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Abstract
Let H be a graph and   be an H-decomposition of G. The H-magic total labeling 

of a graph G is an assignment of integers set [1,| ( ) ( )|]V G E G


 to ( ) ( )V G E G


 such that: 
any vertex and any edge of G receive distinct integers, and the sum of all vertices receive 
integers and all edges receive integers on B is a constant for any .B∈� In this paper we study 
the H-super magic problems of balanced incomplete block designs and resolvable balanced 
incomplete block designs. 

Subject Classification:  (2010) 05B30, 05C78.

Keywords: H-(super) magic decomposition, Magic total labeling, k-factorable, Partition of set, 
Balanced incomplete block design.

1.  Introduction

Graph labelings provide useful mathematical models for a wide 
range of applications, such as communication networks, various coding 
theory problems, x-ray crystallography, cryptography, data security, 
astronomy and mobile telecommunication systems. About applications 
of graph labelings can be found in Bloom and Golomb’s papers [1] and 
[2]. Kalantari et al. in [3] tried to find applications of magic labeling in 
optimization theory. Baskoro et al. in [4] proposed a secret sharing scheme 
construction using edge-magic labeling. Wallis in [5] proposed edge-
magic total labeling for assigning addresses of communication networks 

Journal of Information & Optimization Sciences
ISSN  0252-2667 (Print), ISSN  2169-0103 (Online)
Vol. 45 (2024), No. 1, pp. 47–56
DOI : 10.47974/JIOS-1143

E-mail:	 zhiheliang@163.com

This work was supported by the National Natural Science Foundation of China (Grant No. 
11871190)

http://www.tarupublications.com
http://dx.doi.org/10.47974/JIOS-1143


48� Z. LIANG

and radar pulse codes. Hartnell and Rall in [6] proposed a game based on 
vertex-magic edge labeling.

Let v and k be integers with 2.v k≥ ≥  A balanced incomplete block 
design (denoted by ( , ,1))BIBD v k  on v points with block-size k is an 
incidence structure D= ( , , )V I  with: | |= ,V v  | |=B k  for all ,B∈  and 
for any set T of 2 points there are exactly one block incident with all points 
in T. So all blocks have the same size and every 2-subset of the point set is 
contained in the same number of blocks. An H-decomposition of a graph 
G is a set of subgraphs of G, say 1{ ,H  2 ,H ..., },nH  such that each edge 
of G belongs to exactly one of the subgraphs , [1, ]iH i n∈  and each iH  is 
isomorphic to H for any [1, ].i n∈  We also shall write H-decomposition of 
G for ( , ).GD G H  Let vK  denote the complete graph with v vertices. It is 
easy to see that a ( , ,1)BIBD v k  is a ( , ).v kGD K K

Let Z be the ring of integers, and let [ , ]a b = { |  , },x x Z a x b∈ ≤ ≤  [ , ]ka b =
{ |  , , (mod )}.x x Z a x b x a k∈ ≤ ≤ ≡  We stipulate [ , ] =a b f  if > .a b  We denote 
{ ( )| }f x x A∈  by ( )f A  if :f C D→  is a mapping and A C⊆  and denote 

i S
i

∈
∑  by S∑  if S is a number set.

We denote by ( )V G  and ( )E G  the set of vertices and the set of edges of 
a graph G, respectively. Let the simple graph G admits an H-decomposition 

.  The H-decomposition of G is said to be H-magic decomposition if 
there exists a bijection : ( ) ( ) [1,| ( ) ( )|]f V G E G V G E G→

 
 such that for all 

,B∈  
( ) ( )

( ) ( )
v V B e E B

f v f e
∈ ∈

+∑ ∑  is a constant (this constant is called weight of B 

or the H-magic decomposition). An H-magic decomposition of G is said to 
be H-super magic decomposition (simply, H-SMD) if ( ( )) = [1,| ( )|].f V G V G  
The f is said to be an H-(super) magic total labeling of G (simply, H-(S)
MTL).

Kotzig and Rosa [7] studied H-MTLs of some G if 2 .H K≅  Inayah 
et al. in [8] discussed magic and antimagic H-decompositions of some 
graphs. Zhu and Liang in [9] discussed the super ( , )a d -H-antimagic total 
labelings of path chain graph ( , , ).PCG H U n  So far there is an enormous 
literature built up on several kinds of labelings of graphs. For a survey of 
various graph labeling problems one may refer to Gallian [10].

In this paper we mainly investigate the existence of kK -super magic 
total labeling of vK  and factor-super magic total labeling of .vK

2.  The preliminary results 

A subset family = { | [1, ]}iP i m∈  of set [1, ]mk  is said to be an  
( , )m k -partition of [1, ]mk  if it satisfies the following conditions: for any 
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1 , ,i j m≤ ≤  | |= ,iP k  = ( )i jP P i j∅ ≠


 and 
=1

m

i
i

P


=[1, ].mk  If = { | [1, ]}iP i m∈  

is ( , )m k -partition of [1, ]mk  and 1P∑ = 2P∑ = = ,mP∑  then   is called 
( , )m k -magic partition of [1, ].mk

Let the simple graph G admits H-decomposition .  The graph  
G is said to be H-vertex (edge) magic if there exists a bijection 

: ( ) [1,| ( )|]vf V G V G→  ( : ( ) [1,| ( )|])ef E G E G→  such that for all ,B∈  

( )
( )v

v V B
f v

∈
∑  

( )
( ( ))e

e E B
f e

∈
∑  is a constant. The sum of all vertex (edge) labels on 

graph H is denoted by ( )vf H∑  ( ( )).ef H∑
In what follows, we are going to list some useful results. 

Theorem 2.1 : (see [11]) ( , )m k -magic partition of [1, ]mk  exists if and only if k 
is even and m is any, or both k and m are odd.

Theorem 2.2 : (see [12]) 
(1)	 If a ( , )GD G F  and a ( , )GD H G  exist, then a ( , )GD H F  exists.
(2)	� If the set [1, ]t  can be decomposed into m subsets such that the sum of all 

the elements in each subset is a constant, then so does the set [ 1, ]a a t+ +  
for any positive integer a.

Theorem 2.3 : (see [12]) 
(1)	� An H-edge magic decomposition of G exists is equivalent to there exists a 

( ,| ( )|)m E H -magic partition { | [1, ]}iA i m∈  of [1,| ( )|].E G
(2)	 �If both an H-vertex magic decomposition and an H-edge magic  

decomposition of G exist, then H-SMD of G exists.
(3)	 �Suppose that the graph H is a connected spanning subgraph with even size 

of G. If a ( , )GD G H  exists, then H-SMD of G exists.

3.  The K3-SMD of Kv 

The following Theorem 3.1 is easy to prove, we simply state it.

Theorem 3.1 : A 3K -decomposition of vK  exists is equivalent to there exists a 
( , 3,1).BIBD v  And if a ( , 3,1)BIBD v  exists, then there is 1v ≡  (mod 2).

Theorem 3.2 : (see [13]) A ( , 3,1)BIBD v  exists if and only if 1, 3v ≡  (mod 6).

Theorem 3.3 : A 3K -vertex magic decomposition of vK  exists if and only if 
= 3.v
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Proof: A 3K -decomposition of vK  contains ( 1)
6

v v−  3K ’s. Every vertex of 

vK  occurs in 1
2

v−  3K ’s. Let vf  be the 3K -vertex magic labeling of vK  and 

a  the weight of 3 .K  Since ( ( )) = [1,| ( )|] = [1, ],v v vf V K V K v  we have

=1

( 1) 1 1 ( 1)
6 2 2 2

.
v

i

av v v v v vi− − − += =∑

Thus a = 3( 1)
2

.v+  Again by Theorem 3.2 we have 1, 3v ≡  (mod 6).

Because the vertex labeled v  and the vertex labeled 1v −  must occur 

in one 3 ,K  then > ( 1) = 2 1,a v v v+ − −  i.e. 5
2

> 0.v−  Thus v = 3. It is obvious 

that there exists a 3K -vertex magic decomposition of vK  if = 3.v
The converse of this assertion is also valid. 	 

It follows immediately from Theorem 2.3 that the following result is 
true.

Theorem 3.4 : If a ( 1)
2| ( )|

( ,| ( )|)v v
E H

E H− -magic partition of the set [1, ( 1)/2]v v −  

exists, then a H-edge magic decomposition of vK  exists.

Theorem 3.5 : A 3K -edge magic decomposition of vK  exists if and only if 
3,7v ≡  (mod 12).

Proof : A 3K -decomposition of ,vK  say ,  contains ( 1)
6

v v−  3K ’s. Let vf  be 
the 3K -vertex magic labeling of vK  and a the weight of 3 .K  If a 3K -edge 
magic decomposition of vK  exists, then

( 1)/2 2

=1

( 1) ( 1)( 2)
6 8

.
v v

i

av v v v v vi
−

− − − += =∑

Thus a =
23( 2)

4
,v v− +  i.e. 2, 3v ≡  (mod 4). Again by Theorem 3.2 we 

have 3,7v ≡  (mod 12).
On the other hand, when = 12 3v t +  (or 12 7),t +  ( 1)

6
v v− = 224 10 1t t+ +  

(or 224 26 7)t t+ +  is odd. From Theorem 2.1 we obtain that a ( ( 1)/6, 3)v v −
-magic partition of the set [1, ( 1)/2]v v −  exists. Again from Theorem 3.4 
we obtain a 3K -edge magic decomposition of vK  exists. 	  

Theorem 3.6 : If a 3K -SMD of vK  exists, then 3,7v ≡  (mod 12).
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Proof : Let : ( ) ( ) [1,| ( ) ( )|]v v v vf V K E K V K E K→
 

 be a 3K -super magic 
labeling of ,vK  and   a 3K -SMD of vK  with weight a. Then

2 2( 1) ( 1)( 1) ( 1) ( 1)( 2)
6 4 2 8[ ( ( )) ( ( ))] .

B

av v v v v v v v v v vf V B f E B
∈

− − + − − − += + = + +∑ ∑ ∑


Thus a =
23( 5 4)

4
,v v+ +  i.e. 0, 3v ≡  (mod 4). Again by Theorem 3.2 we 

have 3,7v ≡  (mod 12). 	

Example 1 : A 3K -SMD of 7K  with weight 66 is as follows.
Let 7( )V K =[1,7]  and 7 7: ( ) ( ) [1, 28].f V K E K →


 Define ( ) = ,f i i  if 

7( ).i V K∈  If 3( )V K = { , , },a b c  then we denote 3K  by { , , }.a b c
It is easy to verify that  = {{1, 2, 4}, {2, 3, 5},  {1, 3,7},  {1, 5, 6},  {3, 4, 6},   

{2, 6,7},  {4, 5,7}}  is a 3K -decomposition of 7 .K Define {28,8, 23}, {27,9, 20},  
{26,10,19},  {25,11,18},  {24,12,17},  {22,15,14},  {21,16,13}  are the sets 
of edge labeling of the cycles {1, 2, 4}, {2, 3, 5}, {1, 3,7}, {1, 5, 6}, {3, 4, 6},
{2, 6,7}, {4, 5,7},  respectively. Then   is a 3K -SMD of 7K  with weight 66.

Example 2 : A 3K -SMD of 15K  with weight 228 is as follows.
Let 15( )V K =[1,15]  and 15 15: ( ) ( ) [1,120].f V K E K →


 Define ( ) = ,f i i  

if 15( ).i V K∈  If 3( )V K = { , , },a b c  then we denote 3K  and 3( ( ))f E K  by , ,a b c  
and ( ), ( ), ( ),f ab f bc f ca  respectively. For any ,B∈  ( ( ))f E B  is defined as 
follows: 

 B 1,2,3 4,8,12 5,10,14 6,11,13 7,9,15
( ( ))f E B 120,16,86 107,27,70 101,35,63 92,52,54 81,39,77

( ( ))f V B∑ 6 24 29 30 31
( ( ))f E B∑ 222 204 199 198 197

 
 B 1,4,5 2,8,10 3,13,15 6,9,14 7,11,12

( ( ))f E B 119,17,82 112,22,74 91,21,85 100,20,79 98,25,75
( ( ))f V B∑ 10 20 31 29 30
( ( ))f E B∑ 218 208 197 199 198

 
 B 1,6,7 2,9,11 3,12,14 4,10,15 5,8,13

( ( ))f E B 116,45,53 111,26,69 99,29,71 84,32,83 106,34,62
( ( ))f V B∑ 14 22 29 29 26
( ( ))f E B∑ 214 206 199 199 202
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 B 1,8,9 2,12,15 3,5,6 4,11,14 7,10,13
( ( ))f E B 113,24,73 97,44,58 117,19,78 96,31,72 88,46,64

( ( ))f V B∑ 18 29 14 29 30
( ( ))f E B∑ 210 199 214 199 198

 
 B 1,10,11 2,13,14 3,4,7 5,9,12 6,8,15

( ( ))f E B 110,28,68 95,47,57 115,23,76 105,36,61 94,49,56
( ( ))f V B∑ 22 29 14 26 29
( ( ))f E B∑ 206 199 214 202 199

 
B 1,12,13 2,4,6 3,9,10 5,11,15 7,8,14

( ( ))f E B 104,38,60 118,18,80 109,30,67 114,41,42 93,51,55
( ( ))f V B∑ 26 12 22 31 29
( ( ))f E B∑ 202 216 206 197 199

 
B 1,14,15 2,5,7 3,8,11 4,9,13 6,10,12

 ( ( ))f E B 89,43,66 90,37,87 108,48,50 103,40,59 102,33,65

 ( ( ))f V B∑ 30 14 22 26 28

 ( ( ))f E B∑ 198 214 206 202 200 
 

Then 15( ( ))f V K =[1,15],  15( ( ))f E K =[16,120]  and ( )f B = 228  for any 
.B∈  Thus   is a 3K -SMD of 15K  with weight 228.

For further investigation we propose the following open problem:

Open problem 1. If 3,7v ≡  (mod 12), whether a 3K -SMD of vK  exists.

4.  The factor-SMD of Kv 

A factor of a graph G is a spanning subgraph of G. A k-factor of G 
is a factor of G that is k-regular. Thus, a 1-factor of G is a matching that 
saturates all the vertices of G. A 2-factor of G is a factor of G that is a 
disjoint union of cycles of G. A graph G is k-factorable if G is an edge-
disjoint union of k-factors of G. A parallel class in a ( , ,1)BIBD v k  is a set 
of blocks that partition the point set. A resolvable balanced incomplete 
block design (simply ( , ,1))RBIBD v k  is a ( , ,1)BIBD v k  whose blocks 
can be partitioned into parallel classes. In this case each parallel class is 
called a kK -factor of .vK  A decomposition of graph vK  into a kK -factor is 
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called a kK -factorization of .vK  A graph vK  with kK -factorization is kK
-factorable.

Theorem 4.1 : (see [14]) 
1.	 ,n nK  and 2nK  are 1-factorable. 
2.	 The number of 1-factors of ,n nK  is !n  and 2nK  is (2 )!

2 !
.n

n
n

3.	 Let k be a positive integer. A k-regular bipartite graph is 1-factorable. 

Theorem 4.2 : 
1.	 (see [15]) 2 1nK +  is 2-factorable where every 2-factor is a 2 1.nC +  
2.	� (see [16]) 6 3nK +  is 2-factorable where every 2-factor is a disjoint union of 

3-cycles of 6 3 .nK +

Theorem 4.3 : Let H be a k-factor of G, and G k-factorable. There exists 
an H-SMD of G with weight a if and only if there exists an H-edge magic 
decomposition of G with weight .a′  

Proof: Let | ( )|(| ( )| 1)
2

= .V G V Ga a +′ +

We first show necessity. Let : ( ) ( ) [1,| ( ) ( )|]f V G E G V G E G→
 

 be 
H-SMD of G with weight a, and   a k-factorization of G. Then for each 

H∈  has ( ( ))f V H∑ =| ( )|(| ( )| 1)
2

.V G V G +  Thus ( ( ))f E H∑ = ( ( ))a f V H−∑  is a 

constant for each .H∈  We define ( ) = ( ) | ( )|ef e f e V G−  if ( ).e E G∈  Then 
: ( ) [1,| ( )|]ef E G E G→  is H-edge magic decomposition of G with weight 

.a′  
We now show sufficiency. Let ef  be an H-edge magic decomposition 

of G with weight .a′  We define a mapping : ( ) ( ) [1,| ( )| | ( )|]f V G E G V G E G→ +
  

: ( ) ( ) [1,| ( )| | ( )|]f V G E G V G E G→ +


 by ( )if v = i if ( )iv V G∈  and ( ) = ( ) | ( )|ef e f e V G+  if ( ).e E G∈
We have 

	
| ( )|(| ( )| 1)

2

( ) = ( ( )) ( ( ))
= ( ( )) ( ( )) | ( )| | ( )|

= | ( )| | ( )|.

i i i

i e i

V G V G

f H f V H f E H
f V H f E H E H V G

a E H V G+

+

+ + ⋅

′+ + ⋅

∑ ∑ ∑
∑ ∑

Then ( )if H∑  is a constant for each .iH ∈  Since f is a bijection, the 
mapping : ( ) ( ) [1,| ( )| | ( )|]f V G E G V G E G→ +


 is an H-SMD labeling of G 

with weight a. 	
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Theorem 4.4 : 
1.	� If H is a 1-factor of 2nK  ,( ),n nK  then there exists an H-SMD of 2nK  ,( ).n nK
2.	 Let n be odd. There exists a 2 1nC + -SMD of 2 1.nK +

Proof: 
1.	� Since there exists a (2 1, )n n− -magic partition of [1, (2 1)]n n −  (a 

( , )n n -magic partition of 2[1, ])n  by Theorem 2.1, there exists an 
H-SMD of 2nK  ,( )n nK  by Theorem 4.3.

2.	� Since there exists a ( , 2 1)n n + -magic partition of [1, (2 1)]n n +  by 
Theorem 2.1, there exists a 2 1nC + -SMD of 2 1nK +  by Theorem 4.3.     

Theorem 4.5 : (see [17]) 
1.	� Necessary conditions for the existence of an ( , ,1)RBIBD v k  are 1 0v − ≡  

(mod ( 1))k −  and 0v ≡  (mod k).
2.	 �An ( , 3,1)RBIBD v  is a Kirkman triple system ( ).KTS v  A ( )KTS v  exists 

if and only if 3≡v  (mod 6).
3.	 An ( , 4,1)RBIBD v  exists if and only if 4,16, 28v ≡  (mod 36).

Theorem 4.6 : 
1.	 Kirkman triple system (6 3)KTS n +  is 3(K -factor)-super magic.
2.	 An ( , 4,1)RBIBD v  is 4(K -factor)-super magic.

Proof: 
1.	� Let H be a 3K -factor of 6 3 .nK +  Then there exists an H-decomposition 

of 6 3nK +  by Theorem 4.5. Since there exists a (3 1,6 3)n n+ + -magic 
partition of [1,(3 1)(6 3)]n n+ +  by Theorem 2.1, there exists an 
H-SMD of 6 3nK +  by Theorem 4.3. This implies that (6 3)KTS n +  is 

3(K -factor)-super magic.
2.	� An ( , 4,1)RBIBD v  exists if and only if 4,16, 28v ≡  (mod 36) (i.e. a 

4K -factorization of vK  exists if and only if 4,16, 28v ≡  (mod 36)). 
A 4K -factor of vK  has 3 /2v  edges because 4K  has 6 edges and a  

4K -factor of vK  contains / 4v  4K ’s. A vK  has ( 1)/3v −  4K -factor’s. 
When 4,16, 28v ≡  (mod 36), we have 3 /2v  even. Since there exists a 
(( 1)/3, 3 /2)v v− -magic partition of [1, ( 1)/2]v v −  by Theorem 2.1, 
there exists an 4(K -factor)-SMD of vK  by Theorem 4.3. This implies 
that an ( , 4,1)RBIBD v  is 4(K -factor)-super magic.                             
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We propose the following open problem:
Open problem 2. If 5,k ≥  whether an ( , ,1)RBIBD v k  is ( kK -factor)-

super magic.
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