
©

Balancing and Lucas-Balancing hybrid numbers and some identities

Mine Uysal †

Graduate School of Natural and Applied Sciences 
Erzincan Binali Yıldırım University
24100 Erzincan
Türkiye

Engin Özkan *
Department of Mathematics
Faculty of Sciences
Marmara University
34722 İstanbul
Türkiye

Abstract
In this paper, we introduce Balancing and Lucas-Balancing hybrid numbers. We 

examine some identities of Balancing and Lucas-Balancing hybrid numbers. We give some 
basic definitions and properties related to them. In addition, we find Binet’s Formula, 
Cassini’s identity, Catalan’s identity, d’Ocagne identity, generating functions, exponential 
generating functions of the Balancing and Lucas-Balancing hybrid numbers.

Subject Classification:  11B37, 11B39, 05A15.

Keywords: Balancing hybrid numbers, Lucas-Balancing numbers, Binet’s Formula, Cassini’s 
identity, Catalan’s identity.

†	 E-mail:	mine.uysal@erzincan.edu.tr; ORCID Id: 0000-0002-2362-3097
*	E-mail:	engin.ozkan@marmara.edu.tr (Corresponding Author)
		 ORCID Id:0000-0002-4188-7248

Journal of Information & Optimization Sciences
ISSN  0252-2667 (Print), ISSN  2169-0103 (Online)
Vol. 45 (2024), No. 5, pp. 1293–1304
DOI : 10.47974/JIOS-1400

Balancing and Lucas-Balancing Hybrid Numbers and Some Identities 
Mine UYSAL1 and Engin ÖZKAN2,* 

1Graduate School of Natural and Applied Sciences,  
Erzincan Binali Yıldırım University, 24100 Erzincan, Turkey. 
E-mail: mine.uysal@erzincan.edu.tr 
ORCID iD: 0000-0002-2362-3097 
2Department of Mathematics, Erzincan Binali Yıldırım University, 
Faculty of Arts and Sciences, 24100 Erzincan, Turkey. 
* Corresponding author. E-mail: eozkan@erzincan.edu.tr  
ORCID iD:0000-0002-4188-7248 
Abstract 
In this paper, we introduce Balancing and Lucas-Balancing hybrid 

numbers. We examine some identities of Balancing and Lucas-Balancing hybrid 
numbers. We give some basic definitions and properties related to them. In 
addition, we find Binet’s Formula, Cassini’s identity, Catalan’s identity, 
d’Ocagne identity, generating functions, exponential generating functions of the 
Balancing and Lucas-Balancing hybrid numbers. 

Subject Classification: 11B37, 11B39, 05A15 
Keywords: Balancing hybrid numbers, Lucas-Balancing numbers, Binet’s 

Formula, Cassini’s identity, Catalan’s identity. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1. Introduction 
Number sequences have been studied by researchers for many years. 

Number sequences, especially Fibonacci numbers, have been studied and many 
generalizations have been made. [4,6,8,11,16,20-23] 

The notion of Balancing numbers {  }     has been introduced by Behera 
and Panda [2]. Balancing numbers have been studied extensively in the last 
twenty years.  
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In [2], they defined a balancing number   as the solution of the 
Diophantine equation 
                                 
calling   as the balancer corresponding to  . The first few balancing numbers 
are 1, 6, 35, 204  and     . 

The sequence of balancing numbers has been studied extensively and many 
generalizations of these numbers have been made [5, 9, 10, 12, 13, 17, 24-26, 
28, 29].  

Liptai et al. generalized the concept of balancing numbers in [18]. 
The Balancing numbers sequence is denoted by {  }   

   We can define 
the reccurence relation of Balancing numbers by 

                  
with the initial terms,             . [1] 

Binet formula for Balancing numbers as follows 

      
    

 

     
. [2] 

Note that,  
      √  and      √ , 
       , 
        . 

 
The numbers    √   

    is called the   th Lucas-balancing number. 
[24] 

The Lucas-balancing numbers {  }   
  satisfy the recurrence relation 

                  
with the initial terms,             . 

Binet formula for Lucas-Balancing numbers as follows 

      
    

 

 . 

We know the following properties for    
         and       . [28] 

Theorem 1.1: [24] Let   be a natural number then we have 
i)                 

   
ii)                      
iii)           

    
 ,  

iv)   
               

v)                        
 
Özdemir introduced the hybrid numbers and  give some identities of them 

[18]. The set of hybrid numbers is   {                    }. Let 
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be                                     any two hybrid 
numbers. Then we have the following properties. 

 
1.                          and      . 
2.       (     )  (     )  (     )  (     )  
3.       (     )  (     )  (     )  (     )  
4.                         , where     . 

 
Some key features used for hybrid counts are given by the following 

definition. 

Definition 1.2: There are the following definitions where   is any hybrid 
number such as 

                   [19]. 
1. The conjugate of   is 

 ̅               . 
2. The character of   is  

 ( )    ̅     (   )                    . 
3. The norm for   has the form 

‖ ‖   ( )  √ ( ). 
4. The vector representation for   is 

   (         ). 
5. The scalar section of   is 

 ( )   . 
6. The vector section of   is 

 ( )              . 
The product rule for hybrid units is shown in Table 1.1. 
Hybrid numbers have been studied by many scientists and generalizations 

of these numbers have been made. [1,3,7,14,15,19,27,30-33] 
In this paper, we define Balancing hybrid numbers and Lucas-Balancing 

hybrid numbers and give some properties of them. We find Binet formula, 
generating functions, exponential generating functions, the sum formula of the 
Balancing hybrid numbers and the Lucas-Balancing hybrid numbers. 

 
Table 1.1 

Multiplication of hybrid unit 
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2. Balancing Hybrid Numbers and Lucas-Balancing Hybrid Numbers 
Definition 2.1: Let   ≥ 0 be integer, the Balancing and the Lucas- Balancing 
hybrid numbers     and     are defined by 
                          (2.1) 
                           (2.2) 
respectively, where    is nth Balancing numbers,    is nth Lucas- Balancing 
numbers and       are hybrid units which satisfy multiplication rule as in Table 
1.1. 

In Table 2.1 and Table 2.2, a few terms of Balancing and Lucas- Balancing 
hybrid numbers are given. 

 
Table 2.1 

Same values of Balancing hybrid numbers 
 

      
           
                
                   
                      

 
Table 2.2 

Same values of Lucas-Balancing hybrid numbers 
 

      
               
                 
                    
                       
 

Definition 2.2: The conjugate of Balancing hybrid number       and     is 
defined by 

   ̅̅ ̅̅ ̅̅                      ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅                      , 
   ̅̅ ̅̅ ̅̅                      ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅                      , 

respectively. 

Theorem 2.3: The character of Balancing and Lucas-Balancing numbers  are 
as follows, respectively, 
i)                                 , 
ii)                                 . 

Proof: We will only do the proof of  ). Part   ) is done similarly. 
i)              ̅̅ ̅̅ ̅̅  
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           ,  

   
      

                                
     

          
           . 

Thus, the proof is obtained. 

Definition 2.4: The norm of Balancing and Lucas-Balancing numbers are as 
follows, respectively, 

i) ‖   ‖         √    
          

             

ii) ‖   ‖         √    
          

             

Definition 2.5: The vector representation for Balancing and Lucas-Balancing 
numbers are as follows, respectively, 
i)                                
ii)                                

Note that, the scaler section of Balancing hybrid numbers is 
          

and the vector section of Balancing hybrid numbers is 
                        . 

Similarly, we get 
          and                          . 

Theorem 2.4: For    ,  we have 
i)                   
ii)                   

Proof:   
i)                                               

             
                                                   
                             . 
The proof of     equality is done in a similar way to     
Thus, the proof is completed. 

Theorem 2.5: For all non-negative integer    , we have 
i)                   
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ii)                  
iii)                    

Proof:  
i)           (                       )  (         

           ) 
 (       )   (         )   (         )   (          ) 

From               , we have 
                                                    . 

The proofs of   ) and  ) equalities are done in a similar way to  )  

Theorem 2.6: (Binet’s Formula) For    , we have 

i)       
   ̂    

   ̂ 
     

,  (2.3) 

ii)       
  ̂    

  ̂ 
  .  (2.4) 

where 
  ̂  (         

     
 ), 

  ̂  (         
     

 ). 

Proof: Let's expand the right side of equation (2.3) according to the Binet form 
of the balancing numbers. 
                          

    
    

 

     
    

      
   

     
    

      
   

     
    

      
   

     
 

    
 

     
(         

     
 )    

 

     
(         

     
 ) 

    
  ̂    

  ̂ 
     

. 

Equation (2.4) is shown similarly. 

Theorem 2.7: We have 
i)  ̂  ̂     (       )   (   

       )   (  
    

       )   
ii)  ̂  ̂     (       )   (   

       )   (  
    

     
  )  

iii)  ̂  ̂   ̂  ̂                   
iv)    ̂  ̂     ̂  ̂  (     )(              )  

Theorem 2.8: Let  (   ) be the sum of the Balancing and   (   ) be the sum 
of the Lucas-Balancing hybrid numbers. Then we have 
i)  (   )  ∑      

   
 
 

[                       ]  
ii)  (   )  ∑      

   
 
 

[                      ]  
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Proof:  
i)        ∑     

    ∑     ∑      
     ∑      

     
   

 ∑      
    

  (             )   (             )   (               ) 

          (               ) 

   
 
[                       ] 

The proof of     equality is done in a similar way to     
Thus, the proof is obtained. 

Theorem 2.9: Let   be a natural number, then we get 
i)                                  . 
ii)                                . 

Proof: i)                  
                                   

                               
                                
                                                        
From Theorem 1.1.     and     , we have 
                 
              (           )                    
From Theorem 1.1.           and   , we have 
                 
                     (       )                
                                   
                  . 

The proof of     equality is done in a similar way to     
Thus, the proof is obtained. 

Theorem 2.10: The generating functions for the Balancing hybrid numbers and 
Lucas-Balancing hybrid numbers are given, respectively, by 

i)         ∑       
                  

       
 
   , 

ii)         ∑       
                          

       
 
   . 

Proof: i) 
                                          (2.5) 

Now, multiplying the equation (2.5) by      and   , respectively, we get 
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After necessary calculations and using the recurrence relation, we obtain 
                               , 

         
               

        

                    
         

The proof of      is similar to that of      So, we omit them. 

Theorem 2.11: The exponential generating functions for the Balancing hybrid 
numbers and Lucas-Balancing hybrid numbers are given by 

i) ∑    
  

   
 ̂       ̂     

     
 
    

ii) ∑    
  

   
 
   

 ̂       ̂     

  
respectively. 

Proof: i) 

 ∑    
  

   ∑ (  
   ̂       ̂ 
     

)  
 

  
 
   

 
    

     ̂ 
     

∑       

    ̂ 
     

∑       

  
 
   

 
    

   ̂       ̂     

     
  

The proof of      is similar to that of      So, the proof is completed. 

Theorem 2.12: (Catalan identity) We have,  
i)                                           

                                             
ii)                   

   
                              

                                     

Proof:  
i)                   

  (  
     ̂         ̂ 

     
) (  

     ̂         ̂ 
     

)  (  
   ̂       ̂ 
     

)
 
 

  
        

(            ̂  ̂             ̂  ̂         ̂  ̂         ̂  ̂ ) 

   
        

(       ̂  ̂ (  
   

   
)         ̂  ̂ (  

   

   
)) 

  (       )
        

( ̂  ̂    
  ̂  ̂ 

   
) 
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  (       )
       

(    ̂  ̂      ̂  ̂ ) 

   (       )
       

                                         
                        

 
The proof of      is similar to that of      Thus, the proof is completed. 

Theorem 2.13: (Cassini identity) We have 
i)                                    , 
ii)                      

                 . 

Proof: By using the Binet formula of the Balancing hybrid numbers we have, 
i)                    

  (  
     ̂         ̂ 

     
) (  

     ̂         ̂ 
     

)  (  
   ̂       ̂ 
     

)
 
 

   
        

(     ̂ 
             ̂  ̂             ̂  ̂       ̂ 

 
 

                                    ̂ 
         ̂  ̂         ̂  ̂       ̂ 

 ) 

   
        

(       ̂  ̂ (  
  
  
)         ̂  ̂ (  

  
  
)) 

                
        

( ̂  ̂   
  ̂  ̂ 

  
) 

   
       

(   ̂  ̂     ̂  ̂ )                    
                                    . 

The proof of      is similar to that of      Thus, the proof is completed. 
Note that, if we get      in Catalan identity then, we obtain the Cassini 

identity. 

Theorem 2.12: (Vajda identity) We have 
i)                           (                    

                                          )  
ii)                           

 (                    
                                          )  

Proof: i) 
                        
 

(  
     ̂         ̂ 

     
) (  

     ̂         ̂ 
     

)  (  
   ̂       ̂ 
     

) (  
       ̂           ̂ 

     
) 
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(            ̂  ̂             ̂  ̂             ̂  ̂  
           ̂  ̂ ) 

   
        

(         ̂  ̂                    ̂  ̂          ) 

  (       )
       

(    ̂  ̂      ̂  ̂ ) 

                                                    
                   

The proof of     is similar to that of     So, we omit the proof. 

Theorem 2.13: (D’ ocagne identity) For    , we have 
i)                                           
ii)                         

                   

Proof: i) 
                   

  (  
   ̂       ̂ 

     
) (  

     ̂         ̂ 
     

)  (  
   ̂       ̂ 
     

) (  
     ̂         ̂ 

     
) 

   
        

(          ̂  ̂           ̂  ̂            ̂  ̂  
         ̂  ̂ ) 

  
        

(      (   ̂  ̂     ̂  ̂ )        (   ̂  ̂     ̂  ̂ )) 

   
        

(   ̂  ̂     ̂  ̂ )                

   
        

                                           
                        

The proof of     is similar to that of     So, we omit the proof. 
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