f  is defined by ( ) ( )( 2 )f x f xy mod k+ ≡  where this 
sum runs over all edges through x. Thus the given graph has edge odd 
graceful labeling from the maps f  and .f +  Hence for all positive odd 
integer 5m ≥  and positive even integer 6.n ≥
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