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Abstract
This article is dedicated to the optimization for N×N parabolic system with mixed 

boundary conditions beneath conjugation conditions and including Schrödinger operator 
according to the maximum principle. Through Green’s formula, the properties of the first 
eigenvalues and the Lax-Milgram lemma, we provide evidence for the solutions to these 
systems’ existence and uniqueness. The maximum principle and the existence of a solution 
for a given linear parabolic system with variable coefficients are also topics of study.
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1. Introduction 
Optimum necessary and sufficient conditions for systems discip-lined by 

partial differential operators were investigated by Lions in [1-2]. Problems of 
Optimal control  for distributed systems including partial differential equations 
have numerous mechanical origins and a different of technological and scientific 
applications. Many optimal control problems of systems with Schrödinger 
operators have been discussed in [3-7]. There are some problems on an infinite 
number of variables  for sys-tem. Many papers discussed distributed and 
boundary control as in [10-18]. This article deals with the maximum principle 
and having positive solutions to a given parabolic system with the Schrödinger 
operator, apart from the conjugation conditions. 

2. On distributed control of a parabolic system                                                                       
2.1  2×2 parabolic systems under conjugation condition  

Let  2×2 parabolic system  being  
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where D is an open subset of    with smooth boundary  , Schrodinger operator 
represented by  (    )    ,                      (       )    
                   , -       ,* ( )+   (     )  and  * ( )+  
 (   )   The presented parabolic equation is defined  in differential and 
strictly Lipchitz domains in            

2.1.1   Existence and uniqueness of Solution 
Operator equation         

To prove the existence of the state Z = *     +of system (1), we state 
briefly some results introduced in [8] concerning the Eigen value problem:    
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2.1.2   Control problem formulation 
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The energy functional 
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Observation equation is denoted by z (u) =*  ( )   ( )+   ( ).  
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h (v)  *  ( )    ( )+ is the adjoint state. 

 Proof overview 
Since       is constrained, the cost function J( ) is differentiable, then the 

optimal control u is  distinguish by   ( )(   )             which is 
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Remark 1: Generalization to 𝐧𝐧  𝐧𝐧  systems 
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(    )[  ( )]      ‖ ‖[  ( )]     
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sufficient that u is an optimal control of the following equations and inequalities.  
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We can find last relations at n   as the same in the first of paper. 

3. Boundary control of parabolic system with conjugation conditions 
involving Schrödinger operator  

3.1.1 Control problem formulation 
Let  ,  ( )-  ,  ( )-    being the space of controls.                                                                                      
For a control    (     )   ,  ( )-  the state of the system y (v) = 
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  ( )  (      ( )   ( )   ( ))  ( )       
since  ( ) is continuous on ,  ( )-  ,  ( )- then there exist a unique optimal 
control       [1]. The function y is defined there, the energy functional 
minimizes [9]. 

Moreover we have the following theorem which gives the characterization 
of the optimal control v: 

The necessary and sufficient for v to be an optimal control is that the 
following equations and inequalities be satisfied 
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h (v) *  ( )    ( )+ is the adjoint state. 

Overview of the proof 
Since       is bounded, the cost function J( ) is differentiable then the 
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Remark 2: Generalization to 𝐍𝐍  𝐍𝐍  systems 
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We can find last relations at n  . 

4. Conclusions 
Existence and uniqueness of the solution (state of the system) and 

necessary and sufficient condition for the optimality of the system in 2×2 and 
generalization to  N×N in the cases of the control. 
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