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Abstract

Let G be a finite simple graph with p vertices and g edges is called an edge odd
graceful labeling if there exists a bijective map f:E(G)—{1,3,5,...,(2k—1)} such that when
each vertex is assigned, the sum of all edges incident to it mod 2k, where k =max(p,q), the
resulting vertex labels are distinct. Any (p,q) - graph admitting edge - odd graceful labeling
is called an edge-odd graceful graph. In this paper, we investigate the existence of edge odd
graceful labeling for the cartesian product of two paths P, and P, where m and n are any

positive integers.
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1. Introduction

A graph labeling is an assignment of integers to the vertices or edges
or both, subject to certain conditions.Here we consider only finite simple

* E-mail: zenthil29@gmail.com (Corresponding author)
" E-mail: abianbu009@gmail.com
S E-mail: pushgovindan@gmail.com

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIOS-1322

592 D.S. KUMAR, R. ANBARASAN AND G. PUSHPARA]

undirected graph.The set of vertices and edges of a graph G will be denoted
by V(G) and E(G) respectively p=|V(G)| and g=|E(G)].

Lo [5] introduced a labeling of G called edge graceful labeling, which
is a bijection f from the set of edges E(G) to the set{1,2,...,4} such that the
induced map f~ from the set of vertices V(G) — {0,1,2,...,p—1} givenby
f (u) = Suv e E(G) f(uv) (mod p) is a bijection. A graph which admits
edge graceful labeling is called an edge graceful graph.

David Kuo and Jing- Ho Yan [4] have proved that the L(2,1) labeling
number of Cartesian product of path and cycles. Daoud [3] proved the
necessary and sufficient condition for some path and cycle related graph
to be edge odd graceful. For graph theoretic terminology we refer to
Chartrand and Lesniak [2].

Rosa [6] introduced a labeling of G called g - valuation, later on
Solomon W. Golomb called as graceful labeling which is an injection f
from the set of vertices V(G) to the set {0,1,2,...,4q} such that when each
edge e = uv is assigned the label | f(1) - f(v)|, the resulting edge labels are
distinct. A graph which admits a graceful labeling is called a graceful
graph.

Mohamed Basher [1] motivated to use the cartesian product of two
paths.He discussed about the odd- even graceful labeling that means if
there exist an injective function f:V(G) - {1,3,5, ..., 29+1} such that
induced function f*:E(G) — {2,4,6,..,2q} defined by f*(uv)=

| f(u)— f(v)| for every uv € E(G) is a bijection. He proved that the planar
grid and prism are odd- even graceful labeling.

Solairaju and Chithra [7] Introduced the concept of edge odd graceful
Labeling. If G be graph with p vertices and q edges called an edge odd
graceful labeling if there exists a bijective map f:E(G) - {1,3,5, ...,
(2k —1)} such thatitsinduced map f* : V(G) — {0,1,2, ..., (2k—1)} defined
by f'(x) = X(ev xyer) f(xy) (mod 2k) is injective, where k = max (p,q). [9]
Any (p,q) - graph admitting edge odd graceful labeling is called an edge-
odd graceful graph. Solairaju and Senthil Kumar [8] explained some of the
product of path and cycles are edge odd graceful labelling.

The cartesian product of two paths P, and P, whose vertex set is
V(G)xH(G) having mn elements, namely {v,,v,,...,v, } and its edge set
is E(P,0P) = {{(v,0,,:i=0(mod n)} U {(v(]._l)w.vjw. :i=1to n,j=1 to
m)}} for all positive integers m and n. The cartesian product of two paths
P and P, denoted as [P, O P ].
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2. Main Result

Here we will discuss about all the positive possible integers for m and
n in the following theorem.

Theorem 2.1: The [P, O P, ] is edge odd graceful for all integer n > 5.

Proof: The graph [P, OP,] is a connected graph whose vertex set is
{vl,...,vnz} and edge set is {{v,v, :i=0 (modn)} U {(
i=1ton, j=1ton)}} for all integer n>5.

Construct a bijective map f:E(G) —{1,3,5,...,(2k—1)} in the various
steps as follows:

Let i varies from 1 to n* and i = 0(mod n).

v(j—l)n+ivjn+i :

Case (i): nis even.
Claim (1): To get edge-odd labeling of {v.v, . :i = 0(mod n)}.

i i+l

Subcase (1a): Define f(vivl,+1)=[(3n2—ln—(r—l))]; where i=In+r; i is
odd;

1=0,1,2,..., (n=1); r=1,3,5, ..., (n=1); i#1, [(n> —n)+1], (> ~1).
fo,) =1 flo, v, )=Q@n-2n+l); flv, v,)=@2n"-n-1).

Subcase (1b): Define f(v,v, ) = [(3n*—2n+1) + I(n-2) + (r-2)]; where
i=In+r;, i iseven; | =0,1,2,..., (n-1); r=2,4,6, ..., (n-2);

Claim (2): To get edge-odd labeling to all the edge in {
to n,j=1to n}.

Z]((j—l)nJri) vjn+i ti= 1
Subcase (2a): Define f(v(jfl)n”vjm): [i+(j—1)n];, where i=1,3,5,...,
(n-1); j=1,2,3,..., (n-1); when i#1 and j=1. f(vo, )=
(3n* -2n-1).

Subcase (2b): Define f(v(jil)wvjw) =[(n*—n+1)+n(j-1)+({E-2)];
where i=2,4,...,n;j=1,2,...,(n-1);

Case (ii): n is odd.
Claim (3): To get edge-odd labeling of all the edges {v,0, , :i = 0(mod n)}.

Subcase (3a): Define f(v, ,)=[(2n-2)+r]; where i=In+r; i is odd;
1=0,1,2, ..., (n-1); r=1,3,5, ..., (n=2);i=1 to (n-1), (n*-n) to
(n* -1).

f(p,,)=02n* —4n+3)+2(i—1); where i=1to (n-1).

f(v«”z_nw)v(nz_nMM)) =(2i—1); where i=1to (n-1).
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Subcase (3b): Define f(vv,,)=@2n-2)+ (2n-3) - (r-2); where
i=In+r; i iseven; I=1,2,..., (n-2); r=2,4,6, ..., (n—1).

Claim (4): To get edge-odd labeling to all the edge in {o, ,, v, :i=1
ton,j=1 to n}.

Define f(v,
where i=1,2,.
and ]'=1,2,...,(n—1).

In both cases (i), (ii) and all its subcases, the induced map f* :V(G)
— {1,2,3,...,(2k-1)} from f is defined by f*(x)= f(xy)(mod 2k) where
this sum runs over all edges through x. Thus the given graph has edge
odd graceful labeling from themaps f and f*. Hence the graph [P, (O P, ]
is edge odd graceful for all integer n > 5.

= [@*-2n+1) + @n-2) (i-1) +2 (j-1)];

jl)n+1 jn+1)

Theorem 2.2: The [P, OP,] is edge odd graceful for all positive integers
m,n>5, and m# n.

Proof: The graph[P, 0P ] is a connected graph whose vertex set is
{v,,...,0,,} and edge setis {{v,v, :i = O(mod n)} U {v(jfl)wvjnﬂ. :i=1to
n,j=1to m}}. Here both m and n are the positive integers m,n>5 and
m+# n.

Construct a bijective map f : E(G) — {1, 3,5,...,02k - 1)} in the various
steps as follows.

Let i varies from 1 to mn.

Case (1) m > n. Here both m and n are even.
Claim (1): To get edge odd labeling to all the edges in {v,v, , :i = 0(mod n)}.

Subcase (la): Define f(v, ) =[Bmn-2n-1) - (r-1)-In]; where
i=In+r;iisodd; [=0,1,2,..., (m-1); r=1,3,5, ..., (n-1); i#1. f(v,v,,)
= (2n+1).

Subcase (1b): Define f(v,v z+1) = [Bmn-2n+1) + (r-2) + I(n-2)]; where
i=In+r;i iseven; [=0,1,2,..., (m-1); r=2,4,6,..., (n—2).

Claim (2): To get edge - odd labeling to all the edges in {v, , v, . :i=1
to n,j=1 to m}.

Subcase (2a): Define f(v(] pnsilns) = [i+n(j=1)]; where i=1,3,5, ...,
(n-1) and j=1,2,3,...,(m-1); when i#1 and j#3. f(v
(Bmn—-2n-1).

Subcase (2b): Define f(v(],_l)n”vjw.) =[(mn-n+1) + n(j-1) + (i-2)];
where i=2,4,6,...,n. and j=1,2,3,...,(m-1).

2n+1 3n+]) -
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Case (2) m <n. Both m and n are even integers.

Claim (3): To get edge odd labeling to all the edges in the set {v,v,,, : i = 0
(mod n)}.

Subcase (3a): Define f(v,v,,) =[Bmn-2n-1) —(r-1)—In]; where
i=ln+r;i is odd; 1=0,1,2,...,(m-1);, r=1,3,5,...,(n-1); i #2n+1,
[(m-1) n+1], (mn-1).

f(02n+102n+2) = (3mn-3). f(v(m—l)n+1 Ulntynrz) = (2mn—2n+1).
f,, 0,.)=2mn-n-1).

Subcase (3b): Define f(v,v,,) = Bmn-2n+1) + (r—2) + I(n—-2); where

i=ln+r;i is even; 1=0,1,2, ..., (m-1); r=2,4,6, ..., (n-2);, i#2n+2.
f(0,,,0,,.5) = Bmn—4n-1).

Claim (4): To get edge-odd labeling to all the edges in {o, ), v,  :i=1
ton,j=1 to m}.

Subcase (44): Define f(v(/,_])n+iv/n+i) =[i+n(j-1)];

where i=1,3,5,...,(n-1) and j=1,2,3,...,(m-1).

Subcase (4b): Define f(v(l,_l)wvjw) =[(mn-n+1)+n(j-1)+(@-2)];

where i=2,4,6,...,n. and j=1,2,3,...,(m-1).

Case (3) m > n. Both m and n are odd integers.

Claim (1): To get edge odd labeling to all the edgesin {v,v,, :i = 0(mod n)}.

Subcase (1a): Define f(v,v,,) = [(2n—2)l+r]; where i=In+r;i is odd;
1=0,1,2, ..., (m-1); r=1,3,5...,(n=-2);i#1 to (n-1), [(m-1)n+1] to
(mn-1).

fo,,)=[2mn-2m-2n+3)+2(i-1); where i=1to (n-1).

f(U("H)HHU((”F])””H)) =(2i-1); where i=1to(n-1).

Subcase (1b): Define f(vv, )=[(2n-2)+(2n~1)-r]; where i=In+r;i is
even;

1=1,2,...,m-2); r=2,4,6, ..., (n-1).

Claim (2): To get edge-odd labeling to all the edges in {o, ) ., v,  :i=1
ton,j=1 to m}.
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Define f(v(] - ]W) = [2n+2) (i-1) + @mn-2m+1) + 2(j-1)];
where i=1,2,3, ..., n and j=1,2,3, ..., (m-1).

Case (4) m < n. Both m and n are odd integers.
Claim (3): To getedge - odd labeling to all theedgesin {v,v, , : i = 0(mod n)}.

Subcase (3a) : Define f(v,v, ) = [(2n—2)l+7]; where i =In+r;i is odd;
1=0,1,2,..., (m-1); r=1,3,5, ..., (n=2);i#1 to (n-1),[(m-1)
n+1] to (mn-1).
fo,,)=2mn-2m-2n+3) + (i-1); where i=1,3,5,...,(n-2).
fo,,) =[2@mn-m-n+1) - (i-2)]; where i=2,4,6,...,(n-1).
f Tyt (m—l)n+i+1)) i; where i=1,3,5,...,(n-2).
Oty Cntynainy) = [2n=3) = (i=2)]; where i=2,4,6,...,(n-1).

Subcase (3b): Define f(v,v,,)=[l2n-2)+(2n-3)—(r-2)]; where
i=In+r;i iseven; [=1,2,...,(m-2);r=2,4,6,...,(n—1).

Claim (4): To get edge-odd labeling to all the edges in {o, , v,  :i=1
ton,j=1 to m}.

Subcase (44a) : Define f(v(] pnsi¥e) = [2mn =2m+1)+ (i =1)+2n(j -1)];
where i=1,3,5,...,n and j=1,2,3,...,(m-1).

Subcase (4b): Define f(v(] oy ]W) [2mn—-2m+2n-1)—(i-2)+2n(j - 1)]
where i=2,4,...,(n-1) and j=1,2,3,...,(m-1).

Case (5) m >n. Here m is even and 7 is odd positive integer.

Claim (1): To get edge odd labeling to all the edgesin {v,v, , :i = 0(mod n)}.

11+1
Subcase (la): Define f(vo, )=[(mn+1)+I(n-1)+(r-1)]; where
i=In+r;iisodd;1=0,1,2,...,(m-1);r=1,3,5,...,(n=2); i #[(m-1)n-2].

f(v((m—l)n—z)v((m—l)n,l)) = (377’”’1 -3m+ 1)

Subcase (1b): Define f(vp,,)=[2mn-m+1)+I(n-1)+(r-2)]; where

i=ln+r; i is even; [=0,1,2,...,(m-1) r=2,4,6,...,(n-1);
i#[(m-1)n-1].

f(v((m—l)n—l) (m— 1)n) (zmn 2m+]‘)

Claim (2): To get edge-odd labeling to all the edges in {o, , v,  :i=1
ton,j=1 to m}.
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Subcase  (2a):  Define f -ty ]W) [[+(n+1)(E-D]; where
i=1,2,...,(n-2) and j=1,3,5, ,(m—-1); when i#n—-1 and j#1; when
izn-1and j#3,5 ..., (m-1); when i#nand j#1,2,3, ..., (m-1).

f, v, ,)=0@mn-2m-2n+n’+2). f(o, [j+(n+1)i];

(j-Dn+i ]n+z)
where i=(n-1) and j=3,5,7,...,(m-1).
f@0ei¥) =+ (+1)(i-2)]; where i=n and j=1,3,5,...,(m~1).

Subcase (2b): Define f(v(] et ]nﬂ) [Gmn-2m+1)+(j-2)+(i-1)(n-1)];

where i=1,2,...,(n-2); and j=2,4,6,...,(m-2); when izn-1 and

j#2;, when i#n-1 and j#4,6,..., (m—-1); when i#n and j#2,4,6,
., (m=1).

f(,, 05, ,) = [(n+1)(n-1)+1]; f(ZJ(] st jn+i) =[Bmn-2m+1) +
(j—2) + i(n—-1)]; where i=n-1 and j=4,6, ..., (n-2); f(qu)mUjm) =
[Gmn-2m+1) + (j—2) + (i-2)(n-1)]; where i=n and j=24, ..,
(m-2).

Case (6) m < n. Here m is even and 7 is odd positive integers.

Claim (3): To get edge-odd labeling to all the edges {v,v, , :i = 0(mod n)}.

i 1+l
Subcase  (3a): Define f(v,v,,)=[(mn+1)+I(n-1)+(r-1)]; where
i=In+r;i isodd; 1=0,1,2,...,(m-1); r=1,3,5,...,(n-2);

Subcase (3b): Define f(v,v, ) = [@2mn-n+2)+ I(n-1) + (r-2)]; where
i=In+r;iiseven; [=0,1,2,...,(m-1); r=2,4,6,...,(n-1);

Claim (4): To get edge-odd labeling to all the edgesin {v,, ., v 1 i=1

(j-Dn+i = jn+i
ton,j=1 to m}.

Subcase (4a): Define f(v(] .y ]W) [j+(n-1)(i-1)]; wherei=1,2,3,...,n
and j=1,3,5,...,(m—1); when i#n and j#1;, when i #n and j#(m-1).

f@,v,,)=(mn-1); f(v,._,,0,,)=(mn-m+1)

Subcase (4b): Define f(v )=[Bmn—-2n+3)+(j—2)+({F-1)(n-3)]

(j- l)n-H jn+i

Case (7) m < n. Here m is odd and 7 is even integers.
Claim (1): To get edge odd labeling to all the edgesin {v,v, , :i = 0(mod n)}.

Subcase (la): Define f(vv,,)=[@mn-2n-1)-In—-(r-1)]; where
i=ln+r;i is odd; [1=0,1,2,...,(m-1); r=1,3,5,...,(n-1);, i=1l.
f0o,)=(n+1).
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Subcase (1b): Define f(vw, ,)=[@mn-2n+1)+I1(n-2)+(r-2)]; where
i=In+r;i iseven; [=0,1,2,...,(m-1); r=2,4,6,...,(n-2);

Claim (2): To get edge-odd labeling to all the edges in {v, ,, 0.  :i=1

(j=Dn+i = jn+i

to n,j=1 to m}.

Subcase (24): Define f(v(j_l)n+iv].n+i) =[i+n(j-1)]; where i=1,3,5,...,(n—1)
and j=1,2,...,(m-1);

Subcase (2b): Define f(v/ Dt /W) [(mn—-n+1)+(—-2)+n(j—1)] where
i=2,4,6,...,n; and j=1,2,3,...,(m—-1); when i #1 and j=2.

f(0,10,,,,) = Bmn—2n-1).

Case (8) m >n. Here m is odd and 7 is even integers.

Claim (3): To get edge odd labeling to all the edgesin {v,v, , :i = 0(mod n)}.

Subcase(3a):Define f(v,v, ) =[@mn—-2n-1)-In—(r-1)]; wherei =In+r;i

isodd; I=0,1,2,...,(m-1);r=1,3,5,...,(n-1); i 2 1,[(m - 2)n +1].
F©0,)=@n41). £, 2,00 ) = (mn=20+1).

Subcase (3b): Define f(vw, ,)=[@mn-2n+1)+I1(n-2)+(r-2)]; where
i=In+r;i iseven; [=0,1,2,...,(m-1);r=2,4,6,...,(n-2);

Claim (2): To get edge-odd labeling to all the edges in {v, ,, 0.  :i=1

(j=Dn+i = jn+i
ton,j=1 to m}.
Subcase (4a): Define f(v] s ]W) [i+n(j—1)]; wherei=1,3,5,...,(n—-1)
and j=1,2,3,...,(m—-1); when i#1 and j#3; when i#1 and ];t(m—Z).

f(02n+17]3n+1) = (3nm —2n— 1)' f(v(mfl)nﬂv(mfl)nﬂ) = (Zmn - 1)'

Subcase (4b): Define f(v] s m+z) [(mn—n+1)+({—-2)+n(j—1)] where

i=2,4,6,...,n; and j=1,2,3,...,(m-1).

All the above cases and all its subcases,are induced map f*:V(G) >
{1,2,3,...,2k-1)} from f is defined by f*(x)= f(xy)(mod 2k) where this
sum runs over all edges through x. Thus the given graph has edge odd
graceful labeling from the maps f and f'. Hence for all positive odd
integer m >5 and positive even integer n > 6.
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