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Abstract

The Linear Programming (LP) model, renowned for its robust modeling capabilities,
is a highly effective tool for solving real-world problems and optimizing tasks with specific
objective. A key component of the LP model is the Minimum Cost Flow (MCF), which aims
to minimize the transportation cost of a single product through a capacitated network. This
article focuses on the MCF problem with neutrosophic arc cost, a scenario that often arises in
real-world situations due to the complexity and uncertainty of data. The neutrosophic theory
plays a crucial role in handling this vagueness. The primary objective of this paper is to find
the optimal solution to the neutrosophic MCF problem using SVTN numbers.

Subject Classification: 62A86, 90C05 and 90C08.
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1. Introduction

Linear Programming (LP) has been recognized as a superior
optimization tool, extensively utilized by numerous researchers to address
a variety of real-world optimization problems. The classical LP proves
particularly beneficial in scenarios where both the objective functions and
the constraint functions are deterministic in nature. Ozlen and Azizoglu
[1] proposed a comprehensive approach for MOIP problem, capable of
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generating all non-dominated solutions. This was further expanded upon
by Perini et al. [2], who introduced the boxed line method, a criterion
space approach specifically designed for BOMIP problems. Behera et al.
[3] introduced two novel methods for addressing the LP problem within a
triangular fuzzy context, utilizing concepts of fuzzy core, center, and
radius. The application of these methods extends beyond theoretical
programming. For instance, Ahmed et al. [4] utilized a fuzzy MO
defuzzification approach to tackle a transportation issue, demonstrating
the practical implications of these techniques. Similarly, Ilyas et al. [5]
addressed a multi-constraint, MO optimal power flow problem.
Additionally to solve the optimal water allocation problem in river basins
is presented by Haro et al. [6] and so on [7] [8] [9].

The classical MCF problem is characterized by parameters such as
flow cost, supply, demand, and capacity, which are typically fixed.
However, real-world scenarios often present these parameters as dynamic
due to inherent uncertainties. Zadeh'’s [10] fuzzy logic, introduced in 1965,
has been effectively applied by numerous researchers to manage such
uncertainties, along with its extensions like fuzzy theory and extended
fuzzy theory. The field of MCF problems has seen significant advancements
over the years. Shih and Lee [11] investigated fuzzy multi-level MCF
problems with multiple objectives and hierarchies, considering fuzzy
costs and capacities in the arcs. This was further developed by Sedefio-
Noda et al. [12], who demonstrated that the bi-objective undirected two-
commodity MCF problem could be transformed into two standard bi-
objective MCF problems using a change of variables approach. Raith and
Ehrgott [13] presented a two-phase algorithm for solving MCF problem.
Moradi et al. [14] handle the multi-commodity MCF problem.
Ghasemishabankareh et al. [15] use the genetic algorithm for solving
MOIP with MCF problems. Most recently, Khezri and Khodayifar [16]
tackled the MOMCMCEF problem using copula theory, where they
modeled the coefficients of the capacity constraints as normally distributed
random variables and their dependence using an Archimedean copula
theory. These studies collectively represent the evolution and progress in
the field of MCF problems, each contributing unique methodologies and
approaches to address complex and multi-faceted challenges. In light of
the literature review, it is observed that in a fuzzy environment, uncertainty
is handled usefully by fuzzy logic, but when it comes to dealing with
indeterminate and inconsistent information data, it is found to be unable
to handle such a situation properly due to which Samarandche [17]
introduced the Neutrosophic set theory in the year 1999. There are several



SOLVING NEUTROSOPHIC MINIMAL COST FLOW PROBLEM 1095

works in the field of neutrosophic such as Imran et al. [18] intrduces the
neutrosophic crisp i-open sets and Parikh and Sahni’s [19] work on logistic
differential equations under the neutrosophic environment and so on.

In this article, our primary objective of this article is to address the
MCF problem in a neutrosophic environment, specifically where the flow
cost parameter is uncertain. Additionally, we aim to solve the numerical
problem of the bounded minimal flow problem with neutrosophic flow
cost, using triangular neutrosophic numbers. Additionally, the goal is to
find the least cost to send commodities through a network. It’s a type of
network flow problem where the challenge is to meet the needs at each
point in the most cost-effective way.

1.1. List of abbreviations throughout the article
BOMIP : “Bi-objective Mixed integer programming”

MOIP: “multi-objective integer programming”; SVTN: “Single-
valued triangular neutrosophic”; MO: “multi-objective”; NMFP:
“Neutrosophic minimal flow problem”; MOLPP: “multi-objective linear
programming problem”; SOLPP: “Single-objective linear programming
problem”; MOMCMCE: “multi-objective multi-commodity minimum
cost flow”

1.2. Structure of the paper

I

| Section 1: Introduction ™

A 4

[

| Section 2: Some definitions and arithmetic operations

| Section 3: Proposed Method (NMCF )
| Section 4: Numerical example

| Section 5: Conclusion

2. Preliminaries

Arithmetic Operations on SVTN number [20]: Km = (g, Uy, Uy),

(vll’ 021’ vSl)’ (yll’ y21’ y31)> KT)Z = <(8’12’ g22’ gSZ)’ (512’ 522’ SSZ)’ (ylz’ y22’
Y5,)) be two SVTN numbers and Q>0 then-

I IZ @IZ _<(ull+g12’u21+g22’u31+g32)’(vll+Slz’021+522’v31+s32 ’>
Yy ¥ Yoo Yoy Yo Vs + V)

nl n2
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1L Knl ®12n2 <(u11 ng’MZl g22’u31 g32) (vll 12’021 S22’031 532) >
(yll'ylz’ yZl‘yZZ’ y31 'y32)

111 Q.Knl ={(Qu,,,Qu,,,Qu.,), Qo ,Q0,,Q0.,),Q.y,, ,QY, , QY. )

Single-valued triangular neutrosophic (SVIN) number: - [21]

SVTN number is a special type of SVIN set. A set K = (g, Uy, Uy

(0 Uyys Ug)s (Yyys Yoys Yy is called SVIN number if its define a truth
functions T, (u), indeterminacy function, I, (1) and the falsity

membership function F, (1) of an element u in Kn is defined as,
n

m) W <u<u [MJ v, <u<v,
[“21—“11 1 A V21711 1
1 u. =u 0 v, =U
_ 21 _ 21
T['(n(u)_ [u uj ’II_(W(M)_ [u v J
31— — 21
u. <usu 0. <uUuLv
Uz —lipy 21 31 V31— Uy 21 31
0 otherwise 1 otherwise
Yo1—U <
— Y su<y
[yn *yn] n 2
0 Y, =U
— 21
Fzz”(u)— [u y ]
—Y21 <
Yy <uzy
Y31=Y21 2 3
1 otherwise

with the condition 0<T, (u)+1I; (u)+F, (1)<3

3. Proposed model

Let us consider a directed graph &" =(V, @, )where V, ={1,2,3, ..., n}
is the set of finite nodes and ®, is the set of arcs and each arc is denoted
by (i,j)ew,, aflow x,, and a neutrosophlc cost per unite flow C" from
arcltoj. Letus con51der the two numbers l] and u, as lower capac1ty and
upper capacity respectively. For each node ieVn assign a number h,
representing the supply, demand or transshipment node. If h, =0 then
the node i is a transshipment node, if &, <0 then node i is a demand node,
and h, >0 then node i is a supply node.
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Step 1: The general formulation of the mathematical model for the NMFP
with neutrosophic cost is as:

Minimise Z" ~ ¥, CZ i 1)
(i,j)ew
Subjectto ¥ x, - > x,=h, (2)
j:(i,j)sa)’7 / ]‘:(]',i)ea,v,7 J
0< ll.]. <x, <u, vV (j)e o, (3)

Here we consider the
Cn _<(q)11] 21, 31,) (q)4z] 51, 61]) ((1)71] 81] 9:] o))
Then the NMFP with neutrosophic cost Ci']?, the objective function (1)
will be
Minimise Z" ~ ¥ (@] ,®] ,®1),(®], &1 ,&1), (@] ,d1 ,®1 )x, (4)

(i,))ew,

Step 2: The above objective function can now, be expressed as nine distinct
classical objective functions: (refer to equations 5 to 13 respectively)

Mln(Z”)— Z dJ"x Mln(Z”)— Z (I)” Xy Mzn(Z”)— > (1)311 i
(i.))e (i,j)ew,

Mzn(ZZ): > <1>” X Mzn(Z”)— Z CI)77 X Mzn(Z")— > <I>ZZ] 47
(i.j)eo, (i,j)e (i.j)eo,

Min(Z’;)= 7l]x Mm(Z”)— Z qu ; Min (Z")— dJZZ] p
(l%i)e (i.j)ew, (i.)eo,

(5-13)

With the same subject to constraints (2) and (3).
The steps of NMFP with neutrosophic costs C;/ are as follows,

Step 2a: The classical MOLPP is solved as a SOLPP. Each time, it focuses
on just one objective while ignoring the others.

Step 2b: Based on the obtained results, in every solution from step 1, the
values of the objectives are derived column-wise, which are presented in
the following Table 1.
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Step 2c: Now our objective is to find the lower (Z")"and upper (Z)"
values. For that purpose, we use the below two equations (14) and (15)

(Z!)" =min{Z, 22,22, 2,2, 2", 27", 72", ") (14)
(2N =max{Z?, 22", 23", 12", 27", 2, 70, 23 1" (15)

For each objective function, primary model can be written in terms of
the aspiration levels Q. To obtained the objective value Z” for each &"
objective function and optimal solution x,, V (i, /) e o, along with the
constraints (5-13) under the condition Z" < (Z") for &' ob]ectwe functions.
Since all the objective functions here are of the minimization type so
membership functions M, (x ) are defined as

1 VARIVANS
o (x)=d1— ZEEY gy g Gy
ey @ —~znt ‘ c
0 ARIVANY

The equivalent LPP can be written as
Max Q
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@H" -z}

bjectto Q <& _~¢
Subject to @h -zt

ve=12,..,9
where Q =min{ M, (xi].)}

Step 3: Max Q represented as below-
Max Q

Subject to Z"+Q((Z")" —(Z")")<(Z")" Ve=1,2,..,9and Q>0 (16)

Zl= % ®lx ;Z7= ¥ @) x ;7= % ®lx

167 if 27" if 34777

(i,))ew, (i,)ewy, (i,f)ewy,

7N _ HN 7N _ HN 7N _ PN

Z4 - z cD4i/xi//Z5 - Z cI)Sijxij’Zé - Z q)éi/'xi/" (17)
(1,])ewn (1,])ewn (z,])ewn

7N _ H1 7N _ PN 7N _ H1

Z7 - z q)7ijxij’ZS - z q)Sijxij’Z9 - Z q)9ijxij
(i,j)ew, (i,j)ew, (i,j)ew,

Along with the same subject to constraints (2) and (3).
Using LINGO 18.0 software can easily solve the above model
equations (16) and (17) we get the optimal solution.

4. Numerical example

Figure 1

Represent the network for solving NMCFP
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Table 2
Consider the data set for solving NMCFP

T | H | Neutrosophic cost (Ci’j?) C | T | H | Neutrosophic cost (C;) C

1 |3 |<(1,47),(1,35),@35 40 |3 |6 |<(1,5,8),(1.545,75) |100
6,7.5) > (4,6.5,9)>

1 |4 |<(0525,45),(1,2,3), |10 |3 |7 |<(1,5,8),(1.5,3,6.5), (4, |90
(1.5,3.5,5.5)> 7,9)>

1 |5 [<@,35),051535), |15 |4 |5 |<(10,15,20), (14, 16,22), | 15
3,4, 6)> (12,15, 19)>

2 |3 [<(1,23),(0515,25), |50 [4 [6 |<(20,25,30),(24,26,32), |30
(1.5,2.5,3.5)> (22, 25, 29)>

2 |4 [<(1,154),(05,1,25), |80 |4 |7 |<(15,20,25),(19,21,27), | 20
(2.25,3,4.25)> (17, 20, 24)>

2 |5 |<(15,25,35),(1,15,3), |40 |5 |6 |<(13,18,23),(17,19,25), |15
©,3,4)> (15, 18, 22)>

3 |4 [<@24,6), (15,2545, |20 |5 |7 |<(15,20,25),(19,21,27), | 100
3,5,7)> (17, 20, 24)>

Where C denotes “capacity” T denotes “Tail node” and H denotes
“Head node”

Solution: Step-1 The general formulation of the mathematical model for
the NMFP with neutrosophic cost by using data from the Figure 1 and
Table 2 is —

Min (Z") =

<(1,4,7),(1,3,5),(3.5,6,7.5) > x,,+ < (0.5,2.5,45),(1,2,3),(15,35,5.5) > x,,
+<(1,3,5),(0.5,1.5,35),(3,4,6) > x,.+ <(1,2,3),(0.5,15,2.5),(15,2.5,3.5) > x,,
+<(1,15,4),(0.5,1,2.5),(2.25,3,425) > x,, + < (15,2.5,35),(1,15,3),(2,3,4) > x,,
+<(2,4,6),(15,2.5,45),(3,5,7) > x,,+ < (1,5,8),(1.5,4.5,7.5),(4,65,9) > x,,
+<(1,5,8),(15,3,6.5),(4,7,9) > x,, + < (10,15,20),(14,16,22),(12,15,19) > x,.
+<(20,25,30),(24,26,32),(22,25,29) > x, + < (15,20,25),(19,21,27),(17,20,24) > x,,
+<(13,18,23),(17,19,25),(15,18,22) > x, + < (15,20,25),(19,21,27),(17,20,24) > x. .

Subject to constraints equation ............. **)
X5 +x, +x,=30; 0<x, <10; x,; +x,, +x,, =60; 0<x <15;

0 < b~ X, =0; 0<x,, <100;
0<x, <50; 0<x, <40; —x, —x, —x,, =-20; 0<x,, <80;
0<x,,<90; x5 +x,, +x, —x, —X,, —x,, =0; 0<x,, <15; 0<x, <15;
-x;, =-70; 0<x,, <30;

<20; 0<x_, <100

47 — 57 —

0<x,<40; 0<x,, <20; x,, +X,, +X,, =X

Xy~ Xy —X5; =—70; =X, —X

Xgy + Xy =Xy — X0 =X, =0; 0<x

47
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Step 2: The above objective function can now, be expressed as nine distinct
classical objective functions
Min (Z7])=1x, +0.5x , +1x , +1x,, +1x,, +1.5x,, +2x,, +1x,, +1x,,
+10x,, +20x,, +14x,, +13x,, +15x,,.

Min (Z7) = 4x,, +2.5x,, +3x, +2x,, + 1.5x,, +2.5x,, +4x,, +5x, +5x,,
+15x,; +25x,, +20x,, +18x, +20x,,.

Min (Z1)=7x,, +4.5x,, +5x,, +3x,, +4x,, +3.5x,, +6x,, +8x, +8x,,
+20x,, +30x,, +25x,, +23x,, +25x,,.

Min (Z7)=1x,, +1x,, +0.5x,, +0.5x,, +0.5x,, + 1x,, + 1.5x,, +1.5x,,
+1.5x,, +14x,, +24x, +19x,, +17x, +19x,,.

Min (Zg) =3x,, +2x, +1.5x, +1.5x,, +1x,, +1.5x, +2.5x,, +4.5x,,

+3x37 + 16x45 + 26x46 +21x,, + 19x56 + 21x57.

Min (ZZ) =5x,, +3x,, +3.5x,, +2.5x,, +2.5x,, +3x,, +4.5x,, +7.5x,
+6.5x,, +22x,, +32x, +27x,, +25x, +27x,,.

Min (2’7’) =3.5x, +1.5x,, +3x, +1.5x,, +2.25x,, +2x,, +3x,, +4x,,
+4x37 + 12x45 + 22x46 +17x,, + 15x56 + 17x57.

Min (Z7) = 6x,, +3.5x,, +4x,, +2.5%,, +3x,, + 3%, +5x,, +6.5x, +7x,,
+15x,; +25x,, +20x,, +18x,, +20x,,.

Min (Zg) =7.5x,, +5.5x,, +6x,+3.5x,, +4.25x,, +4x,, +7x,, +9x,,
+9x,, +19x,5 +29x, +24x,, +22x, +24x,.

Along with the same constraints (**)

After solving step 2a, we get the solutions-Z"=305; Z=825;
27 =1265; 7" =355; 7! =625; Z!=1085; Z! =670; Z! =1070; Z! =1380;
and x,=30, x,=0, x,=0, x,, =50, x,, =0, x,. =10, x,, =0, x,, =10,
x, =70, x,,=0, x,, =0, x,, =0, x,, =10, x,, =0

After solving step-2b and step-2c using the two equations (14) and
(15), we get the

36
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lower (Z")" =305 and upper (Z")" =1380. Now, the lower (Z")"and
upper (Z")" value step 2 can be written in the form of step 3.

Step-3: Now, a objective function are form as-
Max Q

Subject to-

Z" +1075Q < 1380; Z7 +1075Q <1380; Z +1075Q < 1380;
2" +1075Q <1380; Z! +1075Q <1380; Z! +1075Q < 1380;
27 +1075Q <1380; Z! +1075Q <1380; Z! +1075Q <1380; Q>0

and along with the same constraints (**).

Now using LINGO 18.0, to solve the above LP model we get the
optimal solution.

Hence, the solution ((305,825,1265),(355,625,1085),(670,1070,1380))
and x, =30, x,=0, x,=0, x,,=50, x,, =0, x,,=10, x,, =0, x,, =10,
x, =70, x,=0, x,=0, x,=0, x,, =10, x,=0

5. Conclusion

The Classical MCF problem is characterized by parameters such as
flow cost, supply, demand, and capacity, which are typically fixed. In the
field of MCF problems, each contributes unique methodologies and
approaches to address complex and multi-faceted challenges This article
explores the MCF problem to obtaining the optimal solution in terms of
uncertainty. Our aim to solve the numerical problem of the bounded
minimal flow problem with neutrosophic flow cost, using triangular
neutrosophic numbers and LINGO 18.0 software.
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