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Abstract

This Work presents a new parameter for the gradient of the three-term conjugate
called (TTFGH) method, the 3T-CG algorithms are quite popular for solving large-scale
unconstrained problems Due to their appealing practical qualities, such as their computational
simplicity, Strong global convergence properties, better descent property, and reduced
memory requirements. By employing Wolfe-Powell (sWP) line search condition, these newly
developed methods always satisfy the original condition. The proposed approaches’ global
convergence characteristics are indicated by sWP, assuming Lipschitzian continuity of the
objective function. Based on numerical results and preliminary comparisons with the of the
modern methods, the proposed methods show that they are effective and promising.
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1. Introduction

The optimization model is a fundamental mathematical problem in a
variety of fields, including economics, engineering, and physics. Conjugate
gradient (CG) is the preferred method for solving large-scale unconstrained
optimization problems because it is efficient, robust, and avoids the second
derivative. This paper discusses nonlinear CG. The method has been tested for
the following unconstrained optimizations:

Minyegn h () (1)

The smooth function h: R™ — R, with gradient q; = Vh(x;) , is available
[17,19]. CG methods create a sequence {Xj }xso from an initial guess x, € R.

Xi+1 = Xj + 0;d; (2)

Positive step size 0; is step-length, which is typically obtained through an
inexact line search.

The CG method is well-known as an efficient iterative method for solving
the unconstrained optimization problem [1]. Furthermore, d; indicates the search
direction:

—Qis,ifi=0
ity = {—qm + Bid;, ifi > 1 @)
Bi > 0 is a parameter. CG methods vary depending on the parameter [3;
used. Fletcher-Reeves (FR) [12]; Hestenes-Stiefel (HS) [15], Conjugate Descent
(CD) by Fletcher [11]; Dai-Yuan (DY) [8]; Polak-Ribiere-Polyak(PRP) [22,23];
and Hager-Zhang(HZ) [13]; are the most important CG methods proposed.

T
FR _ %i+1%i+1, QHS _ ‘11+1(Ch+1 Ch) CD ||(li+1||2
i = T » Pi — dT dT .
qj qi (Qe1-a) aj
PRP _ Ai31(Qi+1=0) | oDY _ Q41%i+1. oHZ _ (o _ 2d; llyill®§ di+1
i llall2 B yid; B =G Td)dTyl

such that y; = qj;q1 — q;-These methods are identical when the objective
functionh is quadratic and exact line search is used [14]. However, their
behavior differs for general objective functions.

Line searches can be exact or inexact. Exact line searches are time-
consuming, computationally expensive, difficult, and require a significant
amount of storage. Inexact line search techniques are popular because of their
efficiency and global convergence properties. sSWP techniques are among the
most well-known inexact line search methods [21], this can be written as:

h(x; + 0;d}) — h(x) < e; 9;q] d; “4)
|1 di] < ez]ai di] ®)

Inwhich0 <e; <05<e, <1.
The three-term CG method, introduced by Beale [6], is a significant

computational innovation that addresses problem (1). The iterative scheme
fulfills

dits = —Qir + Bidi + vidy, (6)
Where B; = BH'S (or BFR, B&S etc ), and y; defined by:
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0,ifi=t+1
Yi = q1+1Yt >
Jifi>t+1
YTCft

d, is restart direction. Zhang et al. [28] proposed a modified PRP method
with three terms, which are:

y dj .
i1 = Qi + “;j;ldl }lq; yi,i>0, ()
For the sake of simplicity, we call it the 3TPRP method. One notable
feature is that the search direction d; satisfies qf,,di; = —||qj4+1]|? for any k.

Then, Zhang et al. [29] proposed the 3THS method formula, which is
written as:
i i i+19i :
ior = =G + B2 - Uit > 0 (8)
When an exact line (ELS) is used, the 3THS method is shortened to the
"classic -HS-method." Then Zhang et al. [27] presented a novel Dai-Liao-based
3T-CG method:

Gy =~y + S g S8 () 0 > 0 ©)
51 Yi 5 Yi

The sufficient descent process repeats, regardless of the line search method
used. Baluch et al. [S] extended the approach by proposing a (3T-CG) method.
Calculate the search direction (11) using BE%AU & 9B%AY  such that:

_ BZAU BZAU
digr = —Qipq + BT d; — 97"y ,12 1, (10)
BZAU _ _ Qi41(Gi+1-q) BZAU _ Aty
Where f3; = Ty T Ui S oo o
¥q 1+Lu|q1 1+1| ¥4 1+ul|q1 1+1|

for ¥ € [1,4),w € [¥,+) . The TTBZAU method uses sWP line search to
check the global convergence property of convex and non-convex functions.
Furthermore, regardless of the line search used, this method has been shown to
be suitable for descent. Fadhilah et al. [10] propose the TTNRMIL method for
exact line searches. In addition to traditional RMIL. The new search direction
(3TCQG) is used; the strategy's search direction is

GITNRMIL = —qy, + BRI — BRMI9; i > 1, (1)
Recently suggested, Idalisa et al. [16], (TTCG) method of RMIL-CG-

method, the suggested technique is called TTRMIL method, and the strategy's
search direction is

1 dl
dﬁ_E1WRMIL —Qis1 + BFMILd‘ + C(T(C;+1ql )ql‘ > 1. (12)
2. A new ttfgh method and its algorithm

This section explains how to derive a new parameter, 87 71 and the
proposed algorithm, which uses inexact line search. Our proposed three-term
CQG, denoted by TTFGH, defines the search direction as:

diys = —Qiss + BT TR — Oyy; (13)
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We used 9, proposed by Sulaiman et al. [25], and defined as follows:

T
= die1 %
Y llagll? (14
Now, multiply both sides of equation (13) by y; to get:
diayi = —adeayi + BT Ty — Oyl (15)

Dai and Liao [26] proposed this conjugacy condition for an inexact line
search.

di1yi = —60iqf,, i, where¢ >0 (16)
Use (16) in (15), We get:
—60iqi 1 i = —qfyqyi + BTy — 9illyill®
Then after doing some arithmetic operations:

T T T

TTFGH _ Qi+1Yi—S 99541 di+9illyill? = %% . _gq 17

Bi - T,. » Vi — 12 » ¢ = U ( )
dj yi [lajll

2.1 Algorithem (TTFGH method with SWP)
e Stepl: Dataxy, € Rn,e = 0, compute h(x,) when i = 0, and,
Qo = —Vh(x,), dp = —qp
Step 2: If ||q;|| < e, then stop; If not, move on to the next step.
Step 3: Calculate a step length 0; using sSWP described in (4) and (5).
Step 4: Calculate x;,, = x; + 0;d;, Qi1 = A(x;41), if l|qi1 1] < e, stop.
Step 5: Calculate d;,, based on formula (15), B; based on formula (17),
and 9; by (14).
e Step 6: if |q],1q;| = 0.2]|q;44]I?, is satisfied, set d;,; = —q;41, otherwise
g0 to next step.
. Step 7: seti = i + 1 proceed to 'step 2.

3. The sufficiengt descent property and the global convergence

In this section, we will use the sWP line search to demonstrate the
algorithm's global convergence and sufficient descent properties, Najm, H. Y et
al. [20]. The following assumptions are needed.

3.1 Assumption

The level was set b = {x € R"; h(x) < h(x()}, has a bound, that z > 0,
exists, such that ||x|| < z,Vx € b.

3.2 Assumption
In certain neighbourhoods, Since h is a continuously differentiable
objective function & has a Lipschitz continuous gradient, there is a value £>0,
which means that:
IVh(x) — Vh(y)|| < Llx —yll,Vxy € M (18)

According to these presumptions, a positive constant (X, X,v & V) exists,
such that
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NS SRv<qg<Vand|djl <7,.Vx€p, (19)
Al-Naemi [2].
Sufficient descent is a crucial condition for global convergence of CG
methods, facilitating a more structured convergence.
Sufficient descent is a key condition for global convergence of CG
methods, facilitating the convergence structure. The algorithm generates a
search direction that meets the sufficient descent condition (¢ > 0).

Qi1dier < —Pllggs4ll% Vi 2 0. (20)

Theorem 3.1: Suppose that the line search satisfies sWP conditions (4) and (5).
Then d; 4, given by (13) and (17) satisfies a sufficient condition (20).

Proof: Induction is used to prove the proposition. When i = 0 is met, dq, =
llaoll? < —=Pllqoll?>. As a result, condition (20) is valid. The next step is to
demonstrate that condition (20) also true for k > 1.

Multiply (13) by q7, , yielding
Qr1dier = =llagell® + BT Caly o = 9l (21)
Now substituting (17) into (21), we obtain

T T
Ai41Yi=6 i1 G H0illyill® T afyaai

Q1 i = —llauall® + aTy, Qi1 i — e Q1Y
By Powell restart criteria, we have
q;r+1Yi = |lqusall® = qlT+1qi < 1.2[lq544117 (22)
By using one side of (5) with qfd; < —P]|q;||%:
Qi1 di < —e;Pligll® (23)
2
12||Qi+1||2—€aiezP||Qi||2—%“ﬂ”z
q
A1 is < —llaiall® + s
0:2/l9j+4I*
dry, - el gy
Using Lipschitz condition in (18) , s; = d;d; and (19), we get
llyill < Llls;ll = o;Elldil| (24)
llaillPllaizal®>  0-2llqi4qll?
q1T+1di+1 < 0-2||Qj+1||2 —c0;e,P A - qJ+21 - q'1+21 o;ik|ldill +
, i+ 1l llall
0.24(lqj441l ] 2
Ll gy,
_ ) llaill® 029itlidill  0.24llqi44 I T
02+ s0ie,7 Taeal T Tagl? lol? el
Using (19), we get:
llas I3 Vz
<z =0¢=010<e,<1,&0<0;<1. (25)

laiell?

Whadiy < —[02+ 0.1 0, P + 225 — 224

w
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Afy1divr < —PllqisqlI* with P > 0.

This indicates that di,, is an appropriate descent direction. As a result
aiy1dir1 < —Pllqis1I? is correct. The proof is finished.

The Zoutendijk condition [30] is critical for analyzing the CG method's
global convergence properties in the next Lemma

Lemma 3.1: Assume that Assumption 3.1 and 3.2 are true. The direction d;;,
generated by (13), and (17), 0; is obtainedfrom the (sWP) (4) and (5). If

Zl =1 Il = 0. (26)

+1||Z

Then
lirni—)oo 1nf”q1+1” =0. (27)

Theorem 3.2: Assume that assumptions 3.1 & 3.2 are valid. The TTFG method
can generate the sequences {Q; 41} and {d; .1}, where 9, satisfies the sWP. Then
(26) is valid.

Proof: We have d;,, # 0 if we use lemma (3.1) and the descent condition holds,
It must be demonstrated that ||d;, || bounded above. From (13) and (17)

T T 2
_ Q+1Yi=69i%+1 G+Iillyill A1
;1 ]l = ||_Ch'+1 4 = LyiT+611i — i ”;1”2 J’L|
||CLi+1”-HJ/i||+|§|-|ai|-"q_i+1”-”di”"'wmﬁn g1l el
< llazeall + T — ) + 22 |
= 2llqsall + lo110,1 ety 4+ L 4 Bistl
Iqu+1|| [lazll

Using (25), we get
R? v =
Idiall < 2 +0.10; —7 +2)llasall < CR = R

1 1
is1 T = = Nis1 1 =+ 0.
2121 ||di+1”2 R2 lel

This is a contradiction. As a result, equation (27) holds true.

4. Result and discussion

We present the results numerical of a group of (30) unrestricted test
problems for nonlinear optimization in this part. from the CUTE library [3], with
extensive optimization problems introduced by Andrei [4] and Bongartz [7].

For dimensions N = 100, 1000 &10000, each test function is executed
three times, all employed algorithms sWP line search terms (4) - (5) with
e; = 0.001 and e, = 0.9.

In the experiments, we employ gradient errors to determine the level of the
responses, so that we can easily compare them to other codes; in other words,
the iteration is forced to end when the gradient errors reach a certain threshold.

llgsll < 107 (28)
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Where q; is the objective function's gradient. TNOF is the total sum of the
number of instances in which the function has been evaluated. The total sum of
number of iteration evaluations is represented by the TNOI. To solve these test
functions, we use the following algorithms:

(1) RMIL: where RMIL denotes Rivaie, Mustafa, Ismail and Leong [24].
(2) Liu & Wu: where Liu & Wu method denotes, Jinkui Liua and Xuesha Wu

[18].

(3) 3TNRMIL: the three-term version of RMIL termed as 3TNRMILproposed

in Fadhilah N et al. [10].

(4) ttRMIL: the three-term version of RMIL methods termed as,ttRMIL

proposed in Idalisa et al. [16].

(5) TTFGH: Our proposed algorithm.

All algorithms are implemented in FORTRAN. to assess the TTFGH
algorithm's numerical performance, the 1, 2, 3, and 4 algorithms are also tested
as a comparison group. Table 1 displays the results and We can see that the

performance improvement of the new algorithm is as shown in Figure 1, Dolan-
More [9].

Table 1
Comparison of test results for five algorithms

Two-terms |Three-terms|Three-terms|Three-terms | Three-terms
Test Function RMIL Liu & Wu | 3TNRMIL ttRMIL TTFGH

TNOI TNOF|TNOI|TNOF|TNOITNOF | TNOI TNOF|TNOI| TNOF
Beal 96 187 |76 177 [1454 2911 [1500 [3048 [85  [206
Cubic 48 132|106 |262 (1500 [1015 (1307 2770 |102 [255
Diagonal4 6 18 12 |27 30 |63 27 163 27 |57
Dixmaani 1121 (3563 |1523 |3052 [1500 |[3750 (1500 {3759 (982 [2986
EX Freudenstein 24 |63 60 138 {1500 |3006 (1500 [4038 (163 (336
& Roth
Ex Quadratic 36 |9409 (547 |1471 (38 132 |19 |40 33 289
PenaltyQP1
Ex Three 68 |978 568 |1169 (108 (381 [537 (1330 |60 156
Exponential
Fred 30 |73 153|506 |1500 |3879 |1500 |3546 [657 |1593
Powell3 651 |1119 {1500 |3221 (719 (1442 (840 |1701 |114 [246
Quartc 3 12 4 26 4 26 6 26 4 26
Rosen 187 (328 |141 |329 |1500 [3083 (602 |1345 (112 (303
Scaled Quadratic {1403 {2809 (1138 (2297 |1500 (1003 [1500 |3552 (1131 [2281
SQl
Wolfe 1229 (1461 [239 |581 [767 |1537 611 |1236 [276 |[561
Wood 1619 (3635 |1030 |2089 |1800 |3614 [1800 |3783 [1484 [2835
Dixmaana 28 |56 518 |1541 22 |52 22 |53 22 |52
SUMM 77 408 |84 426 (99 646 80 506 |59  [303
Recip 18 |54 44 124 245 749 297 (744 |15 221
QuadraticFunctio|1939 |3887 [1193 (2374 (1500 ({3006 (1500 (3649 [1169 [2350
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(QF1)

QuadraticFunctio|1458 (9929 [1164 (2532 (1500 (3012 (1500 (3042 (1160 (2376
((QF2)

Perturbed 1945 (2921 |1172 |2297 (1500 |3003 (1500 (3721 (1142 (2287
Quadratic(PQ)

OSP 1330 |8149 [1169 4062 [1255 |4673 [1250 [4471 [773  |2665
Hager 1070 2175 [608 1906 [1069 [3806 (754 (3142 [235 [294
Ex.Rosen 87 228 [141 (329 |1500 (3084 |602 [1345 |130 |303
Ex Wood 925 (3072 1027 2081 1500 |3015 (1500 3182 (1385 [2779
Diagonal2 121 522 |12 |27 1245 14985 1245 4986 22 |46
Ex EP1 12 30 12 30 13 130 12 30 12 30
Ex Beale (Matrix|133 |287 (115 [222 [1022 (2063 |39 105 [106 [219
Rom)

Ex Block 72 180 (105 [216 (76 158 (80 166 |61 168
Diagonal

Ex Himmelbau |40 1031 |69 946 |71 1522 |53 518 |60 1939
Ex Penalty 186|362 |50 118 [534 [1082 |523 [1051 |24  |405

We can see from Table 1
several methods are listed.

are listed results

numerical compared with

; =
—
os| T a
=T
1 . ——
'_I—IJ

“

1 2 3

(a) TNOI 'Dolan

1

1

(b) TNOF 'Dolan-More' performance profile

5 € 7

9 10

-More' performance profile

8

Figures 1

- HRMIL
TTFGH

1

10

Display the performance of all algorithms in solving unconstrained optimization

problems
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Conclusion

In this research, we suggest a new way to solve a math problem called the
TTFGH method. It helps us find the right direction to solve the problem using
three different steps. With sWP line search, it is demonstrated that the proposed
directions always satisfy the adequate descent property. We demonstrate
convergence properties of new schemes under standard assumptions. The
preliminary numerical experiment on a subset of the test function collection
shows that the new algorithms work.

Aacknowledgement

The researchers would like to thank the Colleges of 'Environmental
Science and Technologies' and 'Computer Science and Mathematics' due to their
assistance in completing this study.

References

[1] G. M. Al-Naemi and A. H. Sheekoo, “New scaled algorithm for non-
linear conjugate gradients in unconstrained optimization,” Indonesian
Journal of Electrical Engineering and Computer Science, vol. 24, no. 3, pp.
1589-1595 (2021).

[2] G. M. Al-Naemi, “A new modified HS algorithm with strong Powell-
Wolfe line search for unconstrained optimization,” Eastern-European
Journal of Enterprise Technologies, vol. 116, no. 2, pp. 14-21 (2022).

[3] N.Andrei, “An unconstrained optimization test functions collection,”
Advanced Modeling and Optimization, vol. 10, no. 1, pp. 147-161 (2008).

[4] N. Andrei, “Test functions for unconstrained optimization,” Research
Institute for Informatics, Center for Advanced Modeling and Optimization,
pp- 8-10 (2004).

[5] B.Baluch, Z. Salleh, A. Alhawarat, and U. A. M. Roslan, “A new mod-
ified three-term conjugate gradient method with sufficient descent
property and its global convergence,” Journal of Mathematics (2017).

[6] E.M. L. Beale, “A derivation of conjugate gradient,” in F. A. Lootsma,
Ed., Numerical Methods for Nonlinear Optimization. London: Academic
Press, pp. 39-43 (1972).

[7] I Bongartz, A. R. Conn, N. Gould, and P. L. Toint, “CUTE: Con-
strained and unconstrained testing environment,” ACM Transactions
on Mathematical Software (TOMS), vol. 21, no. 1, pp. 123-160 (1995).

[8] Y.H. Dai and Y. Yuan, “A nonlinear conjugate gradient method with

a strong global convergence property,” SIAM Journal on Optimization,
vol. 10, no. 1, pp. 177-182 (1999).



726 F. N. JARDOW AND G. M. AL-NAEMI

[9] E. D. Dolan and J. J. Moré, “Benchmarking optimization software
with performance profiles,” Mathematical Programming, vol. 91, no. 2,
pp- 201-213 (2002).

[10] N. H. Fadhila, M. Rivaie, F. Ishak, and N. Idalisa, “New three-term
conjugate gradient method with exact line search,” MATEMATIKA:
Malaysian Journal of Industrial and Applied Mathematics, vol. 36, no. 3,
pp- 197-207 (2020).

[11] R. Fletcher, Practical Methods of Optimization. New York: John Wi-
ley & Sons (1987).

[12] R. Fletcher and C. Reeves, “Function minimization by conjugate gra-
dients,” Comput. J., vol. 7, pp. 149-154 (1964).

[13] W. W. Hager and H. Zhang, “A new conjugate gradient method with
guaranteed descent and an efficient line search,” SIAM Journal on Op-
timization, vol. 16, no. 1, pp. 170-192 (2005).

[14] A.Hallal, M. Belloufi, and B. Sellami, “Using a new hybrid conjugate
gradient method with descent property,” Journal of Information & Op-
timization Sciences, vol. 44, no. 7, pp. 1287-1302 (2023).

[15] M. R. Hestenes and E. Stiefel, “Methods of conjugate gradients for
solving linear systems,” Journal of Research of the National Bureau of
Standards, vol. 2, pp. 14-21 (1952).

[16] N. Idalisa, M. Rivaie, N. H. M. Noh, M. A. S. Nasir, N. H. Fadhilah,
and N. Alias, “A new three-term conjugate gradient method with ap-
plication to regression analysis,” International Journal of Electrical &
Computer Engineering, vol. 12, no. 5, pp. 2088-8708 (2022).

[17] E. N. Jardow and G. M. Al-Naemi, “A new hybrid conjugate gradient
algorithm for unconstrained optimization with inexact line search,”
Indonesian Journal of Electrical Engineering and Computer Science, vol.
20, pp. 939-947 (2020).

[18] J. Liu and X. Wu, “New three-term conjugate gradient method for

solving unconstrained optimization problems,” Science Asia, vol. 40,
no. 4, pp. 295-300 (2014).

[19] P. Mtagulwa and P. Kaelo, “A convergent modified HS-DY hybrid
conjugate gradient method for unconstrained optimization
problems,” Journal of Information and Optimization Sciences, vol. 40, no.
1, pp. 97-113 (2019).

[20] H. Y. Najm and H. I. Ahmed, “Conjugate gradient method for solv-
ing unconstrained optimization problems: A new investigation and



A NEW PARAMETER TO ENHANCE THREE-TERM CONJUGATE GRADIENT METHOD 727

application,” Journal of Interdisciplinary Mathematics, vol. 26, no. 4, pp.
601-611 (2023).

[21] P. Wolfe, “Convergence conditions for ascent methods,” Mathematical
Programming, vol. 11, no. 2, pp. 226-233 (1969).

[22] E. Polak and G. Ribiere, “Note sur la convergence de méthodes de di-
rections conjuguées,” Revue Francaise d’Informatique et de Recher-
che Opérationnelle, Série Rouge, vol. 16, pp. 35-43 (1969).

[23] B.T. Polyak, “The conjugate gradient method in extremal problems,”
USSR Computational Mathematics and Mathematical Physics, vol. 9, no.
4, pp. 94-112 (1969).

[24] M. Rivaie, M. Mamat, L. W. June, and I. Mohd, “A new class of nonlin-
ear conjugate gradient coefficients with global convergence proper-
ties,” Applied Mathematics and Computation, vol. 2189, pp. 11323-11332
(2012).

[25] I. M. Sulaiman, M. Mamat, A. E. Owoyemi, P. L. Ghazali, M. Rivaie,
and M. Malik, “The convergence properties of some descent conju-
gate gradient algorithms for optimization models,” Journal of Math-
ematics and Computer Science, vol. 22, no. 3, pp. 204-215 (2020).

[26] Y.H. Daiand L. Z. Liao, “New conjugacy conditions and related non-
linear conjugate gradient methods,” Applied Mathematics and Optimi-
zation, vol. 43, pp. 87-101 (2001).

[27] J. Zhang, Y. Xiao, Z. Wei, and ]. Judice, “Nonlinear conjugate gradi-
ent methods with sufficient descent condition for large-scale uncon-
strained optimization,” Mathematical Problems in Engineering (2009).

[28] L. Zhang, W. Zhou, and D. Li, “Some descent three-term conjugate
gradient methods and their global convergence,” Optimization Meth-
ods and Software, vol. 22, no. 4, pp. 697-711 (2007).

[29] L.Zhang, W. Zhou, and D. H. Li, “A descent modified Polak-Ribiére—
Polyak conjugate gradient method and its global convergence,” IMA
Journal of Numerical Analysis, vol. 26, no. 4, pp. 629-640 (2006).

[30] G. Zoutendijk, “Nonlinear programming, computational methods,
Integer and nonlinear programming,” in |. Abadie, Ed., Integer and
Nonlinear Programming. Amsterdam: North-Holland, pp. 37-86 (1970).

Received November, 2023



