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Abstract
Graph polynomials based on distance and degree are helpful and necessary because 

they contain much information about topological indices.
In this article, the general inverse sum indeg index and the generalized inverse sum 

indeg polynomials are calculated for the molecular graph and the line graph of the Titanium 
dioxide nanotubes. Then, with their help, some polynomials and some degree-based 
topological indices of the molecular graph and the line graph of Titanium dioxide nanotubes 
are obtained.
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1.  Introduction

Graph theory is used in chemistry for modeling. Study in nanoscale 
leads to drastic changes in material properties. Numerical calculations are 
of particular importance in nanoscale simulations.

Suppose G = (V, E) is a simple and connected graph. We represent the 
set of edges with E(G) and the number of edges with | ( )|E G  and the set of 
vertices with V(G), and the number of vertices with| ( )|.V G  

In graph G, we denote the degree of vertex u by ud  and if there is an 
edge between two vertices u and v, denoted it by ( ).uv E G∈
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In a molecular graph, the topological index is expressed as an actual 
number, and this number is attributed to the graphs, uniform with that 
molecule. The topological index also indicates some of the properties of 
the molecule. 

Definition 1.1: The general inverse sum indeg index of a graph G, denoted 
by ( , ) ( ),ISI Ga b  and defined as [4]:

( , )
( )

( ) ( ) ( )u v u v
uv E G

ISI G d d d da b
a b

∈

= +∑

Some degree-based indices of graph G can be obtained from 
the generalized ( , ) ( )ISI Ga b

 
index by assigning specific values to the 

parameters a  and b
 
(see Table 1). For details, see [6, 8, 10, 11], and the 

references cited therein. 
Table 1

Some topological index definition and Corresponding ISI(a, b)(G).

Topological index Topological index definition
Corresponding 

ISI(a, b)(G)

First Zagreb index 1
( )

M ( ) ( )u v
uv E G

G d d
∈

= +∑
(0,1)( )ISI G

Second Zagreb index 2
( )

( ) ( )u v
uv E G

M G d d
∈

= ∑
(1,0)( )ISI G

Randic index
( )

1( )
uv E G u vd d

R G
∈

= ∑ 1
2

( ,0)
( )ISI G

−

Sum connectivity index
( )

1( )
uv E G u vd d

SCI G
∈ +

= ∑ 1
2

(0, )
( )ISI G

−

Harmonic index
( )

2( )
uv E G u vd d

H G
∈ +

= ∑ (0, 1)2 ( )ISI G−

Hyper Zagreb index
2

( )
( ) ( )u v

uv E G
HM G d d

∈
= +∑ (0,2)( )ISI G

Redefined third Zagreb 
index 3

( )
ReZG ( ) ( )( )u v u v

uv E G
G d d d d

∈
= +∑

(1,1)( )ISI G

Geometric Arithmetic 
index ( )

2( ) u v

uv E G u v

d d
d d

GA G
∈ +

= ∑ 1
2

( , 1)
2 ( )ISI G

−

Inverse sum indeg index
( )

( ) u v

uv E G u v

d d
d d

ISI G
∈ +

= ∑ (1, 1)( )ISI G−

General sum connectivity 
index ( )

( ) ( )u v
uv E G

G d d a
ac

∈
= +∑ (0, )( )ISI Ga

Generalized Randic´ 
index ( )

( ) ( )u v
uv E G

R G d d a
a

∈
= ∑ ( ,0)( )ISI Ga



TOPOLOGICAL INDICES OF MOLECULAR GRAPH� 97

Different topological indices can be obtained with the help of 
polynomials by point quantification directly or by taking integrals or 
derivatives.

Definition 1.2: In a non-empty graph G, if each edge is considered as a 
vertex and the two vertices are connected, if the corresponding edges of 
the two vertices are adjacent to G, the resulting graph is denoted by L(G) 
and is called the line graph of G [2].

Definition 1.3: The generalized inverse sum indeg polynomial of a graph 
G, denoted by ( , ) ( , ),ISI G xa b  and defined as [3]:

( ) ( )
( , )

( )
( , ) ,u v u vd d d d

uv E G
ISI G x x

a b

a b
+

∈

= ∑

Where a and b
 
are some real numbers (see Table 2).

Table 2 shows the relationships between generalized inverse sum 
indeg polynomial and other polynomials associated with topological 
indices [12].

Table 2
Polynomials associated with Topological indices and Corresponding  

ISI(a, b)(G, x).

Polynomials associated 
with Topological indices Polynomial definition

Corresponding 
ISI(a, b)(G, x)

First Zagreb polynomial
( )

1
( )

( , ) u vd d

uv E G
M G x x +

∈
= ∑ (0,1)( , )ISI G x

Second Zagreb 
polynomial

( )
2

( )
( , ) u vd d

uv E G
M G x x

∈
= ∑ (1,0)( , )ISI G x

Hyper Zagreb 
polynomial

2( )

( )
( , ) u vd d

uv E G
HM G x x +

∈
= ∑ (0,2)( , )ISI G x

Redefined third Zagreb 
polynomial

( )( )
3

( )
Re ( , ) u v u vd d d d

uv E G
ZG G x x +

∈
= ∑ (1,1)( , )ISI G x

General sum connectivity 
polynomial

( )

( )
( , ) u vd d

uv E G
G x x

a

ac +

∈
= ∑ (0, )( , )ISI G xa

Generalized Randic´ 
polynomial

( )

( )
( , ) u vd d

uv E G
R G x x

a

a
∈

= ∑ ( ,0)( , )ISI G xa
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1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40

Different topological indices can be obtained with the help of 
polynomials by point quantification directly or by taking integrals or 
derivatives.

Definition 1.2: In a non-empty graph G, if each edge is considered as a 
vertex and the two vertices are connected, if the corresponding edges of 
the two vertices are adjacent to G, the resulting graph is denoted by L(G) 
and is called the line graph of G [2].

Definition 1.3: The generalized inverse sum indeg polynomial of a graph 
G, denoted by ( , ) ( , ),ISI G xa b  and defined as [3]:

( ) ( )
( , )

( )
( , ) ,u v u vd d d d

uv E G
ISI G x x

a b

a b
+

∈

= ∑

Where a  and b  
are some real numbers (see Table 2).

Table 2 shows the relationships between generalized inverse sum 
indeg polynomial and other polynomials associated with topological 
indices [12].

Table 2
Polynomials associated with Topological indices and Corresponding  

ISI(a, b)(G, x).

Polynomials associated 
with Topological indices Polynomial definition

Corresponding 
ISI(a, b)(G, x)

First Zagreb polynomial
( )

1
( )

( , ) u vd d

uv E G
M G x x +

∈
= ∑ (0,1)( , )ISI G x

Second Zagreb 
polynomial

( )
2

( )
( , ) u vd d

uv E G
M G x x

∈
= ∑ (1,0)( , )ISI G x

Hyper Zagreb 
polynomial

2( )

( )
( , ) u vd d

uv E G
HM G x x +

∈
= ∑ (0,2)( , )ISI G x

Redefined third Zagreb 
polynomial

( )( )
3

( )
Re ( , ) u v u vd d d d

uv E G
ZG G x x +

∈
= ∑ (1,1)( , )ISI G x

General sum connectivity 
polynomial

( )

( )
( , ) u vd d

uv E G
G x x

a

ac +

∈
= ∑ (0, )( , )ISI G xa

Generalized Randic´ 
polynomial

( )

( )
( , ) u vd d

uv E G
R G x x

a

a
∈

= ∑ ( ,0)( , )ISI G xa
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2. � The structure of the molecular graph and the line graph of the Tita-
nium dioxide nanotube 

Titanium dioxide nanotubes, abbreviated as 2[ , ],TiO m n  are one of 
the most essential and practical compounds in materials science that have 
many applications in the production of catalytic materials, gas sensors, 
biomedical devices, solar cells, etc.

One of the characteristics of Titanium dioxide nanotube sheets is 
the considerable stability of its atomic multilayer sheets [5]. Malik et. al. 
calculated the Zagreb indices in Titanium dioxide nanotubes [7]. Recently, 
A. Ahmad et. al. computed the degree-based topological indices of the 
line graph of benzene ring [1]. Also, Raheem et. al. used M-Polynomials to 
calculate topological indices in Titanium dioxide [9].

The molecular graph of 2[ , ]TiO m n nanotubes is shown in Figure 1, 
where m represents the number of octagons in a row and n represents the 
number of octagons in a column of Titanium dioxide nanotubes.

Figure 1
The molecular graph of 2[ , ].TiO m n

In this article, the molecular graph of Titanium dioxide nanotubes is 
denoted by G, its line graph by .G′  There are four types of edges in the 
molecular graph of Titanium dioxide nanotubes:

{ } { }
{ } { }

1 2

3 4

( , ) (G),d 2, 4 , ( , ) (G),d 2, 5 ,

( , ) (G),d 3, 4 , ( , ) (G),d 3, 5 .
u v u v u v u v

u v u v u v u v

E d d uv E d E d d uv E d

E d d uv E d E d d uv E d

= ∈ = = = ∈ = =

= ∈ = = = ∈ = =

According to Figure 1, we have the following Table 3 for the molecular 
graph of Titanium dioxide nanotubes:
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Table 3
The number of edges in the molecular graph of Titanium dioxide nanotubes.

du + dvdudvNumber of edgesEdge type
686m+2E1

7104mn+2m+2E1

7122m+2E1

8156mn+6n-2m-2E1

The status of the rows and columns in the molecular graph of the 
Titanium dioxide nanotube is shown in Figure 2.

Figure 2
The line graph of the Titanium dioxide nanotube.

There are ten types of edges in line graph of Titanium dioxide 
nanotubes:

{ } { }
{ } { }
{ } { }

1 2

3 4

5 6

7

( , ) ( ),d 2, 3 , ( , ) ( ),d 2, 5 ,

( , ) ( ),d 3, 4 , ( , ) ( ),d 3, 6 ,

( , ) ( ),d 4, 4 , ( , ) ( ),d 4, 5 ,

( , ) ( ),

u v u v u v u v

u v u v u v u v

u v u v u v u v

u v

E d d uv E G d E d d uv E G d

E d d uv E G d E d d uv E G d

E d d uv E G d E d d uv E G d

E d d uv E G

′ ′ ′ ′= ∈ = = = ∈ = =

′ ′ ′ ′= ∈ = = = ∈ = =

′ ′ ′ ′= ∈ = = = ∈ = =

′ ′= ∈{ } { }
{ } { }

8

9 10

d 4, 6 , ( , ) ( ),d 5, 5 ,

( , ) ( ),d 5, 6 , ( , ) ( ),d 6, 6 .
u v u v u v

u v u v u v u v

d E d d uv E G d

E d d uv E G d E d d uv E G d

′ ′= = = ∈ = =

′ ′ ′ ′= ∈ = = = ∈ = =

According to Figure 2, we have the following Table 4 for the line 
graph of Titanium dioxide nanotubes.
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Table 4
The number of edges in the line graph of Titanium dioxide nanotubes.

du + dvdudvNumber of edgesEdge type
5621E′

71022E′

71283E′

91824E′

8168m+8n-65E′

9208m6E′

10248n-47E′

10254mn+4m8E′

113024mn-10m9E′

123611mn-4m-5n10E′

3.  Main Results

Given that in the molecular graph of Titanium dioxide nanotubes, 
there are always ( ) 2Gd =  and (G) 5,D =  so for each arbitrary vertex u, 
we have:

2 5.ud≤ ≤

Theorem 3.1: Let G be the molecular graph of Titanium dioxide nanotubes. Then 

( , ) (G) ( )(10) 7

( )(12) 7 ( )(

6 2)(8) 6 (4 2 2

2 2 6 6 15)2 8 .2

m mn m

n

I

m n m

I

m

S a b
a b

a b

b

b a

a+ + +

+

+

−

=

−+ + +

Proof:

1 2

3 4

( , )
( )

( ) [ ] [ ]

[ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ]

(6 2)(8) 6 (4 2 2)(10) 7 (2 2)(12) 7
(6 6 2 2)(15) 8 .

u v u v
uv E G

u v u v u v u v
uv E uv E

u v u v u v u v
uv E uv E

ISI G d d d d

d d d d d d d d

d d d d d d d d

m mn m m
mn n m

a b
a b

a b a b

a b a b

a b a b a b

a b

∈

∈ ∈

∈ ∈

= +

= + + +

+ + + +

= + + + + + +

+ + − −

∑

∑ ∑

∑ ∑
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Theorem 3.2: Suppose that G is the molecular graph of Titanium dioxide 
nanotubes. Then 

1

2

3.6

. (

33

) 7

2

6 48 48 24 ,
. ( ) 130 62 9 30,
. ( ) 2.8141 2.8147 1.5492 1.4005,
. 3.2542 2.1213 0.6808

1.3304 3.08
( ) ,

. ( ) ,
. ( ) 0.17

04 0.187
54 0.2170 0.0

5 1.747
9

m

i M G mn m n
ii M G mn m n
iii R G mn

n m n
m

m n
iv SCI G
v H G n
vi HM mn

m n
G m

= + + +

= + + +

=
+ + +

+ + +

+ + +
=

=
= + +

3

9.4236 7.3344 5.8094 3.5632
16.9643

375 0.1059

9.9643 11.25 4.6309
6 2)6 (4 2 2 2 2

6 6 2 2
6 2)

,
. Re ( ) 352 356 72 164,
. ( ) ,

. ( ) ,
. ( ) ( )7 ( )7

( )8 ,
. ( ( ()

mn m n
mn

n
vii

m n
m mn m

ZG G mn m n
viii GA G
ix IS

m
mn n m

I G
x G

xi mR G

a a a
a

a

a

c

+ + +
+ +

+
= + + +

=
=

=

+

+ + + +

=

−

+ +

+

+ + −

)(10) ( )(12)8) (4 2
( )(1

2 2 2
6 56 2 2 ) .

mn m m
mn n m

a

a

a a +

+

+ + + +

+ − −

Proof: By using the relations in Table 1 and placing them in Theorem 3.1, 
the proof is complete.

Theorem 3.3: Let G be the molecular graph of Titanium dioxide nanotubes. Then 
the general inverse sum indeg polynomial of G is given by

(10) 7
( , )

(12) 7 (15) 8

(8) 66 2) (4 2 2

2 2 6 6 2

(G, x) ( )

( ) 2( ) .

ISI x x

x x

m mn m

m mn n m

a b

a b a

a b

b

a b + + + +

+ + −+ +

=

−

Proof:

1 2 3

4

[ ] [ ]
( , )

( )

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ]

(10)( 7 (12) 7

(

8)

15 8

6

)

(G, )

( ) (6 2) (4 2 2 2 2
6 6 2 2

)
( )

u v u v

u v u v u v u v u v u v

u v u v

d d d d

uv E G

d d d d d d d d d d d d

uv E uv E uv E

d d d d

uv E

ISI x x

x x x

x

x x x
x

m mn m m
mn n m

a b

a b a b a b

a b

a bb a ba

a b

a b
+

∈

+ + +

∈ ∈ ∈

+

∈

=

= + +

+

= +

+

+ + + + +

+ − −

∑

∑ ∑ ∑

∑

.
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Theorem 3.4: Let G be molecular graph of Titanium dioxide nanotubes. Then 
7 7

1
8

10 12

6

8

36

2
15

49 49

64

3

6 2) (4 2 2 2 2
6 6 2 2

6 2) (4 2 2 2 2
6 6

. (G, x) ( ) ( )
( ) ,

. (G, x) ( ) ( )
( ) ,

. HM(G, x) ( ) ( )
( ) ,

i . Re (

2 2
6 2) (4 2 2 2 2

6 6 2 2
G (6, x 2)

m mn m m
mn n m

m mn m m
mn n m

m

i M x x x
x

ii M x x x
x

iii x x x
x

v ZG

mn m m
mn n m

m

= +

+

= +

+

+ + + + +

+ − −

+ + + + +

+ − −

+ + + + +

−

= +

=

−+ +

+ 48 70 84

120

76

8

7

8

10 12

15

) ( )
( ) ,

. (G, x) ( ) ( )

) (4 2 2 2 2
6 6 2 2

6 2) (4 2 2 2 2

6 6 2 2
6 2) (4 2

( ) ,
. (G, x 2 2 2

6 6 2

) ( ) ( )

( ) .2

x x x
x

v x x x

x

mn m m
mn n m

m mn m m

mn n m
m mn m m

m

vi R

n

x x

xn m

x

a a

a a

a

a

a

a

a

a

c

+

+

= +

+

= +

+

+ + + +

+ − −

+ + + + +

+ − −

+ + + + +

+ − −

Proof: By using the relations in Table 2 and placing them in Theorem 3.3, 
the proof is complete.	

Theorem 3.5: Let G′  be line graph of Titanium dioxide nanotubes. Then 

( , ) ( ) (2)(6) 5 (2)(10) 7 (8)(12) 7 (2)(18) 9

( )(16) 8 ( )(28 8 6 8 8 4
4 4 24 1

0)
0

11 4

9 ( )(24) 10
( )(25) 10

5
( )(30) 11

( )(36) 12 .

m n m n
mn m mn

ISI

m

G

mn m n

a b a b a b a b
a b

a b a b a b

a b a b

a b

′

+ − −

+ −

= + + +

+ + +

+ +

− −+

Proof:

1 2 3

4 5 6

7

( , )
( )

( ) [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [

u v u v
uv E G

u v u v u v u v u v u v
uv E uv E uv E

u v u v u v u v u v u v
uv E uv E uv E

u v u v
uv E

ISI G d d d d

d d d d d d d d d d d d

d d d d d d d d d d d d

d d d d

a b
a b

a b a b a b

a b a b a b

a b

′∈

′ ′ ′∈ ∈ ∈

′ ′ ′∈ ∈ ∈

′∈

′ = +

= + + + + +

+ + + + + +

+ + +

∑

∑ ∑ ∑

∑ ∑ ∑

∑
8 9

10

] [ ] [ ] [ ]

[ ] [ ]

(2)(6) 5 (2)(10) 7 (8)(12) 7 (2)(18) 9 ( )(16) 8
( )(20) 9 ( )(24) 10 ( )(25)

8 8 6
8 8 4 4 4
24

10
( )(10 1130) 11 ( 4

u v u v u v u v
uv E uv E

u v u v
uv E

m n

d d d d d

m n mn m
mn m mn m

d d d

d d d d

a b a b

a b

a b a b a b a b a b

a b a b a b

a b

′ ′∈ ∈

′∈

+ + +

+ +

= + + + +

+

+ −

+ +

+

− +

− + −

∑ ∑

∑

)(36 25 ) 1 .n a b−
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1 2 3

4 5 6

7

( , )
( )

( ) [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [ ] [ ] [ ] [ ]

[ ] [ ] [

u v u v
uv E G

u v u v u v u v u v u v
uv E uv E uv E

u v u v u v u v u v u v
uv E uv E uv E

u v u v
uv E

ISI G d d d d

d d d d d d d d d d d d

d d d d d d d d d d d d

d d d d

a b
a b

a b a b a b

a b a b a b

a b

′∈

′ ′ ′∈ ∈ ∈

′ ′ ′∈ ∈ ∈

′∈

′ = +

= + + + + +

+ + + + + +

+ + +

∑

∑ ∑ ∑

∑ ∑ ∑

∑
8 9

10

] [ ] [ ] [ ]

[ ] [ ]

(2)(6) 5 (2)(10) 7 (8)(12) 7 (2)(18) 9 ( )(16) 8
( )(20) 9 ( )(24) 10 ( )(25)

8 8 6
8 8 4 4 4
24

10
( )(10 1130) 11 ( 4

u v u v u v u v
uv E uv E

u v u v
uv E

m n

d d d d d

m n mn m
mn m mn m

d d d

d d d d

a b a b

a b

a b a b a b a b a b

a b a b a b

a b

′ ′∈ ∈

′∈

+ + +

+ +

= + + + +

+

+ −

+ +

+

− +

− + −

∑ ∑

∑

)(36 25 ) 1 .n a b−

Theorem 3.6: Suppose that G′  is the line graph of Titanium dioxide nanotubes. 
Then 

1

2

. ( ) 436 18 84 10 ,
. ( ) 1216 56 140 28,
. R( ) 7.999 1.0964 2.7996 1.9133,
. SCI( ) 11.6766 2.5902 3.9149 1.9545,

. H( ) 6.997 1.293 2.7666 1.8016,
. HM( ) 0.1246 0.1

i M G mn m n
ii M G mn m n
iii G mn m n
iv G mn m n
v G mn m n
vi G mn

′ = + + +
′ = − + −

′ = + + +
′ = + + +

′ = + − +
′ = +

3

533 0.1703 0.1750,
. ReZG ( ) 13672 1564 784 532,
. GA( ) 35.7006 5.9918 10.8384 4.3738,

ix . ISI( ) 108.4545mn 4.5050m 20.2n 1.3714,
x . ( ) (2)5 8 8(10)7 ( )8 ( )9 (

8 n
6 8 2 4 4

m n
vii G mn

m n

m n
v

m

iii G mn m n

m m
G
G na a a a

ac + −

+ +
′ = − + −

′ = + + +
′ = + + +
′ = + + ++ +

+

+

− 4)10 ( )11 ( )12 ,
xi . R ( ) (2)(6) (2)(

24 10 11 4 5
8 8 6

8 8 4 4 4 24 1
10) (8)(12) (2)(18) ( )(16)

( )(20) ( )(24) ( )(25) ( )(30)
( )(36

0
11 4 5 ) .

mn m mn m n
m n

m n mn m mn m
m n

G

mn

a a a

a a a a a
a

a a a a

a

+ +
′ =

− − −

+ −

− + −

− −

+ + + +

+ + + +

+

Proof: By using the relations in Table 1 and placing them in Theorem 3.5, 
the proof is complete.

 

Theorem 3.7: Let G′  be the line graph of Titanium dioxide nanotubes. Then the 
general inverse sum indeg polynomial of G′  is given by
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Proof:
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Theorem 3.8: Let G′  be the line graph of Titanium dioxide nanotubes. Then 
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Proof: By using the relations in Table 2 and placing them in Theorem 3.7, 
the proof is complete.
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4.  Conclusion

In this article, with the help of the general inverse sum indeg index 
and the generalized inverse sum indeg polynomial, some important 
polynomials were obtained in the molecular graph and line graph of 
Titanium dioxide nanotubes, and some degree-based topological indices 
were also calculated. According to the structure of Titanium Dioxide, all 
indices were obtained in terms of m and n. This method can also be used 
for other nanotubes.
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