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Abstract

This article is dedicated to the optimization for NxN parabolic system with mixed
boundary conditions beneath conjugation conditions and including Schrédinger operator
according to the maximum principle. Through Green’s formula, the properties of the first
eigenvalues and the Lax-Milgram lemma, we provide evidence for the solutions to these
systems’ existence and uniqueness. The maximum principle and the existence of a solution
for a given linear parabolic system with variable coefficients are also topics of study.
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1. Introduction

Optimum necessary and sufficient conditions for systems discip-lined by
partial differential operators were investigated by Lions in [1-2]. Problems of
Optimal control for distributed systems including partial differential equations
have numerous mechanical origins and a different of technological and scientific
applications. Many optimal control problems of systems with Schrodinger
operators have been discussed in [3-7]. There are some problems on an infinite
number of variables for sys-tem. Many papers discussed distributed and
boundary control as in [10-18]. This article deals with the maximum principle
and having positive solutions to a given parabolic system with the Schrodinger
operator, apart from the conjugation conditions.

2. On distributed control of a parabolic system
2.1 2x2 parabolic systems under conjugation condition
Let 2x2 parabolic system being
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{(_A + a1z, + % —a(x)zq — B(X)z, = f; in Dy

{ (A +qp)z, + == —y(X)z — 8(X)z, = f,in D, (D
0z 0z,
k 21=22=0,m=g1,;=g20n0

where % [—cos(v Xi) +— cos(v, xk)] on o, cos(n,xy) = n—cosine

1
direction of s, s being the orthogonal to the ¢ outside to D and g,, g,, € Hz(0),
k=12,Z={z;,2,}, fi,f, €1L1(Q), a(x),6()<a()8(x), g(x)=min{a(x),

g
B(x), y(x),6(x)}, q= max{q,, q,} and conjugation conditions(*)

021]_[2 0
[a;;] [ﬁcos(n. Xk) +£ cos(n, Xio) ]Z[Z]ZO’

9z, 8z, x
{— cos(n, xi) +— cos(n, xk)} =1(z4],
a 0%y

622] [622 % ]:
[asA cos(n,xy) + . cos(n, xy) |=0,

0z, 0z, t_
{a cos(n,xy) + ™ cos(n, xk)} =r(z,],

where D is an open subset of R™ with smooth boundary o, Schrodinger operator
represented by (-A+q)is, D=D, UD, ,k=1,2,06= (0D, UdD,)\u,
p=0D, U dD, =@, [A]l=A"—A{AB)}T =A +n) and {A(8)} =
A(6 —n). The presented parabolic equation is defined in differential and
strictly Lipchitz domains in D, D,eR".

2.1.1 Existence and uniqueness of Solution
Operator equation Ay = Ay

To prove the existence of the state Z = {z;, z, }of system (1), we state
briefly some results introduced in [8] concerning the Eigen value problem:

{(—A+q)<p=lg(><)cp in D
tcp—O —— =g ono

Since HA(D) € 1?(D) € H™Y(D),
Then we have chain of the form

[Ho(D)]? € [L(D)]*? < [HH(D)]?
we define the following bilinear form on [H3(D)]? x [H3(D)]? a(z, @)=

- fD {(Az; + q1) @1 + (Az; + q2) @, }dx + fu {rlz,][@1] + rlz;][@,] du

- fD (@(X)z1¢1 + 6(X)22¢0; + B(X) 2192 + V(X) Z,1)dx
L((P):fD (f11 + f02)dx + fc (8191 + 8292) do
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Lemma 1: Let fi, f, € L,(D) , g= max{qq,q2}, fi,fz > 0 insystem (1)
satisfy a < Af . B <Ag,(Ag, —a)(A5, —8) > By.

Lemma 2: First Eigen values 2§  characterized by A fD |z1|?dx <
Jp UVz|* + qlz|* )dx

Theorem 1: ForF = (f, f,) € [L,(D)]?, there exist a unique solution
Z € [HY(D)]? of system(1).

Proof: The bilinear form is denoted as

b(z W) = — [, {(A+a1)z)¥; + (A + q)z) ¥, Jdx + [ {r[z][¥i] +
r[z,][¥,]dp — fD a (x)z,¥; + 6(x) z, ¥, + B(x)z, ¥, + y(x) z,W;)dx

+ [ {F(zy, W) + F(zp, ¥;)}do

= — Jp {d+a)z) W1 + (A+az)z) W, Ydx +f | {rlz,][z,W1] + rlz,] [y, ¥, ]du
— [, a()z, W) +8(0)2, W, + B(X) W + Y(X) 2, W)dx + [ (‘Pl :Zl

v, 25, ) do
For a +s > 0 and § +n > 0 and the equivalent norm ||z||5 , = fD (Ivz|? +
(q + n)|z|?)dx, select a large enough of s
b(z,2) = [ (IV2,*+(q1 + a())|z11* + V2, |* +(qz + 8(x))z[*)dx +
J, rlza]? +rlz)?dp -2 [ a@®)lz|? dx =2 [, 8()ly2|* dx - [, (BC) +
Y(X)) 2425 dx
By using o (x), Y (X)< /a(x)8(x)
b(z,z) = fD {(Vze 2+ (qr + aG)Nz1]?) + (V22 [? +(qz + 8(X))1z2|*)}dx
+[ rlz]? +rlzPdp -2 f, a@lzl?dx =2 f, 8(9lz,l dx

=2 [, Ja(x)8(X)z,z, dx

By using Cauchy Schwartz and lemma 2 in the paper

2 — 2 )2
b(zz) = ( E¥; ()+1)) “ar ¥ (1 (152(5)“))2(“

2z P+ +a() 121 2 (V221 P+ (2 +8 () (2212

\/(7\32 @)+1)(A§, (@+1)

Iz 12, + 282(02)
(A+2(d)+1)

a(zz) = c(lly:llg, + lly2ll3,), ¢ = min (

(Aql(a) 2)

D= G wm

12 1g,)

(Cll(o‘)_z) (7‘52(5)_2)
(A, @+1) (A, ®)+1)
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z2=(24,2,) € Vq, * Vg, rlz1]% 1[2,]* = 0.

2 2 . 1
b(z,z) = ”Z”(H})(D))z > ||Z||[H1(D)]2 [Coerciveness] Vz € Hg(D) @)

c= const,z = (z4,Z,) |b(y, 2)| < cqypwy,

= 1
i)Wz 1 = const, Vy,Z € Hg(D)

and L(Z) is continuous on [H3(D)]? then through Lax-Milgram lemma 3 the
unique solution y€ Hi(D), s. t. b(y,Z) = L(Z) for all Z € [H}(D)]%y =
(y1,y2)-

2.1.2 Control problem formulation

Suppose [L2(D)]? is given the space of controls.
The energy functional

¢(v) = b(y,v) — 2L(v) 3)
A unique state y(u) € {v|D, € W3 (D)):1 = 1,2;v|c = 0},
where W3 (D) is a set of the sobolev functions are specified on domain D; to
every control u € [L,(D)]?. For a control v = (v4,v,) € [L,(D)]? the state of
the system y (u) = {y,(u),y,(u)} is given by the solution of the following
system:-

a .
{(_A + q0y: — a®¥)y, — BX)y: + % =f; +vyin Dy

7] .
(A +q)y: — Yy =8y, + 22 =, +v,inD, (4
a a
k Y1=Y2=0'£:g1'£:g20n0

Observation equation is denoted by z (u) ={z, (u), z, (W)} = y(u).
Cost functional is expressed by:

W) = (@u Wi,op + Iy - zalli He L,D)  (6)

= fD (y1(w) — Zld)z dx + fD (y2(w) — ZZd)Z dx +(wv, V)[LZ(D)]Z'

Where Zg = {Z14, Z24} in [L,(D)] X [L,(D)]
w is a positive Hermitian definite operator defined on [L,(D)]? such
that:

@V, Vi, 2 pllullf,pyz 0 >0 (6)
The control problem then is to find:
eu h that .
{I ) —Vinf ] (3‘;5?; all?/ CU.. " where U,q is a closed convex subset
- ad

from[L,(D)]?, since the cost function (5) can be written as
JW = [, (1) —y1(0)) + (y1(0) — 214))? dx

+ [, 31 (w) —y1(0)) + (y1(0) — 214))* dx
+ (@u, W, o2
= m(u,u) = 2L(W) + [lziq — y;(0)|1?,i = 1,2,
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Where mt(v,u) = (@v, u)[L2 oz T (Y1 (v) —y1(0),y;(w) —y4 (0))L2 )
+(YZ (v) —y2(0),y,(w) —y, (0))L2(D)s
L(w) = (zig — yi(0), yi(w) — yi(0))r,(py, 1 = 1,2.

Assume that (2), (6) hold. The cost function being given (5), necessary
and sufficient for u to be an optimal control is that the following equations and

inequalities be satisfied

T2+ (=A+ qhy (v) — a(0hy (v) = Y©h,(V) =y3(v) = z,g  in D,
T2+ (=A+ a4y (v) — BEOhy(v) — 8()h, (V) = y,(V) = zpq  inD,
dhy oh,

= =0 , XEO

h;(v) = 0,h,(v) =0 "3Spr  0Sps

ahy ah, ] _ [0h1] _ _
[_6)(1 cos(n, xy) +—axz cos(n,xy) | = vl [h] =0 ,xep
oh, ohy ] _ [0}12] _
[_ax1 cos(n, xy) +_6x2 cos(n,xy) | = vl 0,xep

ohy oh, *
{— cos(n,x) +—= cos(n, xk)} =r[h],x€n
0xq 0x,

oh, oh, *
{— cos(n,xx) +—= cos(n, xk)} = r[h,], xep
0x4 0x,

(7)
h (v) = {hy(v),h,(v)} is the adjoint state.

Proof overview
Since U,q is constrained, the cost function J(v) is differentiable, then the

optimal control u is distinguish by J/(v)(u —v) = 0 Vv € U,q which is

equivalent to

(@u,u =), p2 + (i (V) = zig, yi(W) — y;i(v)) = 0 (3

Since (A*h,y) = (h,Ay) where A is defined by:
A = A{y1,y,}
= (=A+4q1)y; — a(®)y1 — BX)yz, (A + q2)y2 = Y(X)y1 — 8(X)y2),

then
(h,Ay) = ((hy, (A+q)y1a(®)ys — BX)y2), (hy, (A +q2)y, —Y(X)y: —

8(x)y2))
Through Green's formula or by the derivative in the sense of distribution

Ap = ((_A + q1)h; —a(x)h; — Y(X)hzf}ﬁ)
+((=A + q)h; — B()hy = 8(X)hy,y>)
=(A*h, y), where A*h = A*{h;(u), h,(w)} = y(u) — z4 then
Ah(v) + % + MTh(v) = Y(v) — Z4 , MT is transpose of M, h (v) adjoint
state A= —A+q,M = a;(x),i,j = 1,2 , (8) is equivalent to
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(—a+aphy — a@hy — y©h, = 3y, (W) -y, (1) + G2+
(=4 + gz)h; — B(¥)hy — 8(Xhy, y,(W) —y,(M)+(@u,u— V)[LZ(D)]Z = 0.
(hy, % (y1(W) —y1 (V) + (=A+q) (y1 (W) —y;1(v))) + (hy, % (y2(u) —
Y2(V)) + (=A+0:) (52 = y2()) + (g, 5o (72 (W) =y (V) +

+( 2’65 (y2(w) — Yz(V)> + ( (2 (w) — YZ(V)) + (65 (i (w) —
y1(")) + (=BX)h; — 8(X)hy, y,(u) — y,(v)) + (—a(x)h; — y(X)hy, y;(u) —
Y1V + (@00~ Vi, > 0

IS {ah1 g(x)(u; —vy) + %g(x)(u2 —vp)}dx + (@u, W,z = 0.

Remark 1: Generalization to n X n systems

AY+a—Y+MY:F inD

Y= 0,§=g ono

and conjugation conditions

[;T:]:[ k= 16 i cos(n, xk)] (Z] =

(Ehecs 2 costn 0} —rlz]

where D is an open subset of R with smooth boundary ¢, NxN diagonal matrix
of Schrédinger operator represented by (—A+q)is, D=D, uD,,k=1,2,
0= (0D, UadD,y)\u, p=0D; U dD, # ¢, [A] = AT — A" {A(S)}T = A(6 +n)
and {A(8)}” = A(S8 —n).

In this case, the bilinear form is given by:

a(y, W)=
dyi
1S, S+ (A +q)y)Widx + J, rlyid[¥ildp + -, [, FOu W) do
1] 1f al](X) y]l{J dx.
The linear form is given by:
L(W) = ZL1(J, fi¥idx + [, gi¥do)
The cost functional is denoted as:

T W)= @ V)zgp + 0 = 7all}

J (V) Z lf (YI (V) 1d)2 dx + (’(D'V, V)[LZ(D)]Z

where Zg = {Z14,Z24, v e+, Zng} in [L2(0)]", HC L,(D), @ isa Hermitian
positive determinant defined on [L2(D)]? such that:
2
(mvlv)[LZ(D)]z C”u” Z(D)]

sufficient that u is an optimal control of the following equations and inequalities.

2 C > 0. In this case, it is necessary and
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|

Ah(v) + % +MTh(v) = Y(v) — Z4 in D

ono

[Ziees 2 cos(n, 0] =[Sy hil = 0, {Ehes D cos(n )] = rlh]
ik= 16 k i=1 il — ’ ik=1 9xx ) Ak -
M = (ay; (x))” E MT = ¥ a;(x) is transpose of M.

If constraints are absent i.e. when py = p the equality p(u) + ©v =
0ie (- % = v) then the differential problem of finding the vector-function

h (V)

Ay(v )+"y+ +My(v)=F inD

Ah(v) + E + MTh(v) —y(v) = —z4 inD

h(v) :y(V)=0.£=g, M _0 ono
A 65*

(AN )

(2 2 cos(n, 0] = 0 {Shcs e cos(n )} = rlyl xen

ahy ah;
{Zhhes S cos(n, 0} =0 {Zhes S cos(n, x0} = rlh] xep
We can find last relations at n= 2 as the same in the first of paper.

3. Boundary control of parabolic system with conjugation conditions
involving Schrodinger operator
3.1.1 Control problem formulation

Let [L?(0)] x [L2(0)] being the space of controls.
For a control v = (vy,v,) € [L,(0)]? the state of the system y (v) =
{y1(v),y,(v)} is given by the solution of the following system:-

(A +qy, + W —a®)y; — BX)y, = f; in D,
(A +qp)y: + == —y(Xy1 —8(X)y, =f,inD, (10)
6 ay,
LY1 =0y, = O'L— 81 +V1,—— g, tv,ono

The observation equation is denoted by z (v) ={z, (v),z,(v)} = y(v).
Since the cost function (5) can be written as:

J = [ (71(w) = y1(0)) + (y1(0) — z44))? dx
+ Jy G1@) —y1(0)) + (y1(0) — z10))* dx + (wu, u)[LZ(o‘)]Z
= m(u,u) — 2L(u) + ||zig — y;(0)|I? ,i = 1, 2, where
(v, u) = (@v, u)[LZ(U)]Z + (y1(V) = y1(0),y, () =y, (0))L2(G)
+(y:(v) = y2(0),y,(w) -y, (0))L2(6) ,
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L(w) = (zig — yi(0),y;(w) = yi(0)), 6y, i = 1,2

since L(v) is continuous on [L,(0)] X [L,(0)] then there exist a unique optimal
control v € U,q [1]. The function y is defined there, the energy functional
minimizes [9].

Moreover we have the following theorem which gives the characterization
of the optimal control v:

The necessary and sufficient for v to be an optimal control is that the
following equations and inequalities be satisfied

oh .
(=A+qy)h; + 6_t1 —a(x)h; —y(x)h, =0 in D,
oh .
(-A+qgy)h, + o B(x)h; —8(x)h, =0 in D,
oh oh
h;(v) = 0,h,(v) =0 '—65; =y1(V) = Z14 —av:* = y2(v) — Zyq ,» XEQ

ahl] _
aspe

on oh
[0_)(1 cos(n,xy) + i cos(n, xk)] =] , XEN

ohy oha ] L
[0)(1 cos(n,xy) + . cos(n,xy) | = [asA*] =0,xep

ohy ohy *
{— cos(n, xi) +— cos(n, xk)} =r[h;],x €
0xq 0%,

oh, oh, *
{— cos(n, xi) +—= cos(n, xk)} = r[h,], xen
0xq 0%y

(11)
h (v)= {h; (v),h,(v)} is the adjoint state.

Overview of the proof

Since U,q is bounded, the cost function J(u) is differentiable then the
optimal control u is characterized by J'(v)(u—v) =0 Vv € U,q which is
equivalent to

@V, u =V, er + i) = zia,y1() — yi(v)) 2 0, (12)
Since (A*h,y) = (h,Ay) where A is defined by:
A = Alyy,y2} = (A + q)ys — a®y; — BE)y2 (=8 + q,)y, — Y®)y; —
8(x)y2)
Then

(h,Ay) = ((hy, (A + qy; — a®)y; — BX)y2 ), (hy, (A + g3y, —
Y(X)y1 — 8(x)y2))

By using Green's formula or the derivative in the sense of distribution

((=A+ qh; — a(x)hy — y(x)hy,y;)
+ ((—A + gqz)h; = B(X)p; — 8(X)hy, y,)

= (A*h, y), where A'p = A*{h,;(v),h,(v)} =0
then Ah(v) + 2+ MTh(v) =0,
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Ah(v) —-—+ MTh(v) = Y(v) — Z4 , MT is transpose of M, h (v) adjoint

state
A=-A+qM=a;(x),ij= 1.2, (12) is equivalent to

(=A+qu)hy — a@hy — Y@, = 22y, (W) =y, () + (G2 + (—A+ q)h —
BGOhy — (), (1) — y2(V)+(@V,u = V), o2 = 0.

(hy, = (72 (W) = y1 (V) + (—A+0) (72 (@) = y1 (V) + (hy, = (32 (0) —
Y2(V) + (~8+a2) (2 (W) = y2 (V) + (hy, 52 (11 = y1(¥))

d oh,
+ hz:a (y2(0) —y,(v) | + E: (y2(w) —y2(v)

(a (1) —y1 (V)
+ (= B(X)h1 = 8(0)hy, y2(u) — y2(v))
+ (—a(x)h; = y(X)hy,y; (W) —y1(v)) + (@v,u — V)[Lz(c)]z
>0
Jy {—g(x)(u1 V1) + g(X)(uz —v)}dx + (@v,u— V), ez =0 -

We can add the control in the part of Dirichlet condition, i.e.
(=0 +ay)y; + 32— a(y; — By, = f; in D,
(=8 +qz)y2 + 75— Y(X)y1 = 8(x)y, = f,in D, (13)
L yi=vay.= Vz'Z?—ngZz—gzono

The difference appears in characterization

(-A+qy)h; + ——a(x)h; —y(®)h, =0 in D,
(=A+qy)h, + 22 "h2 —B)hy —8(x)h, = 0 in o,
oh ah
hi(v) =y1(v) = Z44, hz(V) =y,(v) — 239 'Fl* =3 2* =0 , XEO
A A
[&cos(n X) +& cos(n, xk)] = [ahl] =0 ,Xep
1 AS p*
[—cos(n Xi) +— cos(n, xk)] = [ahz] =0,X€EpN

I+

ohy ohy -
{0_)(1 cos(n,xy) + %, cos(n,xk)} =r[h],x €

H+

oha ohy —
{Bxl cos(n,xy) + o, cos(n, Xk)} = r[h,], xeu,

(14)

J, I 1av LG = v)dx + (NV,u =)o 20
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Remark 2: Generalization to N X N systems

AY+% +MY=F inD
-0 9y _
YfO,asA—g ono,

conjugation conditions
[asA] [Zlk 19m "L cos(n, Xk)] =0
ay;
(Eecs 2 cosn, 10 =rly)

where D is an open subset of R™ with smooth boundary o, NXN diagonal matrix
of Schrédinger operator represented by (—A+q)is, D=D; UD,, k=1,2,0 =

(8D, UAD,)\, w=0D; U dD, # ¢, [A] = AT — A" {AB)} =A(6 +n) and
{A(8)}™ = A5 — n).

The bilinear form is expressed by:

b(y, W)= 2L 1f (—A+q)y)Widx + [ rlyl[¥] dy
1] lf F(Yl!l'p)do_

a 1
l] 1f al](x) y]‘P dX-|'E{1 1 6y l.p dx.
The linear form is denoted by:

L(W) = XL, (J, fi¥idx + [ gi¥ido).
The cost functional can be written by:

J (V) :('CLSV, V)[LZ(G)]H + ||Y(V) - Zdlllz-l

T =X [, Gi(v) = zi@)? dx + (@V, V)1, (g2 » Where

Zg ={Z14,Z2q) -+, Zng} in[Ly(0)]", HC Ly(0), ®
is a positive Hermitian operator, defined on [L,(c)]?

2
@V, 2 SVl o2 > 0.

In this case the necessary and sufficient that v to is the optimal control for
the following equations and inequalities be examined.
( Ah(u) + % +MTh(u) =0 in D

j h(u) =o,ﬂ=Y(v)—zd ono  (15)

ah; *
L[zlk 1oteos(n,x0] = 0, {hey 5cos(m x)f = rih]
M= (aii(x))i‘j=1 , MT= transpose of M.
If constraints are absent i.e. when py = W the equality h(v) +av =
Oie(— M

=v) then the differential problem of finding the vector-function
(y,h)T, that satisfies the relations
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Ay(u) + % + My(u) =F inD

Ah(u)+(;—h +MTh =0 inD
ay h(u) 0dh
h(v) = y(v =0,—= s Y(V) = —z4 on o
) =y g =", 2~ y(v) 06

(S 2 cos(n, 0] = 0, {Shes 2 costn 0} = rlyl, xen

oh; oh;
(B 2 cos(n, 1)) =0, {Ecs b cos(n )} = rlh] xen

We can find last relations at n= 2.

4. Conclusions

Existence and uniqueness of the solution (state of the system) and
necessary and sufficient condition for the optimality of the system in 2x2 and
generalization to NXN in the cases of the control.
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