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A heuristic based linear time O(N) novel solution to N-Queen problem
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Abstract

N-Queen problem is a classic puzzle in which ‘N’ number of queens and a chessboard
of size N X N is given. The puzzle is to lay all the given queens on the chessboard in a way
that all queens are safe (i.e.,, no queen on the chessboard is intersecting the other queen).
In this article we have proposed an algorithm to solve the N-Queen puzzle in O(N) time-
complexity, without affecting the space-complexity.
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1. Introduction

The N-Queens puzzle is a famous problem in mathematics and
computer engineering that implies locating ‘N’ number of queens on the
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chessboard of dimension N X N in a way that no queens threatens the
other queen [1]. In other words, only a single queen can occupy the same
row, diagonal, or column on the board. The challenge is to find a solution
for any given value of N (see Figure 1) [2][3]. The 1850s saw one of the
earliest mentions of the N-Queens problem, which was originally
investigated by chess player Max Bezzel [4][5] [6]. The N-Queens problem
can be solved using a backtracking algorithm [7], which is a type of
recursive algorithm that incrementally builds solutions while trying out
various possibilities and backtracking when a solution is found to be
invalid. The complexity (time) of such solution of the N-Queens puzzle is
generally considered to be O(N!), which grows very quickly as the
chessboard is scaled up. This implies that the magnitude of time needed to
find a result, increases exponentially with the count of queens to be placed.
The reason for this high time complexity is that the backtracking algorithm
used to solve the N-Queens problem generates a search tree with N!
possible configurations, each of which must be checked for conflicts.
However, the actual execution time of the algorithm can be affected by
various factors, such as the execution of the algorithm and the specific
instance of the problem [17-20].

In this article, we have proposed a method to solve the N-Queen
puzzle/problem with time complexity equal to O(N), without affecting
the space complexity. The proposed method out-performs all the existing
models for solving the N-Queen Problem.

The remaining part of the article is structured as follows. Section 2
consists of the survey of the existing literature. The proposed model is
defined in Section 3. Results are discussed in Section 4 followed by the
conclusion and future work in Section 5.
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(a) N-Queen Problem (b) Possible directions in which a queen can move on a
chess board (Horizontal, Vertical, and Diagonal)
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2. Related work

N-Queen puzzle/problem was extensively studied in the past, and
traditional techniques such as Backtracking and Brute-Force have been
utilized [21-23]. However, it has been found that Brute-Force and
backtracking are not a practical answers for the N-Queen puzzle/problem
due to its inefficiency, with a worst-case time complexity of O(N") and
O(N!) respectively [8]. Rok et al. [9] introduced a pair of novel local search
algorithms that utilize a gradient-based heuristic and operate in a
probabilistic manner. These algorithms have the remarkable capability of
solving exceedingly large N-Queens problems.

Authors in [10] came up with the divide and conquer based solution
for the N-Queen problem, it visualizes the chess board as multilevel
structure formed by the logical grouping of the individual block. At the
lowest level the size of the group is limited to the number of blocks which
are easily solvable. Then the same solution is propagated to the upper
levels. Authors in [11] utilized Ant Colony Optimization (ACO) for solving
the N-Queen puzzle. The proposed solution was effective for solving the
8-Queen puzzle and was deemed able of being scaled to larger values of
‘N’. It was concluded that ACO offers improved solutions within a
reasonable timeframe for combinatorial optimization problems. However,
the authors in [12] proposed a solution to the standard N-Queen problem
by combining ACO and Genetic Algorithm.

Authors in [13] proposed a solution to the N-Queens problem by
employing a Parallel DNA Algorithm (PDA). Drawing inspiration from
biological computing models, the DNA molecular operations are utilized
to manipulate flexible length DNA strands that represent the allocation
matrix elements. Through these techniques the authors claimed the
solution of N-Queen problem in O(N’) time.

Authors in [14] proposed an A novel quantum solver algorithm
(NQSA) to produce all possible solutions to the N-Queen problem on
quantum computer. The algorithm solves the problem in polynomial time
with the time complexity of O(N°). An extensive work has been done in the
past, where the researchers came up with different approaches to
efficiently solve the N-Queen puzzle/problem, but none has come up
with a linear time solution to the problem [24-26].

3. Proposed model

It is observed that in the arrangement of N-Queens on a chess board
(CBINI][N]) of Size N X N there exists several patterns which are scalable.
Following are the findings:



1090 G. KHOLIYA, V. SHARMA, S. VATS AND V. GARG

The queens can be placed on the chess board in the following patterns.

Each row of the chess board (ranging from 0 to N-1) can accommodate
only one queen.

Following pattern exists for the Even value of N.

For 0" row the first Queen Q, is placed at index CB[0][x], where

Then for each of the consequent row (i.e., 1,2, 3, ..., N-1), the position
of the placement of the respective Queen is given by the index CB[row][x]
where

N . .
X+ + 1, if row is Even
X N
[x + E] %N, otherwise

The following pattern is found for the odd value of n.

If N is a multiple of 3 Then,

For each row ranging from row 0 to N /2, the position of the placement
of respective queen is given by the index CB[row][x], where x «<— 0 initially,
and then increments by 2 for each consequent row (this places
approximately half of the Queens on the chess board).

For the remaining Queens:

Initializing x < 3,

If {%J %2 1=0, then the position of the placement of Queen for each

consequent row (ranging from [%J+l to N — 1) is given by the index
CB[row][x], where

N x+6, If row is Even
x—2, Otherwise

Else, the position of placement of a Queen for each consequent row
(ranging from from {%J+1 to N — 1) is given by the index CB[row][x],
where

x-2, If row is Even
X {N—Z, If(n>N)

,  Otherwise
x+6, Otherwise

Else, For each row ranging from row 0 to N-1, the position of the
placement of respective queen is given by the index CB[row][x], where
x <0 initially, and then incremented by 2 with the condition thatx <1,
if x>(N-1).
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Algorithm 1 shows the complete operation of proposed solution and
the flowchart of the same is shown in Figure 2. In this algorithm we have
generalized the patterns for the arrangement of the Queens on the given
chessboard. The algorithm is designed in a way that it can directly assign
the coordinate to the individual Queen for placing on the chess board.
Equation (1) shows the total number of steps required by the Algorithm-1,
from where it is concluded that the complexity of the proposed algorithm

is O(N) (see Equation (2)).
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Flow Chart (Proposed Solution to N-Queen Problem)
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Algorithm 1 shows the complete operation of proposed solution and
the flowchart of the same is shown in Figure 2. In this algorithm we have
generalized the patterns for the arrangement of the Queens on the given
chessboard. The algorithm is designed in a way that it can directly assign
the coordinate to the individual Queen for placing on the chess board.
Equation (1) shows the total number of steps required by the Algorithm-1,
from where it is concluded that the complexity of the proposed algorithm
is O(N) (see Equation (2)).

O(N), If(N%2 = 0)
ON), if (gJ %2 == o)

Complexity(f(N))= , if(N%3==0) (2)
O(N), Otherwise
O(N), Otherwise
4 9 : o/ __
SN, if (N%2 ==0)
1+N+%+%+%, if({ﬁJo/(Q = O)
f(N)= 2 ,  if(N%3==0) (3)
2N , 2N | 5N )
1+N+T+T+T’ otherwise
1+5N, Otherwise
O(N), if(N%2 ==0)
O(N), 'f(ﬂ %2::0)
Complexity(f(N) =11 ON) 1 M , if(N%3==0)  (4)
O(N), Otherwise
O(N), Otherwise

4. Results and Discussion

The comparative analysis of the proposed solution with the classic
algorithm designed to solve N-Queen puzzle is shown in Table 1 . It is
observed that in comparison to the existing solutions to the N-Queen
Problem, the proposed algorithm solves the problem more efficiently with
the worst-case time complexity of O(N). Moreover, the rate of growth of
functions depicting the time required by various solutions is represented
in Figure 3. It clearly shows that the most optimal solution is the one that
can be completed within a linear time frame. However, the exceptional
case for the proposed algorithm is when the value of N is an odd multiple
of 3. The solution of this will be addressed in the future work.
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Table 1

Comparative Analysis of available solutions to the N-Queen problem

S no. Algorithm Computer Type Time Complexity
1 Brute force [16] Classical O(N")
2 Backtracking [7] Classical O(N!)
3 PDA [13] Classical O(N?)
4 NQSA [14] Quantum O(N°)
6 Proposed Classical O(N)

Algorithm1: N-Queen Problem
NQueen(N)
CBIN][N] — {0},1 < 0, x — N/2 1
If N%2 == 0 Then 1
Fori« 0 to N, stepl N _ 3N
If (i%2) != 0 Then N SZHIN+
| CBlij[x]—1; x<(@t@/2)+1) N2
Else N/2
| CBll[x]«—1: xe (xrN2)%N N2
EndIf
End
Else If N%3 == 0 Then
Xe—0,i—0 1 N
For i«—0 to N/2, step 1 N/2 =1+—
| cBils)—1, xexi2 N2 2
End
i3 1
If (i%2) =0 Then N2
Fori « ((N/2)+1) to N, Stepl N/2 -1 +ﬂ +ﬁ
If i%2 == 0 Then N2 2 4
| cBhIG <L j<jt6 N/4
Else N/4
| cBGl <L j<j2 N/4
EndIf
End
Else
Fori« ((N/2) +1) to N, Stepl N/2
If i%2 == 0 Then N2
| CBlil[x]«—1, xex2 N/4 2N SN
Else N/4 = 7 + T
CB[il[x] =1, x<—xt6 N/4
If j >= N Then N/4
| jen-2 N/4
EndIf
EndIf
End
EndIf
Else
i—0,j<—0 1
Fori«—0toN, Step 1 N
If j > N-1 Then N
je1 N =1+6N
CB[illj] — 1, j<j+2 N
Else N
| CBL[l <1, j—j+2 N
EndIf
End
EndIf
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Comparison of the performance of various techniques used to solve N-Queen
problem in terms of time complexity.

5. Conclusion and future work

N-Queen puzzle/problem is a classic puzzle in which ‘n” number of
queens and a chessboard of size N X N is given. The problem is to lay all
the given queens on the chessboard in such a way that all queens are safe.
In this article we have proposed a linear time solution to the N-Queen
problem (i.e., O(N)). Although, multiple variants of the queen arrangement
on the chess board can be obtained by applying various transformations
(such as rotating, mirroring, etc.) on the output of the proposed solution
in constant time, but still all possible solutions to N-Queen Problem in
linear time is a matter for the future research.
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