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Abstract

A logarithmic penalty method for linear optimization problem with a new approximate
function is analyzed. The function addressed makes it possible to offer a displacement-step
without major difficulties.We consider some numerical results which show the superiority
of this approach versus line search methods.
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1. Introduction

The domain of linear optimization (LO) is one of the most widely
used techniques in economics and industry. Many efficient approaches
have been proposed to correctly resolve (LO). Among the most effective
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are those of the simplex and of interior point methods [1, 10, 11, 14, 15]. A
logarithmic penalty methods using majorant or minorant functions are a
class of interior point methods, introduced initially by Jean Pierre Crouzeix
and Bachir Merikhi [4]. Based on the work of [4], Linda Menniche and
Djamel Benterki [12], L. Menniche et al. [13] proposed some new
approximate functions that offers displacements steps with a simple
technique. Similarly, Larbi Cherif and Bachir Merikhi [2] proposed a
penalty method using the technique of majorant function for solving
nonlinear programming problem. The objective of our work is to improve
the logarithmic barrier algorithm by proposing a new approximate
function in order to avoid the technique of line search of Wolfe and
improve the algorithm proposed by L. Menniche et al. [13]. This
approximate function makes it possible to get closer more to the logarithmic
barrier function and to significantly reduce the number and the
computation time of an iteration.

The paper is composed of five sections: section 2 is reserved for a
synthesis of the linear programming problem and its perturbed problem
with some notations needed later. In section 3, we briefly present the
barrier interior point method and propose a new approximate function for
calculating the displacement-step. Concerning section 4, we present
numerical experiments on some examples of linear programming
problems to show the efficiency of our new proposed approach. We also
give comparative results with those obtained by the approximate function
proposed by L. Menniche and al. [13] and those obtained by the line search
methods. Finally, a conclusion closes section 5.

2. Formulation of the problem
Consider the canonical linear problem
(D): minb'y, Subject to: A’y >c,y e R",

with A a R™" -matrix of full rank, ce R" and beR".
and its dual problem

(P):max c'x, Subject to: Ax=b,x e R".

Preliminaries

The scalar product of x,y in R" is
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n
t
<X, y>=x y=Z‘ixiy,..
iz

The Euclidean norm of weR" is ||w|=<w,w 57,

In all the following, we suppose that the set of primal-dual strict
feasibility solutions is not empty (condition C1).

Let (D,) be the solutions of (P) and (D) perturbed problem without
constraints associated to (D). (D,) is formulated as

(D,):min g (y), y e R".
Where for a strictly positive real r, we have

b +nrlnr—ri<At —c,e >ifAly—c>0,
g.(y)= y & Y i Y

+o0 otherwise.

With (e,,i=1,...,n) denotes the canonical base in R".

3. Resolution of the perturbed problem (D)

Since g, is strictly convex, then if the problem (D,) admits an optimal
solution, it is unique.

To prove that (D,) admits a solution, it is sufficient to demonstrate
that the following set of cone of recession amounts to zero:

R,((g,)..)=1deR", (g,),(d) <0} ={0}
where
(g,),(d)= l}j{o‘ gr(y+tdt)—gr(y) — .
Lemma 3.1: [12] Suppose that the condition C1 holds and A'd >0, if b'd<0
then d=0.

3.1 Study of the convergence of (D,)

Lemma 3.2: [12] Let >0 and y, be a solution of (D,). then the feasible point
y becomes optimal of (D) where: linol v, =Y.

3.2 Computation of Newton'’s descent direction
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To resolve the problem (D,), we apply an interior point method. The
optimality conditions are satisfied because (D,) is strictly convex.
Consequently, (y,) will be a solution of (D,) when it verifies:

Vg .(y,)=0.

Thus, Newton'’s iteration is defined as v, , =y, +4d,,
with d, is obtened by

V'8, ()ld, =-Vg,(y).

Nothing ensures that the new iterated remains strictly feasible. To
remedy this problem, we add at each iteration t,, which satisfies
Al(y, +td)—c>0.

3.3 Effective computation of t,

The calculation of t, generally passes by line search. Unfortunately,
these laters are enormously expensive and impossible in certain difficult
problems among which those of semidefinite programming. To avoid this
difficulty, Jean-Piere Crouzeix and Bachir Merikhi [4] and Linda Menniche
and Djamel Benterki [12] have introduced another simple approach based
on majorant function y, to approaches the following function

()= (3, (y+td) - g, (), (3.1)
such that yand y +td are strictly feasible

This function y, offers by a simple manner, a displacement step at
each iteration. The efficiency of this displacement step can be measured by
numerical tests established at the end of this work.

Before presenting our new minorant function, we give in the following
lemma another simple form of the function y(¢).

— t
Lemma 3.3: [12] We set t =suplt, Subject to 1+tz, >0} and z, = w,
bo<e Aly—c>
Vi=1,n.
w(t) can be reformulated as
w(O)=t3z,~ | z|P) - XIn(1+tz,),t 0,F], (3.2)
i1 i-1

such that

w(0)=0,p'(0)=—y"(0) =l z|. (3.3)
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3.3.1 Approximate functions of

a) Approximate function y,
We looked for an approximate functions w, of y on [0, ] such that
y, verifies (3.3). In [12], the authors applied the Theorem 5 given in
[4] and proposed the approximate function

vy (B)=ty, —(n-1)In(1+a,)~In(1+4,), (3.4)
with
ro=rE-ll
F’
=7 o-\/—
and
X= %ixi,az %i(x -x) —72x

i=1 i=1

When we set x, =1+tz,, then X=1+1z and o, =to_,

It is clear that y, is defined and convex on [O,?O[, with
t, =suplt,Subjectto 1+14, >0} and satisfied (3.3).

b) New approximate function v, of y(t)

Here, we propose a simpler function than y involving only one
logarithm given by

2 2
vy (=t —pin 20, vi>0,0<p<1. (3.5)
0 0
In this lemma, we give the relation between y and his approximated
v, and y .

Lemma 3.4: Let y, and v, as defined in (3.4) and (3.5). Then, y, and v,
are strictly convex on the interval [0, [, and satisfies

vy <w(t) <y, (t)<+w, Ve O,?O[.

Proof: We have w(t)=nzt—t| z | —iln(l +1z,), we set
i-1
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HO =By (0,
=(y, _w)t—iln(l+tz )+ ln(l+%)
i) )+p =)

Then
$(0)=¢'(0)=0,

and we have Vt>0

2 n .
pO)=y, - ooy B
0

[¢7 o 1+tz; 1+tHZ||
%
and
2
" 3 Z; 2‘2
t)= L -2 >0.
¢ () Z% [1+tzij HZHZ 2
1+t
%
Which gives

v () <w(t), VE=0.
So, since w(t) <y, (t) <+ holds from Theorem 5 given in [4], then
v (<) <y () <+, VEe0, L.
Unique minimum of the functions y,, and y are given respectively
by

2
ty="20, t,=b,—\bl-c,,

N TR 0o N
2
1 bt |4
me%:{iﬂLJde%zHH.
2\n @ A afoo

3.4 Description of the algorithm

¢ Begin

e Initialization: Let y, € R", such that A'y,>c, d, eR", ¢ a fixed
precision and k=0.

e While |V'd, |>¢
- Resolve [V?g (y)ld, =-Vg.(v,),
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-Compute z and o,

- Obtain t, using approximate function y, or w, or line search
methods,

-Take y,, =y, +1,d,

-Set k=k+1.
e End while
e End.

4. Numerical tests

This section is reserved for comparative tests of the obtained algorithm
on different examples with fixed-dimension and variable-dimension of
linear programming problems [8, 9] using MATLAB R2008b language.

We set:
(1) (K) iteration number,
(2) (CPU) necessary computation time,

(3) (Ls) classical Wolfe’s line search.
The taken precision ¢:=10""

We summarize in the table below the obtained results for different
examples with fixed-dimension.

ty £, Ls
K CPU K CPU K CPU
Example 1 16 0.0116 16 0.0115 19 0.0194
Example 2 17 0.0130 27 0.0405 19 0.0220
Example 3 21 0.0252 28 0.0276 24 0.0340
Example 4 21 0.0173 21 0.0152 20 0.0220

4.1 Variable-dimension example

(D) min[2(y, +y,+,-,+y, )]
y,—120, Vi=1,m, and n=2m.
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We summarize in the table below the obtained results for different
dimensions (m, n).

ty £ Ls
(m,n) K CcpPUu K crPu K Cru

(100,200) 19 1.2383 21 3.9275 21 3.8405

(200,400) 18 4.6955 19 11.7435 22 5.1735

(300,600) 18 16.1931 21 19.31 22 20.0657

(400,800) 18 62.744 21 65.2224 23 69.7205
(500,1000) 18 137.6894 22 171.69 24 182.500
(600,1200) 17 296.8285 22 315.95 24 337.4537
(1000,2000) 18 1038.2 22 1370.8 24 14771

Comments on the obtained results

In established numerical tests, approximate functions require an
acceptable number of iterations to yield a solution of (D) in minimal time.
Besides, our new approximate function y,; is the best, compared with the
approximate function y, and line search Wolfe’s method

5. Conclusion

This study shows that the approximate functions offered displacement
steps that introduced the improvement of the penalty methods. In fact, the
computation time, and the number of iterations, are considerably reduced
compared to Wolfe’s line search methods.
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