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Abstract

In this paper, minimization problems with a separable convex quadratic objective
function subject to a linear equality constraint/linear equality constraints, and bounds on
the variables (box constraints) are considered. A necessary and sufficient condition for a
feasible solution to be an optimal solution to each of these problems has been established. A
convergent polynomial algorithm for solving the problem with a linear equality constraint
and bounded variables is proposed, and some numerical results, obtained by this algorithm,
are presented.
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1. Introduction. Statement of the problem

Consider the following separable convex quadratic programming
problem

(c,)
1
min {c(x) = ch (x,) = EZm]x]z + Zs].x]. } (1)
o] ] ]
subject to
Zdijxl:ai, i=1,...,m )

jel
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L <x <u, jej, 3)

where m, >0,j€], dij >0 foreachi=1,....mand je[; o, eR,i=1,...,m;
l],,u]. eR,je]; x=(x],) and ] ={1,...,n}.

jel’

Since c]'.'(x],) =m, >0 by assumption, then ¢ (xj) = %m].xf +sx,,j€ I,
are strictly convex functions, with a minimum point at h], = —:1—]

The feasible set X (2)-(3) is convex because it is an intersec/tion of the
convex set (2), which is defined by m hyperplanes, and the n — dimensional
box (3), where n=|]|.

Problem (C ) and problems, related to it, are considered in references
[1-29], etc.

Rest of the paper is organized as follows. In Section 2, a necessary and
sufficient condition (characterization theorem) for a feasible solution to be
an optimal solution to problem (C,) is stated and proved. In Section 3, a
necessary and sufficient condition for the special case (C) of problem (C, )
is stated, a convergent algorithm of polynomial computational complexity
for solving problem (C) is proposed, its convergence is proved, and results
of some computational experiments are presented. In Section 4 we give

conclusions where an open problem for future work is also formulated.

2. Characterization theorem for problem (C,)

Assume that the following assumptions are satisfied.

(A1) I <u,je]. If I =u, for an index ke], then the value
x, =1, =u, is determined a priori.

(A2) 2. ,dl.].lj <o, <Yy di,-”,-ri =1,...,m, otherwise constraints (2)-(3)
are inconsistent and the feasible region X, defined by (2)-(3), is empty.

The Lagrangian function for problem (C, ) is defined as follows:

1
L(X/ P9, )«) = Ezm].xf + ij]_

jel jel

+Zl‘/1i (]Zg;dﬁxf - ) + Z, p (L —x)+ Z;ﬂj (x,—u,), (4)
1= ]E ]E

where 2 eR™; p,qeR’, and R’ is the totality of all n - vectors with real
nonnegative components.

The Karush-Kuhn-Tucker (KKT) necessary and sufficient conditions
for the minimum solution x = (x; )],E , to problem (C, ) are as follows:
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m].x;. +5, +§:/lid,.l. -p,+q,=0, jeJ, (5)
p(,-x)=0, je], (6)
q,(x,~u)=0, jeJ, @)

Zdijx;=oci, i=1,...,m, 8)

el
lij;Su]., jiel, 9)
/lieRl,i=1,...,m, p],eRi,qjeRi, je], (10)

where 4,i=1,...,m and p],,qj,]' €], denote the Lagrange multipliers
(dual variables), which are associated with the constraints (2), lj. <x,
and x, <u,je], respectively. In the case when [, =—0 or u; =+ for
some index je ], the corresponding KKT condition (6) (KKT condition
(7), respectively) and multiplier p, (multiplier g, respectively) are not
considered.

The following Theorem 1 presents characterization (a necessary and
sufficient optimality condition) of the optimal solution of the considered
problem (C, ).

Theorem 1 : Suppose that assumptions (A.1)—(A.2) are satisfied. A feasible
solution x" = (x; ),y € X is an optimal solution of problem (C,) if and only if
there exist scalars A, e R,i=1,...,m, such that

x;:l],, je]l“‘éf{je]:—mjlj—sjS;},idl.j} 11)
x;zu]., je]:déf{je]:—mjuj—sjz _1)”1-%} (12)

i

m
X;i-mx, —s, = Z}ﬂ,.d
i

jel d:ef{]-e]:—mjul.—sf <;/1idij <—m].l].—s]}. (13)
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Proof: Necessity. Let X =(x,),, be an optimal solution of problem (C,).
In accordance with the KKT theorem, there exist scalars 4,,i=1,...,m and
P4, ] € J, which satisfy the KKT conditions (5)-(10).

(a) If x;. =1, then p, >0,q, =0 in accordance with KKT conditions (10)
and (7), respectively. Therefore from KKT conditions (5) and (10) it
follows that

mx +5, _ml +s, =p, Z),d > Z/ll ” (14)

i

If we multiply this inequality by (-1), we get

—ml -, <ZA

it

(b) If x; =u,, then p; = 0, q,2 0 in accordance with KKT conditions (6)
and (10), respectively. Therefore from KKT conditions (5) and (10) it
follows that

MY+, =M +s, = z Ad, < z Ad,. (15)

If we multiply this inequality by (-1), we obtain

-mu,—s, > Ad
] ] ] n i
i=

(@ If [, < x; <u,;, then p,=q,=0 in accordance with KKT conditions
(6) and (7), respectively. Therefore from KKT conditions (5) and (10)
it follows that

—mx; s, = Zl,d.‘. (16)

By using that l <x <u, in case (c), and c. (x )— mx +5.x, ,]e],
are strictly convex functlons we obtain

’ _ ' * — * ' —
c(l)=ml +s <ci(x)=mx +s <c(u)=mu, +s,

whence, after multiplying this chain of inequalities by (1), in case (c) we
have

m
—m.u.—s.<ZA.d..<—m.l.—s..
U A i T
=
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To describe cases (a), (b), (c), the index sets | f,]j, J* are introduced,
which are defined by (11), (12), and (13), respectively. Obviously,
Jlulpult=].

Sufficiency: Let x' € X and components of x  satisfy conditions (11), (12),
(13). Set:

Do Ad, =-mx —s, p=q =0 forje]*;

=171 ]

4 —ml +5. +z _Ad, d. (20 in accordance with (11)), q, =0 for ]e], ;
p, = 0, q,=-mu, s, Zml A, (20 in accordance with (12)) for f e]

Using these expressions, we can check that KKT conditions (5), (6),
(7) and (10) are satisfied. Moreover, KKT conditions (8)-(9) are satisfied in
accordance with the assumption that x € X, where the feasible set X is
defined by (2)-(3).

Hence, in all possible cases, A,,i=1,...,m and x;,pj,qj, je], satisfy
the KKT conditions (5)-(10) for the problem (C, ), which are the necessary
and sufficient conditions for a feasible solution to be an optimal solution
to this problem. Therefore x™ is an optimal solution of problem (C,).

Since the objective function of problem (C, ) is strictly convex, then
optimal solution to this problem is unique. [

The importance of Theorem 1 is the fact that it characterizes
components of the optimal solution of the considered problem (C, ) only
via the Lagrange multipliers (dual variables) A ,i=1,...,m, which are
associated with the equality constraints (2).

3. The case of a linear equality constraint and box constraints
3.1 Statement of the problem. Characterization theorem

In this section, the special case (C) of problem (C ) with the same
separable convex quadratic objective function subject to a single linear
equality constraint and box constraints is considered:

©)

min{c(x) =>c(x)= Zm X+, } (17)=(1)

jel ]E/
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subject to

Zd],x]. =a (18)

jel

[ <x <u, jej, (19)=@3)

where m; >0,d, >0 forevery je], and oceR.

Assume that the following assumptions are satisfied.

(A lj <u,je J. If | =u,_ for an index ke] then the value
x, :=I =u, is determined a priori.

(ALl) Xygdl <a<¥ du,. Otherwise constraints (18)-(19) are
inconsistent and the feasible region X, defined by (18)-(19), is empty.

The Lagrangian function for problem (C) is defined as follows:

1
Lx,p,q, ) ==Y mx’+ysx,
(P A) =3 2+ 25,
+A(Z]:djxj —a)+ Z[:pj(l]. -x)+ zlqj(xj —u,), (20)
IS IS IS
where A eR; p,q €R”, and R is the totality of all n— vectors with real
nonnegative components.
The KKT necessary and sufficient conditions for the minimum
solution X =(x,),_, of problem (C) are

mx, +s +Ad, —p +q,=0, je], (21)
p(l,-x)=0, je], (22)
q,(x,~u)=0, jeJ, (23)

Zdjx;=oc, (24)

jel
l].Sx;Su]., je], (25)
AeR', pjeRi,qjeRi, jel], (26)

where A4 and p;,q,,j€], are the Lagrange multipliers (dual variables),
associated with the constraints (18), [, <x,, and x; <u,, j € ], respectively.
Again, in the case when [, =—-x or u, =+0 for some index je], the
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corresponding KKT condition (22) (KKT condition (23), respectively) and
multiplier p, (multiplier q;, respectively) are not considered.

The following Theorem 2 gives a necessary and sufficient condition
(characterization) of the optimal solution of problem (C).

Theorem 2 : Suppose that assumptions (A.I)-(A.IL) are satisfied. A feasible
solution X =(x),_, € X, is an optimal solution of problem (C) if and only if
there exists a scalar A € R such that

x=l, je J{ f—"””fq} 27)
]
x;=uj, jelr —{]e] —mu]+s Zﬂ,} (28)
. +Ad, . 1i+s;
xj=—sf+mjf, je “”{] ] </1<_’”fdfj“f}. 29)

The proof of Theorem 2 is omitted because it is similar to the proof
of Theorem 1.

3.2 The Algorithm
The following Algorithm 1 is proposed for solving problem (C).

Algorithm 1

1. (Initialization) J:={1,...,n}, k=0, a®:=a, n%:=n, JO:=],
Jl=0, ]I =0

If ¥ dl <a<¥ u; goto2, else goto9.

/El

2. JM:=J® Calculate A* by using the explicit expression

-1
d: ds.
A0 Z j _ Z 7T g®)
(k) m k) m.
jer jel j

Go to 3.

3. Construct the index sets ]f(k), i l’}(k’, J*®, using expressions (27),
(28), (29), respectively (with je J® instead of je[) and determine
their cardinalities | J; AR IIW) L, 1720, respectively. Go to 4.
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Calculate
ds a2
(k) y def _ iTi k) AN ()
6(1 ) B ZA:k djlf " Zﬂ:k djuj Zlk m l Zlk m o
fE]I( ) ]'e]“( ) jel (k) j jel (k) i
Go to 5.

If 6(A")=0 or J*=@ then A:=2", Jh=Jr0J,
Ji=Jro®, Jh= 0,

goto8

else if §(A)>0 goto6

else if §(A¥)<0 goto?7.

* . Ak k+1 k k+1 k Ak
x) =1 for je MV, a% V= -3 and ], JEV =[O\,

n D =g O | PO =T O k=K +1. Go to 2.
* . Ak k k k k Ak
X = for ]elu( ,oa® = of ’—Z].E,f(k)dju],, I( = ]( ) \]u( ),

n* =g O O = JEO TR ki=k+1. Goto 2.

*'_ . 2 . . 2 « . si+Ad; , 2
1xé =1 for je ]/, x;=u, for je],, x = for jeJ*. Goto

Problem (C) has no optimal solution because its feasible set X,
defined by (18)-(19), is empty.

10. End.

3.3 Convergence and computational complexity of Algorithm 1

The following Theorem 3 states convergence of Algorithm 1.

Theorem 3 : Let {1"} be the numerical sequence, generated by Algorithm 1.
Then the following relations hold true:

(1) 1f S(A(k)) >0 then l“‘) < Z(kﬂ);
(i) if S(A") <0 then A > A%,

Proof: Denote by x¥ the components of x* =(x, ) atiteration k of the
implementation of Algorithm 1.
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(i) Let 8(A%)>0. From Step 6 of Algorithm 1, which is performed
when §(A*) >0, we get
*) * _ ®) _ 0 *)
Z dx;’ = z dx;’ = Z dx;’ =o' - Z dx;”. (30)
]-E]ﬂ(k+l) ]-E](k+1) ]E](k)\lll(k) ]Elll(k)
Let jeJ'™. According to definition (27) of index set J** we have
ml +s. mx® +s
(A APy (O Nls e B
d.

) ]

Since m, >0,d, >0 by assumption, then [ >x{,je J;*.
From (30), using that d, > 0,1, > xj.k), jeJX, and Step 6 of Algorithm
1, we get
® _ o® ® 5 o0 — gk (k1)
D dxP =0 =% dx>a® - Y dl =a®V = 3 dxh.

A(k) A(k) ].e]ukn)

jete jely jel;

Since d]. >0,je], then there exists at least one j, €] D such that

2% > %D Then
Jo Jo

m x" +s m x* 4s
A,(k) —_ Jo Jo Jo <— Jo Jo Jo — /l(kJrl)‘
Jo dfo

We have used that the relationship between A" and x{” is

given by (29) for jeJ*® (Step 2 of Algorithm 1), that m; >0 and that
—(mjxj.k) +5,)>0,j€ J*®, according to (29) with A* >0, d, >0.

The proof of part (ii) of Theorem 3 is omitted because it is similar to
the proof of part (i). a

Feasibility of x' =(x;) ,, generated by Algorithm 1.
Components x;=1,je], and x;=u,je];, obviously satisfy
constraint (19). From

MU +S. mx. +s. ml +s. .
oo it Ry Wls s Bl RO Sts ' Bl jel?,
d. d. d.
] ] ]
it follows that
mu mx .
il s s il I et
d d d
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and since d, >0,m >0, then [, <x; <u, for jeJ*. Hence all x;,je],
satisfy (19).

Since at each iteration, A" is calculated using the current equality
constraint (18) (Step 2 of Algorithm 1) and since x,j ], are calculated
according to A" at each iteration (Steps 5, 6, 7, 8 of Algorithm 1), then x’
satisfies (18).

Therefore Algorithm 1 determines x” that is feasible for problem (C),
which is an assumption of Theorem 2.

Theorem 2, definitions of index sets ] (27), J+ (28), J* (29), and
Steps 6, 7 and 8 of Algorithm 1 show that ] < J** J*0 < J#E - ang

JH9 o JHD . Hence, if j belongs to current set J* then j belongs to

Ak+1)

the next index set | and, continuing in the same manner, it follows

i
that this index j belongs to the optimal index set J; the same holds true
about the index sets J*® and J*. Hence, A%’ converges to the optimal
value A of Theorem2and J'®,J*® J*® “converge” to the optimal index
sets ]f, i j, i r respectively. This means that calculation of A, operations
x;=1,je]l" (Step 6), x;:=u,je]; (Step 7), and the construction
of final optimal index sets ]f, i f, J* and assignment of final values of
x; ,j €] (Step 8) are in accordance with Theorem 2.

Computational complexity of Algorithm 1.

At each iteration, Algorithm 1 determines the value of at least one
variable (Steps 6, 7, 8) and at each iteration, a problem of the form (C) of
less dimension is solved (Steps 2-7). Therefore Algorithm 1 is finite and it
converges with at most n =| [ | iterations, that is, the iteration complexity
of Algorithm 1 is O(n). Since each step takes time which is bounded by
O(n), then Algorithm 1 has O(n®) running time and therefore it is a
polynomial algorithm.

3.4 Computational results

In this subsection, computational results, obtained by applying
Algorithm 1 to problem (C), are presented.

The computations have been performed on an Intel Pentium(R)
Dual-Core CPU E5800 3.20GHz/2.00GB. Each problem was run 30 times.
Parameters have been randomly generated in the appropriate intervals.
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Number of variables n = 1200 n = 1500
(Average) Number of iterations 2.07 2.10
Average run time (in seconds) 0.00009 0.0001

Numerical results, obtained by Algorithm 1, applied to some

illustrative problems of the form (C), are presented below.

Example 1:

10
min{c(x) = Zx]z +4x, +2x, +6x, +5x, —12x, —x, —9x, —x, +2x, +5x,

j=1

subject to

10

DX, =575

j=1
7<x,<10
-1<x,<15
2<x,<24
-25<x,<05
18<x, <21
1.5<x,<35
145<x,<19.5
35<x,<6.1
1<x,<25
-1.5<x, <55

10 —

The optimal solution, obtained by Algorithm 1, is
x =(7,15,2,05,18,3.5,14.5,5.5,2.5,2.5),

¢ . =c(x')=35225

Example 2: min{c(x) = 4x] +10x; +4x2 +3x] +7x% +3x2 + x7}

subject to

ixi 72

j=1

4

IA

x, <7

1

}
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45<x,<10
8<x,<13
5<x, <8
4<x,<7
30<x, <40
4<x, <7

The optimal solution, obtained by Algorithm 1, is
x =(7,4.5,9.8636,8,5.6363,30,7),

¢, =c(x')=3951.0454

4. Conclusions

In this paper, minimization problems with a separable convex
quadratic objective function subject to a linear equality constraint/linear
equality constraints, and bounds on the variables (box constraints) are
considered. A necessary and sufficient condition for a feasible solution to
be an optimal solution to each of the considered problems is established. A
convergent algorithm of polynomial computational complexity for solving
the problem with a linear equality constraint and bounded variables is
proposed, and some numerical results obtained by this algorithm are
presented.

An open question for future research is to develop a convergent
polynomial algorithm for solving the considered problem (C ) with
several linear equality constraints.
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