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Abstract

In this paper, we introduce Balancing and Lucas-Balancing hybrid numbers. We
examine some identities of Balancing and Lucas-Balancing hybrid numbers. We give some
basic definitions and properties related to them. In addition, we find Binet’s Formula,
Cassini’s identity, Catalan’s identity, d’Ocagne identity, generating functions, exponential
generating functions of the Balancing and Lucas-Balancing hybrid numbers.
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1. Introduction

Number sequences have been studied by researchers for many years.
Number sequences, especially Fibonacci numbers, have been studied and many
generalizations have been made. [4,6,8,11,16,20-23]

The notion of Balancing numbers {B, }s—, has been introduced by Behera
and Panda [2]. Balancing numbers have been studied extensively in the last
twenty years.
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In [2], they defined a balancing number nas the solution of the

Diophantine equation
1+2+-+m—-1D=n+D+m+2)+--+n+r)

calling r as the balancer corresponding to n. The first few balancing numbers

are 1, 6, 35,204 and 1189.

The sequence of balancing numbers has been studied extensively and many
generalizations of these numbers have been made [5, 9, 10, 12, 13, 17, 24-26,
28, 29].

Liptai et al. generalized the concept of balancing numbers in [18].

The Balancing numbers sequence is denoted by {B,}r,. We can define
the reccurence relation of Balancing numbers by

B, =6B,_1 —B,_,,n=2
with the initial terms, By = 0, B; = 1. [1]
Binet formula for Balancing numbers as follows

P P
Note that,
e 1, =3++8and1, =3-+8,
o A,=1,

° A4+, =6

The numbers C,, = /8B, + 1is called the n th Lucas-balancing number.
[24]

The Lucas-balancing numbers {C,, };r-, satisfy the recurrence relation

Cn = 6Cn_1 - Cn_z,n = 2

with the initial terms, C, = 1, C; = 3.

Binet formula for Lucas-Balancing numbers as follows
A-2"

2

We know the following properties for B,

B_, = —B, and C_,, = C,. [28]

B, =

Theorem 1.1: [24] Let n be a natural number then we have
i) By +B;+-+By_, =B,

i) By +By+ -+ By, = ByBni1,

iii) Byp41 = Bn+12 - ana

iV) an =1+ Bn—an+1'

V) Banyz = Bui2Bny1 — BnyiBn

Ozdemir introduced the hybrid numbers and give some identities of them
[18]. The set of hybrid numbers is K = {a + bi + ce + dh : a,b,c,d € R}. Let
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be Zl = a1 + bll + C18 + dlh, Zz = az + bzl + ng + dzh al’ly two hybl‘ld
numbers. Then we have the following properties.

Zy =2, a,=a, by =b,, ¢, =c;and d; = d,.

Zl + ZZ = (al + az) + (bl + bz)l + (Cl + Cz)s + (dl + dz)h
71— 2z = (ag — az) + (by — bp)i+ (¢c; — ¢x)e + (dy — dy)h
k.zy = kay + kbyi + kc,e + kd h , where k € R.

L=

Some key features used for hybrid counts are given by the following
definition.

Definition 1.2: There are the following definitions where z is any hybrid
number such as

z=a+ bi + ce+ dh [19].

1. The conjugate of z is
Z=a— bi— ce— dh.
2. The character of z is
C(z)=zz=a*+(b—c)*—c*—d? =a®+ b?—2bc —d>.

3. The norm for z has the form

llzll = N(2) = {C(2).

4. The vector representation for z is
V,=(a,b—ccAd).

5. The scalar section of z is
S(z) = a.

6. The vector section of z is
V(z) =bi + ce + dh.

The product rule for hybrid units is shown in Table 1.1.

Hybrid numbers have been studied by many scientists and generalizations
of these numbers have been made. [1,3,7,14,15,19,27,30-33]

In this paper, we define Balancing hybrid numbers and Lucas-Balancing
hybrid numbers and give some properties of them. We find Binet formula,
generating functions, exponential generating functions, the sum formula of the
Balancing hybrid numbers and the Lucas-Balancing hybrid numbers.

Table 1.1
Multiplication of hybrid unit
i £ h
-1 1-h et+i
£ 1+h 0 —&
h —£—1i £ 1
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2. Balancing Hybrid Numbers and Lucas-Balancing Hybrid Numbers
Definition 2.1: Let n > 0 be integer, the Balancing and the Lucas- Balancing
hybrid numbers HB,, and HC,, are defined by

HB, = B, +iB,41 + &€Bpiy + hByy3 2.1

HC, =C, +iChiq +€Cpyp +hCyys 2.2)
respectively, where B, is nth Balancing numbers, C, is nth Lucas- Balancing
numbers and i, &, h are hybrid units which satisfy multiplication rule as in Table
1.1.

In Table 2.1 and Table 2.2, a few terms of Balancing and Lucas- Balancing
hybrid numbers are given.

Table 2.1
Same values of Balancing hybrid numbers

HB,
i+ 6e&+ 35h
1+ 6i+ 35+ 204h
6 + 35i + 204 + 1189h
35+ 204i + 1189¢ + 6930h

WIN[(=o|S

Table 2.2
Same values of Lucas-Balancing hybrid numbers

HC,
1+3i+17¢+ 9%
3+ 17i+99¢ + 577h
17 + 99i + 577¢ + 3363h
99 + 577i + 3363 + 19601k

WN (= |o|S

Definition 2.2: The conjugate of Balancing hybrid number HB, and HC, is
defined by

HB, = By +1Bny1 + €Bnyy + hBpys = By — iBnyy — €Bnyy — hBpys,
HC, = Gy + 1041 + €Chyp + hCys = Gy — iChyq — €Cpyp — hChys,
respectively.

Theorem 2.3: The character of Balancing and Lucas-Balancing numbers are
as follows, respectively,

i)y C(HB,) =37B,? —1212B,,1* + 422B,By1,

iy C(HC,) =37C,* —1212Cy 1% + 422C,Cppy1.

Proof: We will only do the proof of i). Part ii) is done similarly.
i) C(HB,) =HB,HB,
= (By + iBny1 + EBnyo + hByy3) (B, — iByyy — €Bnyy — hBpys)
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= an —iByBny1 — €ByBnia — hByBpys + BBy — ian+12 —i€Bny1Bnya

_ith+1Bn+3 + €Bpy2Bn — €iBpy2Bri1 — 523n+22 - €th+an+3
hBy.3By — hiBy43Bpn1 — heBy 3By — thn+32

= Bn” + Bny1” = Bnys® — (1 = h)Bny1Byyp — (6 + DBpyqBnys — (A +
1)Bn+an+1 +&Bni2Bnyz + (E + i)Bn+SBn+1 — €Bpy3Bnya

= By* + Bpy1® — Bnys® — 2Bny1Brya,

= By + Bypy1® — (35By4q — 6By)* — 2By ,1(6Bpyy — By)

= 37B,? — 1212B,,,,* + 422B,By,1.

Thus, the proof is obtained.

Definition 2.4: The norm of Balancing and Lucas-Balancing numbers are as
follows, respectively,

i) |IHBy|l = N(HB,) = +/37B,? — 1212By,12 + 422B,Bp,1,

iiy ||HC,|| = N(HC,) = \/376,12 —1212Cp 112 + 422C,Cpyyq.-

Definition 2.5: The vector representation for Balancing and Lucas-Balancing
numbers are as follows, respectively,

i) VHBn = (Bn' Byi1 — Bnya Buya, Bn+3):
i) VHCn = (Cp Crs1 — Cpizs Crizs Crys)-

Note that, the scaler section of Balancing hybrid numbers is

S(HB,) = B,
and the vector section of Balancing hybrid numbers is
V(HB,) = iBpiy + €Byyy + hBpys.
Similarly, we get
S(HB,) = B, and V(HC,) = iCyiq + €Cpyy + hCpys.

Theorem 2.4: Forn = 2, we have
i) HB,,, =6HB,—HB,_,,
i) HC,y  =6HC,—HC,_4,

Proof:

i) 6HB,—HB,_ =6B,+6iB,, ;1 +6¢&B,,,, + 6hB,,3 — (B,_; +iB, +
5Bn+1 + th+2)
= (6B, — By_1) + i(6Bn41 — By) + €(6Bn42 — Byy1) + h(Brys — Bpya)
=Bpy1 + iBnyy + €Byyz + hBpyy = HByyg.
The proof of ii) equality is done in a similar way to i).
Thus, the proof is completed.

Theorem 2.5: For all non-negative integer m,n, we have
) HBpyp, —HCy, = 2HCy 4,
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ii) 3HB,, + HC, = 3HB,,n,
iiiy 3HC,,, — HC, = 16HB,,,

Proof:

) HBny; —HC, = (Bpyz +iBnys + EBnys + hByys) — (G + iCryq +
Scn+2 + hCn+3)
= (Bn+2 - Cn) + i(Bn+3 - Cn+1) + S(Bn+4 - Cn+2) + h(hBy+s — Cnyz)
From B, ,, — C, = 2C,,4, we have
HB,,» —HC, = 2Cp 1 + 2iCpyy + 26Cpy3 + 2hCpyy = 2HC, 1.
The proofs of ii) and i) equalities are done in a similar way to i).

Theorem 2.6: (Binet’s Formula) For n = 0, we have

M 4-" A,

i) HB, = 222, 2.3)
ii) HC, =2 2 (2.4)
where

j’l = (1 + lll + 5/112 + h213),
j.z = (1 + llz + 8/122 + hz.23).

Proof: Let's expand the right side of equation (2.3) according to the Binet form
of the balancing numbers.

HBTL = BTL + iBn+1 + an+2 + th+3

_ A =2," iﬁlnﬂ—ﬂznﬂ N 811n+2_/12n+2 N h/11n+3—12n+3
A1—2z A1-2; A1-2; A1z
A" A"

= (1+id + e * +hay®) - po—
e Pl P
T

Equation (2.4) is shown similarly.

. (1+i2; + eAy” + ha,?)

Theorem 2.7: We have

) LA =74i(72, —52) + (22,7 =2, + 1) + (2, + 4,° — 4, + 4y),

i) A Ay =7+i(70 —54) +e(2A° + 2, — A1) + h(A > + 4% — 4, +
)

i) A4, + 4,4, = 14 + 12i + 68¢ + 396h,

iv) A A=A 44 = (A, — 4,)(7 + 42i + 64¢ + 192h).

Theorem 2.8: Let S(HB,,) be the sum of the Balancing and S(HC,,) be the sum
of the Lucas-Balancing hybrid numbers. Then we have

i) S(HB,) =X_,HB; =§[ch+1 —2HB,,, —1—i—5¢—29h],

i) S(HC,) = Xpoo HCy = [HCnpy — HCy + 2 — 20 — 14e — 84h].
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Proof:
i)  S(HB,) =Xi-oHB; = Yk=oBix + i Y=o Brs1 + € Xk=o Brs2 +
hYk=0Br+s

— (Cn+1_243n+1_1) +i (Cn+2_24Bn+2_1) +e (Cn+3—2fn+3—1 _ 1)

+h (Cn+4_243n+4_1 _ 7)

= ~[HCy4y = 2HByyy — 1 — i — 5 — 29h]

The proof of ii) equality is done in a similar way to i).
Thus, the proof is obtained.

Theorem 2.9: Let n be a natural number, then we get
i) HB]_ +HB3 +"‘+HBZn_1 =Bn+1HBn_1+1_£_6h.
ii) HB,+HB,+ -+ HB,, =B,,,1HB, + 1 — 6 — 35h.

Proof: 1) HB, + HB; + -+ HB,,_;
= (By +iB, + €B; + hB,) + (B3 + iB, + €Bs + hB;)
+ o 4+ (Bano1 + iBan + €Bopyy + hBany2)
=(By+Bs+ - +Byy_1) +i(By + By + -+ Byy)
+&(By + iBs + -+ Bypyq) + h(By + Bg + =+ Bopys)

From Theorem 1.1. i) and ii), we have
HB; + HB; + -+ HB,, 4
= an + iByBpy1 + S(an -1+ BZn+1) + h(Ban+1 -6+ BZn+2)
From Theorem 1.1. iii), iv) and v), we have
HB, + HB3 + -+ HB,y_;
=1+ By_1Bny1 +iByBpys + g(Bn+12 - 1) + h(Bn+1Bn+2 - 6)
=Buy1(Bp_1 +iB, +€Bpiq + hBy ) + 1 —€—6h
= Bp, HB,_, +1—¢— 6h.

The proof of ii) equality is done in a similar way to i).

Thus, the proof is obtained.

1299

Theorem 2.10: The generating functions for the Balancing hybrid numbers and

Lucas-Balancing hybrid numbers are given, respectively, by
l) GHB (x) = 200 1HB X" = i+6£+35h+x(1—£—6h)
n n= -

1-6x+x2 ( )
.. 1+3i+17e+99h—x(3+i+3e+17h
i) GHC,(x) =Y Hcyx™ = .

1-6x+x2

>

Proof: 1)

GHB, (x) = HBy + HB;x + HB,x? + HB3x3 + ---+ HB,x" + -

2.5)

Now, multiplying the equation (2.5) by 1, 6x and x?, respectively, we get

GHB,(x) = HBy + HB;x + HB,x? + HB3x3 + --- + HB,x" + -+
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6xGHB,(x) = 6xHBy + 6x2HB, + 6x3HB, + 6x*HB5 + -+ + 6x™*1 HB, + ---
x2GHB, (x) = x?HBy + x®HB; + x*HB, + x°HB; + --- + x"*2 HB,, + ---
After necessary calculations and using the recurrence relation, we obtain
GHB, (x)(1 — 6x + x?) = HB, + HB,x — 6xHB,,

HBg+x(HB1—6HBg)
GHB,,(x) = —————
n( ) 1-6x+x2
__ i+6&+35h+x(1—£—6h)
- 1-6x+x2

The proof of (ii) is similar to that of (). So, we omit them.

Theorem 2.11: The exponential generating functions for the Balancing hybrid
numbers and Lucas-Balancing hybrid numbers are given by

. ® X" 1 et1x_7,el2x

1) Zn:l HBn n - A1-2y

a AetXy],edex

i) M HC, S =R

respectively.
Proof: 1)

212" 25\ x™

HB,~ = (#)_

Zn 1 Zn 1 A=Ay n!

Z A10)" 2 Zoo (A20)™

/11 Az n=1 M-, &M=

A eMx_7,el2x
B A1—42

The proof of (ii) is similar to that of (7). So, the proof is completed.

Theorem 2.12: (Catalan identity) We have,

i)  HBy_ HBnyy — (HBy)? = =B, (7B, + i (7By41 — 5B,_1) +
S(ZBT+2 Br+1 r—1) + (Br+3 + Br—3 Br—l Br+1)h)'

.. —cr ,

ii) HCyp_pHCpyr — (HCy)? = T(7Br + i (7Br41 —5Br_1) + €(2Byys —
By — Br—l) + (Br+3 +By_3 =By — Br+1)h)-

Proof:

: 2

i) HBy HBpr — (HBn)
_ (/11n_r A=2,"7" i2) (hnw A=A z2) (Aln A1-2," z2)2
- Ay=1 A=2 Ay-1

= m (_lln_rﬂ.zn*—rjliz - Azn_rﬂ.ln+rjzil + Alnlznjlj—z + Aznﬂ.lnizjl)

(,11—,1)2 (/11"/12 Ml (1 - —) + 2, 4" A4 ( %))

_ Gl ks _jaty)
(A1-122)? "
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Ay -4
= 8D (3,7 0,0, — A4 2Ay)
Ay -4
((/111 /12)) (7B +i (7Br+1 SBr 1) + g(ZBr+2 Br+1 - Br—l) +

(Br+3 +By3—=By_1 — T+1)h)
The proof of (ii) is similar to that of (i). Thus, the proof is completed.

Theorem 2.13: (Cassini identity) We have
i) HB,_ HB,., — (HB,)?* = —(7 + 42i + 64¢ + 192h),
i) HCyoyHCpyy — (HC)? = == (7 + 42i + 64¢ + 192h).

Proof: By using the Binet formula of the Balancing hybrid numbers we have,
1) HBn—lHBn+1 - (HBn)Z

_ (lln—l 21—/1211_1 zz) </11n+1 21_12n+1 12) 3 (Aln 11—/1211 22)2
- A1—22 A1—22 A1—22

~ 2 _ A A _ A A A 2
— m(/‘llznl‘ll _Aln 1/‘{21'11'12‘1)'2 _Azn 1/‘11114'1)'2)'1 +122n12

_ﬂ.lznilz + /‘llnlznl"{ll"{z + /‘lznﬂ.lnl"{zlil - /‘12211/‘1"22)

yl 5 s 2
=G (Al"az"mz (1-2) + "4 4 (1 - ﬁ))
_ 12" (A4 -29) (@ _ %)
A1-22)? A Az
= _(781 + 7Bzi + (283 - Bz)g + (B4_ - Bz + B_z)h)
The proof of (ii) is similar to that of (). Thus, the proof is completed.

Note that, if we get r = 1 in Catalan identity then, we obtain the Cassini
identity.

Theorem 2.12: (Vajda identity) We have

i)  HB,HBypyy — HByHB, sk = —Bi(7By + i (7Biy1 — 5Bje_q) +
€(2Bisz — Bi1 — Bi1) + h(Biss + Bi—s — By_1 — Bisr)),

i) HCyrHCpyy — HGHC iy = —%(731{, + 1 (7Byy1 — 5B-1) +
€(2Bys2 = Biex1 — Be—1) + h(Biys + Bi—z — Byoq — Bisn)).

Proof: 1)
HBy+HBpyx — HB HBp 4y =

(11n+r zl_lznﬂ‘ iz) 11n+k zl_lzn+k zz (;{ln 21_1211 Zz) Aln+r+k 21_12n+r+k 22
A1—2z A1—2z A1—22 A1=2;
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(11 12)2 ( /11n+rlzn+klllz A2n+r/11n+k2221 + /11n/12n+r+k2122 +
2 nl1n+r+klzﬂ1)

= - l_)z (Alnlzmklﬂlz(lz — )+ L AL - 4, ))
2272
= G200 (14,0, — 4,1y

= —B.(7By + i (7By41 — 5Bi_1) + €(2Byyz — Bry1 — Bi1) + (Brys +
By_3 — Bx—1 — Bx41)h).
The proof of ii) is similar to that of i). So, we omit the proof.

Theorem 2.13: (D’ ocagne identity) For n < m, we have
i) HB,HB,.1 — HB,HB,,,1 = —Bp,_n(7 + 42i + 64¢ + 192h),
i) HCL,HC,,, — HC,HCypy1 = — sz_” (7 +42i + 64¢ + 192h).

Proof: i)
HB,,HBy 1 — HB HBy, 14
— M A= A0\ (AT 2 -2," D, _ A" A\ (A2,
- ( /11 Ay ) ( A2y ) ( A2y ) ( A2y )
= (- —A " Ay — AT A + AL, +
1—42
Aznllm-'-llzll)

(/’11’”/12”(/11/12/11 LoAids) + "™ (WA, — 4 dohy))

(A1-122)?
= m (11/12/11 - /12/11/12)(117'1/1211 - /11n/12m)

1

= m (lz - Al)(7 + 420 + 64¢ + 192}1)11”12”(111“_" - AZm—n)

= —(7 +42i + 64 + 192h)B,,,_,
The proof of ii) is similar to that of i). So, we omit the proof.
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