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Abstract

In recent paper, P. D. Khandare et al. introduced a graphical structure of non empty
finite ring R called as divisor graph D[R] and discussed some properties of the graph D[Z ].
In this article, we will continue the study of the divisor graph D[Z ] and discuss some more
properties of D[Z ]. If n € N then we derive general formula for total degree and stability
number of D[Z ]. Moreover we find adjacency matrix of the graph D[Z ] and derived

formula for energy of D[Z,] when n=p",keN and n=pq, for primesp and g.
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1. Introduction

Let R be a finite commutative ring with 1, where U(R), Z(R) denote
a set of units and zero divisor respectively. The concept of zero divisor
graph was initiated by I. Beck[2] in 1988. He introduced graphical
structure by considering zero divisors as a vertex set and introduced
concepts like girth, diameter, clique number etc. Later on Anderson and
Livingston[1] has studied distinct properties of zero divisor graphs by
considering only non-zero zero divisors of the ring. A concept of energy
and Weiner index of zero divisor graph was introduced by Mohammad
Reza and Reza Jahani[6]. Sarfraz Ahmad et al.[12], computed the Wiener
index and Wiener polarity index of the linear and zigzag polyomino
chains of the 4-cycle using the edge cut method. Also, they introduced
another polyomino chain of 4k-cycle Zmn and calculate its Wiener index
and Wiener polarity index for m = 3 and m = 4. In addition, they offer
graphical representations for analyzing how these indexes behave. Also
B. Surendranath Reddy et al. [11], determined the adjacency matrix and
eigenvalues of the zero divisor graph I'[Z ] for n=p® and n = p’q, where
p and q are primes. Moreover, they also determined the Wiener index of
the zero divisor graph of Z . Philip D. Powell[8], discussed a method for
expressing the determinant of an N x N complex block matrix in terms
of its constituent blocks. As a result, the determinant of a matrix of N?
blocks may be reduced to the product of the determinants of N unique
combinations of single blocks. We were motivated by their work and we
introduced a divisor graph D[R] of finite commutative ring R, which can
be found in [9]. In this article, we determine Energy and Weiner index of
divisor graph ID[Z ]. The reader can be referred to [14], for further graph
theory-related topics and notations.

2. Definition and Preliminaries

Definition 2.1 : Divisor Graph[9]

Let R be finite commutative ring, then the graph D[R] is divisor
graph of R, where V ={ueR|u#0,1} and for u,veV,u ~v if and only if
Jw e R such that u=wvorv=wu. i.e. u~v ifand only if u|v or v|u.

Definition 2.2 : Circulant Matrix[11]
A circulant matrix of size nxn with entriesa, b and a,b € R, denoted
by C(a,b,n) is of the form
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a b b
A=b1:1 b
b b a

and det(A)=[(a+(n-1)b](a—b)""

Definition 2.3 : Schur complement[8]
Let M,NP,Q be matrices and let M be invertible. Let

S [M N]
PQ
then det(S) = det(M)-det(Q—PM™'N), Where (Q—PM™'N) is called the
Schur complement of Q in S with respect to M.

Let R be ring of integer modulo n. Then the vertex set can be partition
into disjoint subsets, V = AuUB, where A=U(R)—{1} and B=Z(R)-{0}.
Here U(R) and Z(R) are sets of units and non zero zero divisors of ring
Z . Divide set B such that, if n=p,p,---p,, B= UW W ={k(d)|keR,
ke(d) d, ;td and W NW, ={0} and if n= pl p2 -pm then B=UT,,
where T, {k d, |k€R ke(d) d #d, seNJ}. A loop at subset U of v
denote vertices of U are mutually ad]acent Let V, and V, be subset of
vertex set V, then V, <>V, denote that each vertex of V| is adjacent to

every vertex of V, and V, + V, denote that no vertex of V, is adjacent to
any vertex of V.

3. Total Degree of Divisor Graph of Z,

Example 3.1: If n = 2, then total degree of (D[Z ]) is zero.
Since for n=2,D[R] is empty graph. Hence it is proved.

Theorem 3.2 : If n=p*,where p is prime number then total degree of D[Z, ] is
(" =2)(p" -3).

Proof: Let R is ring of integer modulo n. Since by theorem 4.2[9],
if n=p" then ]D)[Z ] is complete graph of order p‘-2. Therefore
VueV, du)=7p" ~3. Hence the total degree of divisor graph ]D)[Z ]is

(P =2)(p" -3).

Theorem 3.3 : If n=pp, then total degree of graph D[Z ] is
deg(DZ ) =n*—5n+6—2¢(n).
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Proof: Let R be ring of integer modulo n, where n=p,p,, then vertex set
can be partition into disjoint subsets, V= AUB, where A=U(R)—-{1)}
and B=Z(R)—-{0}. Here U(R) and Z(R) are sets of units and non zero
zero divisors of ring Z . For n=p,p,, set B be divided into two subset

W, =tkp, |k eRk &(p,)}

W, =1{k,p, |k, € R,k, &{p,)}

Then |A|=¢(n)-1,| Wpl |=p,—1=x, (say), |sz |=p, —1=x, (say).
For x,y € V(D[R]) following result are hold.

1.If ue A then vertex u is adjacent to all other vertices of the graph.
2.1f xeW, then it is adjacent to all other vertices of set W, and A. 3. If
yeW, then it is adjacent to all vertices of the W, and A. Then no. of pair
of non ad]acent vertices are

W, LW, = (p, = D(p,~1)=x,%, = 9(n)

n(n-1)

Since no. of possible edges in complete graph of order n are =

Therefore, No.of edges in divisor graph when n=p,p,

- 9(n)

_ n2—5n+6—2¢(n)
= 1Rl

ﬂ(E) (n— 2)(n 3)

We have, for vertex u, €V, ,d(u,)=2-n(E), where n(E) denote no.
of edges in the graph. Therefore a total degree of the graph D[Z, ] is
n® —5n+6-2¢(n).

Corollary 3.4:If n = p,p,, astability number of D[Z | is (p, —=1)(p, —1) = ¢(n).
Proof: The proof is followed by Theorem 3.3.

Theorem 3.5 : If n=p,p,p,,p, <p, <p,, Where p, are primes then a total
degree of the graph D[Z ] is,
2
deg(D[Z )=n —5n+6—2q>(n)[|Wplp2 |+|Wplp3 |+|WW3 | +3]
2|W, |=2|W, |-2|W, |
Py P2 F3

Proof: Let vertex set of D[R], V=AuB, where A=U(R)-
B =Z(R)-{0}. We have
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W, =tkp [k e Rk elpliz W, =ls(pp,)lseRsep))

W, =tspip)lseRsep W, =1s(p,p,)le R,s & (p)l,

where |W, | = (p,=1) (p, 1), IW, | = (p,=1) (p,=1), W, | = (p,=1)
(B, =1, W, | = (o, =), IW,, | = (p,=1), IW,_, [=(p,~1)

Since, pip, { iP5, PiPs  PoPss PiPy { Pops, then we have W, W,
W W W  »W and W «+ W . By theorem 37 and

PPy P1P3 P17y PoP3 P1P3
proposition then no. of non adjacent Vertlces of D[R] are

= W, (W, [+IW, [+IW,, DWW, W, W, W,
3 273 2 3 173 3 172
W |[|w W, T+W, [ IW |
23 273 173

(p, —1)(;73 —1)[(;71 =D(p, - D+ (p, - D(p, - +(p, - 1]

(p, =D(p, —Dl(p, - D(p, - +(p, - DI+ (p, - (p, - )(p, 1)
(p, —Dl(p, =D+ (p, - DI+ (p, -D(p, - 1)

o(n)[x, +x, +x, +3]+xx, +x,x, +x,X,

SUIW, , [+IW,  [+IW, 431+ W, [+IW, [+|W, |.

nm+ + 1

Therefore, n(E)

_ n?=5n+6

—(OLIW, 11, , [+ W, 431+ W, [+W, [+]W, |)

2
w2 =5+6-26(m)[ W, , [+, [HI, , [F3I-2IW), 1-2IW), |2, |
2

Hence, total degree of the graph D[Z ] is,
deg(D[Z ])=n* —5n+6-2¢(n)[ | W, I+IW, I+ IW, L 143]

2[W, [22IW, [-2]W, |
n Py P3
Corollary 3.6 : If n=p, -p, - p,, a stability number of D[Z ] is ¢(n) [ |W |
+|Wp |+|Wp |+3]+|Wp1|+|V\/p2|+|Wp3|.
Proof: The proof is clearly followed by the Theorem 3.6.

Theorem 3.7:If n=p,-p,---p, then total degree of the graph D[Z ]

m
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deg(D[Z,])=n*=5n+6-2|W, (X IW, D=2IW, 1 % W, D=

Pyt py #4; !
“2|W, I( hX |W [)- 2|Wp I( Z (W, )
M Py A E Py Py Py PPyt di#py Py !
— 2| W .
| P1PP(m-2) I | P1Po-P(m-1) |

Proof: Let d,,d,,...,d, be sequence of divisors of n. With the given
partition of vertex set V=AUB, A=U(R)-({1}, B=Z(R)-{0}=UW,,
where d, |n, W ={k(d,)|k eR, ke(d) d, ;td} then by theorem 4.6[8],
if n=p,-p,- pm then for xeW, ,yeW d |d we have x ~y, and for

each xe W, ,yeW dtd, wehave Xy

Therefore, no. of pair of non adjacent vertices in the graph D[Z ]
172 Pm
=W, I(Z W, DHIW, [ X [W, [)+--+[W, [( > W, 1)
B ! 2 Pp 18 Py %4 ! i mmz dxtpl VZ"“V(m—l) !
W 12 l(mvzfdi%ﬂmz lw’ 2a +|W”1”2 Pm-2) | |W”1”2“"’(m—1) |
Thus,
n*—5n+6
n(E)=————~=IW, I( 2 W, D=IW, 1C X W, )=
2 pitd; pptd; 2, !
—IW, I( ) W, D=IW,p 1C 3 W, [)=
M P M EP Py Py ) PP td; %y py !
B | W.” Pp---P, | | PiPy--P( |
1727 F(m 1727 F(m-1)
Therefore total degree of the graph,
. 2 —_ —_ — —
deg(DIZ,, , D=0 =5n+6=2W, (3 IW, D=2IW, (% W, )
“2{W, I( > W, D=2IW,p 1C % W, 1)
M Py A E Dy Py PPy td; A #py 0Py !
_“._2|VVNP---!’ | |WM---n I
172" F(m-2) 1727 F(m-1)

Corollary 3.8 : If n=pp,p,..p,, then stability number of D[Z ] is
W, |(zpl+d.|w D+ AW T Ctd ped | W, 1) et W,

(z”mjfdz 'd EP1sPyre - | W | ) + | Wfﬁi’z | (zf’l”zmz"diﬁﬁ P | Wd,» | ) teet
IWﬂ Py, W, PyPy---P, -
1P2P(m-2) 1P2-P(m-1)

Proof: The proof is followed by the Theorem 3.7.
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Theorem 39 : If nzpflpzzu-pilm, then total degree of divisor graph is

i”+6 n(E’), where n(E’) denotes no. of non adjacent pair of vertices.

Proof: Let the vertex set V(D[Z ])=AuB, where A=U(R)-
B=Z(R)—-{0}. Notice that A<«<> B and A <> A but B« B. Therefore we
consider the following cases.

Case I: If n= p1 p , then divisors of n are P1 ,p2 , p1 pz , for some
k,,k, 21. Also observe that, p, | p,p, but pl { p,p,- Let the partition of set
B, B= UT T ={k-d |keR, ke(d) d #d,6 seN}

Tp1 ={kp,|keR ke<p, >},
={kp,lkeR,ke<p, >},

TPJ’Z ={kp,p, | k e R}
Also, T, T, , T, »T, , -T, T, T, -T,.
Vll Pz F’ll ntor ”1 Py Vz ppy s

Hence the no. of pair of non adjacent vertices in the graph D[Z ] are,

k
nE)=IT, |IT, [+ZIT [I[IT,, |—|T |]+Z|T I[IT |—|T 11
Pl SR A j r

PPy r/ r'n

Then number of edges in the graph D[Z, ]

Tl(E)— 5n+6 Tl(E')

Case II: Let n = pl pz ps ’pl <p2 <p3’k >1

A divisors of n are pf ,p2 ,ps ,pl pz ,p2 p3 ,pl p3 . Consider a
partition of set B as,

Tp1 ={kp, |k, eR,k e<p,>k e<p, >},Tp2 ={k,p, |k, eR,k, ¢<p, >
k,e<p, >},
Tp3 ={k,p, |k, eR,k, ¢p, k, ¢<p, >}’TP1P2 ={s,(p,p,)1s, €R,
seg<p, >},
T = {s,(p,p;)|s, €R,s, &<p, >},Tplp3 ={s,(p,p;)|s, €R,s, &<p, >}

T, =lw(p))w, eRw e<p,>w e<p, >}
31
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As we know, if p J(p’ i#j,s,leN and pp, t p,p,, P,Ps 1 PaPyr PiPs
! By P4 s DA PPy, VK22 then

T T ,iz]jT T ,T T T T
p; P PP Popy” PPy PoPy” " Pipy PPy
T, T -T ,T

k kH_)T _T

n P2 ke nh

Thus no. of pair of non adjacent vertices

MEY=IT, |(IT, 41T, [+IT,, D+IT, 11T, [+IT,, +IT, 1T

P1Py |

+|T T +|T +|T T +>|T.
1T, 1T, [+1T,, D+IT,, 1T, | 12| ar,, |
HT 14T 1=IT, 1-IT, |—|T]. B

P PaP3 PP PiP3 P1PoP3
ST AT LT L T, -IT 1T, ST D)
2 7 PPy PPy P3 Py P3 1Py PyP3 PiPaP3
ks
$SIT 1T AHIT IHIT I=IT 1=IT 11T D)
j=2 "’ P13 273 1”2”3 P 3 PaP3 P1PaP3
K
+XIT, 1T, |-IT, DHT, AT 1-IT, )
=2 PPy P1 FaP3 P1PaP3 ”’1 ”23 ”17”2”3
k
$0T IAT ,, 1-IT , DHIT, 1T ,, 1-IT )l
=2 b PPy P3 P1PaP3 PaP3 PPy P3 p]p2p3
ky
$3IT 1T L 1-IT  DHIT AT 1-IT )
=2 ”1”3 P1PaF3 P1PaF3 PaF3 ”1”23 P1P2P3

Hence no. of edges in the graph are ﬂ

n(E’)

Case III: Now we may generalised the result for n= pfl pzz p§3 ---p::” ,
p, <p, <...<p,. First we find no. of non adjacent pair of vertices,

n(E'):|Tp1 |(;|Td[ l,p, J(dl_)+|Tp2 |(;|le_ l,p,1d.,d #p)+-

T ISOT, g, bdod, 2 pop, )
+ |Tp |2|T |,plp2’(d,,,d.¢pl,p2)
e 1T, (CIT, Lo, 1, # )

+ T ar, 41T 400
P1PaP3 " Pm-1) PP Pin-1)Pm P1PaPy Pn—1)Pm

T, , .. AT, DT, T, |

P1PaP3 P2y m PaP37 Pn—1)Pm P1PaP3 Pm—2)Pm PPz Pan—-1)Pm

k

1
+ ZIT,I(ITH |+|T,._1 |+~~|T,_1 [+1T,, [+IT, [+-+[T

j=2 Py n » pzps PiPopy v P2P3 Py

IT, |-IT, I 1T, |-IT, |—IT [=—=IT, |

Y
Plpz ”1 P3 Pl”m Plpzps P1V2P4 P1PaP3 Py
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ky
# SIT AT T et T, T T e T
=2 1”2 Va P2 P PPy P3 P 7’3'“”m
ST JAIT, J=l T, 15T =IT | T e
1”2 Vza P2Pm P1PaP3 P1P2Py pl”z”% Pm
k
m
+ 21T, [T |+IT ) Ry |+|T |+|T e MR
j=2 m lm Pin ”(ml 2m
T L I-IT |—|T NI T ].|—~~-—|T f
P1P2P3 Py 1pm Pin Pin-1Pm P1P2P P1P3P P1PoP3 Py
Ky
+ XIT, 1T, 4T, [T, [+IT,,  1+IT,, [+
2 pp r ”2”3 P1 PPy P Paby " ”2”3”’4 P1 PaPyPs
£ 0T, |=IT, |-IT, |=IT, |-IT, |-IT, |-—=IT, |
Py oPyPy ip,ps ip,py P1PoPy, P1PyP3Py Pipopaps vleaps by,
+ ZIT [T, [+1T ., [++]T ., [-IT, [-1T, [ =
=2 Plpops Pl PoPaPy v pzp3p » P2P3P4 Py PiPaPaPs P1PyP3Ps
- T, |4t T, aT -1T, )
P1PoP3Py Py Vl’”z”s% Pm-1 P1 PaP3Py Py P1P2P3Py™ Py
k
$OBIT NAT | 41T el T T 4T e
2 e 172 P3 Py Py P2 P "1”2 ”3”4 PPy P3Ps
L R o L S A P A N A B
Pﬁ’z ” P PiPaPs P1P2Py PPy, P1P2P3Py P1¥2P3Ps
— |T |+...+...
Pl?’z”z”s“"’m
kitl
+ ZIT, Iar,, I-1T, D+21T 10T ]
J=2 PPaPaP3 P(y-1) " PPz Py, pl”zps P j=2 PPy P1PoPry
+ |T L+ T +IT ]_1|+|T ,1|+ +|T L
”1”3”»1 P1P(m— 1)”»1 P1PaP3Py, P1P3PaPy, PPy Pim— 1)Vm
S L A e A N E S o R o
PiPab P1P3P P1P(m— 1)?m PPaPaPh HraPi PPaps
o+ T AT 1T ) (1)
PrPaP3 Pin—1 PrPaP3 Pim—1)Pm PrPaP3 V(m Pm

Therefore,if n = pfl pﬁz ---pm , thenno.ofedges n(E) inthe graph D[Z ]

are % and hence Y7, d(v) =2n(E)=n* —=5n+6—2n(E’).

4. Weiner Index of divisor graph of Z,

Theorem 4.1 : If p is prime number and n=p*, k>0 then Weiner index of

. (n=3)(n-2)
D[Z ] is —

Proof: Let D[Z ] be a divisor graph of Z . Note that the vertex set is V
= Z —{0,1}, then |V |=n-2. As we seen in [9], D[Z ] complete graph
of order p*—2 when n=p", for positive integer k. i.e. vertex x, eV is

adjacent to each and every vertex x,. Hence we get d(x,,x,)=1
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> d(x,x,) = Zd(xl,X)Jr Zd(xz,x)+2d(x3,X)+
\'1 X]E

+ Y odx, ,,x)

j=(n=3)
= 14+1+....+1(n—-3)times+(1+1+...+1)(n—4)times+....
+ (1+1)+1
=n-3)+(n—-4)+...+3+2+1
_ (n-3)(n-2)
2

Hence Weiner index of the graph D[Z ] is &2("_2)

Theorem 4.2 : If n = pq, where p and q are distinct primes then Weiner index of
. n? —5n+6+2¢(n)
D(Z ] is —

Proof: We have partition of vertex set as V = AUB, where A=U(R)-{1)}
and B=Z(R)-{0}. Let n = pq, thensubset Bcanberewriteas B=W UW ,
where

sz{k1p|k1¢0€R (MW ={kqlk, #0eR,k, (p)}.

Then |A|=¢(n)-1,| Wp |=g-1,| Wq |=p-1. Since for x,yeV, if
x~vy,dx,y)=1 and for x ~ y,d(x,y)=2.
Hence Weiner Index of the graph is

WDIZ,]) = Xd(x,y)+ Zd(x y)

x~y
= n(E)+n(E")
n —5n+6 2¢(n)

= ———————+2¢(n)
n2—5n+6+2¢(n)
2

Theorem 4.3 : For n=p,p,p,---p,,,p, are prime numbers then Weiner index of

the graph D[Z ] is w’ where n(E’)
SIW (S IW, DHIW 1C S W, DbtlW, 1 S [W, 1)
T ptd, ! 2 pptdpy ! M Py M E Py Py Py !
+|W W, )+-+|W 4%
| P2 |(P1P2Mi,2d;¢pl,172| X | P12 Fn-2) a 1P P (m-1) |

Proof: Let R is ring of residue modulonand n=p,p,..p, . Let d,,d,,...,d,
be sequence of divisors of n. We have, V=AUB, A=U(R)-
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B=Z(R)-{0}=U,W,, where d |n, W, ={k(d)|keR, k e(d}), d # d].}
and IWdi = (Poy =1 Py =1 =+ (p,, =1 If x~y then d(x,y)=1
and for x ~y,d(x,y)=2 and hence Weiner index of the graph D[Z ] is
W(DLZ,])

WDIZ,]) = Zd(x,y)+ ;d(x,y)

= n(E)+2n(E") = =0 _n(E") 4 20(E)

n*—5n+6+2n(E’)
= f ’

where

n(E)=IW, ICE IW, DHIW, 1C 3 W, [)

Py, Py td;py#d;
e WOIC S WD)
" pmmi/digépl’pZ""p(mfl) !
+|W W, [)+-+|W W
| nP, |( 2 | 4 |) | P1P2-P(m-2) | | P1PoPm-1)

Pty di#py iy

Theorem 4.4 : If n= pfl psz --~pfn"’ 0, >Pp.,2=2,3,---m then Weiner Index of

. . (o M =5n+6+2n(E)
divisor graph is D[Z,]) is = ———=

adjacent edges.

, where n(E") denotes no. of pair of non

Proof: Let R be ring of residue modulo n and n = plkl pzz -.‘p};;". Then by
theorem 3.9,4.2,4.3 Weiner Index is,

WD[Z,]) = g,d(x,y)+ g,d(x,y)

n(E)+2n(E’)

_ n?-5n+6+2n(E)
= L

where n(E’) is shown in equation(1).

5. Adjacency Matrix of Divisor Graph:

In this section we find a standard form of adjacency matrix of D[R]
when n=p‘ and n=pg. We have V(D[R])=AuUB, A=U(R)-{1},
B=Z(R)—{0} and|B|=n-¢(n)-1, |Al=¢(n)—1. In particular, we find
an adjacency matrix when n=2°, where V ={2,3,4,5,6,7}. As we know
D[R] is a complete graph if and only if n=p". So we get the standard
form for adjacency matrix as
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M(D[Z,]) =

e =)
=
_om = O =
[ = =S
= O R s
[ R e e

Here observe that M is a circulant matrix of size (n—2)x(n—2) with
0 is on the diagonal entries and 1’s at all non diagonal entries. As the
graph is complete then for n=3%,2"..p" we will obtain a similar form
of adjacency matrix. This leads us to derive a general form of adjacency
matrix of HD[Zpk 1).

Theorem 5.1: If n=p",k € N and p is prime number then adjacency matrix of
the graph D[Z ], has the form

0 1 1 - 1
1 0 1 - 1
MMD[Z ]=|1 1 o0 1
P11 e o

is matrix of size (n—2)x (n—2). It is clear that M is circulant matrix with entries
0and 1.

Proof: Let R=Z , where n=p". By theorem 4.2, D[R] is complete graph
if and only if n=p*. Hence a,=1,i#j and a, =0,i=j. Thus we get the
required adjacency matrix.

Adjacency matrix of Z .

Consider n=2x5.

Then V =1{2,3,4,5,6,7,8,9}. Here p, q are only positive divisors of
n. With our partition, V=AUB, then A={3,7,9},B=1{2,4,5,6,8}. By
considering vertices of graph in ascending order we obtain adjacency
matrix as follows.

M(D[Z,,]) =

N e e = e =
=
_ R R R O O = =
= O = O O O = O

=R R O O R R
[ =T = S S G S
_ O R R O R s,
[ R S S T =



ENERGY AND WIENER INDEX OF DIVISOR GRAPH 969

Instead of doing this, we rearrange vertices as, write units at first then
multiples of 2, followed by multiples of 5.

M(D[Z,,]) =

e =]
=
e e = )
[ L = N e
O =R O R =
O = O = = = =
O O R
O O O O O R ==

Here we get interesting structure of adjacency matrix where A
is circulant matrix of size ¢(n)+g—2 and O is zero matrix of size

(p-Dx(p-1).

Theorem 5.2 : For n=pq,p <q, where p and q are odd primes then adjacency
matrix (}D)[ZM]) has the form,
A B
Moz, D=2 7

Where, C=B' and A,D are circulant matrices of size (¢(n)+q—2) X
(¢(n)+g—-2) and (p—1)x(p—1) respectively.

Proof: Let R is ring of order n=pq, Since V.=AUB, where B=W UW,
and for «x, eWp,yi qu we have x, =, and x, ~XLY Y for
x, €Wy, €W, Hence we get adjacency matrix by considering units as
first, then multiples of p and multiples of g as
A B
Moz, D=2 7
Where, C=B' and A,D are circulant matrices of size (¢(n)+q—2) X
(¢(n)+q—-2) and (p—1)x(p—1) respectively.

6. Energy of Divisor Graph:

In this section, we calculate energy of divisor graph D[Z ] for n = p*
and n = pq.

Theorem 6.1: If n=p*,ke N and p is prime number then Energy of D[Z , ]
4
is 2(n—3).
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Proof: Let p be prime number. According to above result D[Z , ]=K
4

k

r-2
Therefore
0 1 1 1
1 0 1 1
MM@[Z, D=1 1 o0 1
4 R :
1 1 1 - 0

|

-1 A -1 -

M, -A, |=1H1 -1 2 - 4
-2 k-2 S

-1 -1 -1 A

= ()PP (A= (p* -3))

Clearly given adjacency matrix M has eigen value -1 with multiplicity
|[V|-1 and|V|-1 with multiplicity 1. Hence the energy of the graph
D[Zz,] is ¥,|A|=2|V|-1. Hence the energy of the graph D[Z ] is

4 4

XA =2|V]-1
Theorem 6.2 : If n=pq where p,q be prime numbers then characteristic
polynomial of adjacency matrix of D[Z ] is

(=2 (p = p=2)(= A= 1) 2 (p=2)(1 = A= 2 EHTIEITD) o (2= 1)

where p(x)= X —(pqg—p-3)A—(pg—p—-2).

Proof: Let R be ring of integer modulo n and n =p,p,, where p, and p,
are primes. Then by theorem 5.2, we get the following block adjacency
matrix M and eigen value of M are roots of the equation | M- Al |=0. We

have,

Then,
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M-l
1

1

-4 1 1 1
1 1 - 1
11 - 1 -2
1 1 0 0
1 1 0 0

0 e 0
A 1 -
1 1 -

Notice that A™ is invertible matrix of size (pg—p—-1) and

— M{(pg—p-3)

-1

-1

2 ~(pg—p-3) *~(pg—p-2)
1

R ~(pg—p-3)~(pg—p-2)
—M(pg—p-3)

R ~(pg—p-3)~(pg—p-2)
1

2~(pq—p-3) 7~(pg-p-2)

-1

P ~(pq—-p-3) A-(pg—p-2)

-1

R =(pa-p-3) A~(pg-p-2)

—M(pg—p-3)

2 ~(pg—p-3) »~(pg—p-2)

R ~(pg—p-3)2~(pg—p-2)

* R=(pg-p-3) A~(pg-p-2)

Let p(x)= X —(pq—p—3)A—(pq—p—2) Then

BA'C=B

(=#9-2)(pq—p—9q)

1 1 1]
1 1 1
1 1 0 0 B :
: P AT 1
1 1 0 0 0 0 -0
0 0 0]
_—/l+q—2 —+q-2 —/l+q—2_
p(x) p(x) p(x)
-Mg-2  —Mg-2 —Mq-2
p(x) p(x) p(x)
-Mg-2  —Mg-2 —Mg-2
L p(x) p(x) px) |

(=M9-2)(pq-p-19)

(- M+q-2)(pg-p—9) |

p(x) p(x) p(x)
(=Mq-2)(pg—p—q) (—=Aq9-2)(pg—p—9q) (=A+q-2)(pq—p—9q)
= p(x)

(=#9-2)(pq—p—9)

p(x)

(=M9-2)(pq—p-19)

p(x)

(= Mq-2)(pq—-p-9)

p(x)

p(x)

p(x)

971
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Hence

-2 1 1 1
1 -2 1 1
D-CA'B={1 1 -2 1

_ . Aa=2)(pg-p—1q)

(=M9-2)(pq—p-9) (=A+q-2)(pq—-p—1q)
p(x) p(x)

(=M9-2)(pq-p-19) (=Mq-2)(pq—-p-9)
p(x) p(x)

—| (=A+q-2)(pg—p—9) (= Mq-2)(pq-p-9)
p(x) p(x)

(=M9-2)(pq-p-19) (=Mq-2)(pq-p-9)
p(x) p(x)

1 CAa-2)(pg-p=1)

p(x) p(x)
L 1 CA-2(pg-p=g)  _, CA4-2)(pg-p=9)
|ID-CA™B|= p(x) p(x)

1 CAa-2)(pg-p=q)

1 CAa-2)(pg-p=1)

p(x)

p(x)

1 CAa-2)(pg-p=1)
p(x)

1 CA-2)(pg—p=4)
px)

_ 3 EMa=-2)(pg-p—1q)
px)

Hence, the characteristic polynomial of M is
IM-Al| =|A|-|D-CA™B|
= (-2+(pq—p-2)(-A-1)"""?

_ o EMI(Pap-D\ o 1y\-D
X (p=2)(1- -2 (- 2-1)"

p(x) = X ~(pg—p-3)A-(pq-p-2)

Example 6.3 : If R is ring of integer modulon and n =3 x5, then energy of

where

divisor graph D[Z_ ] is 20.
Solution: By theorem 6.2, characteristic polynomial of adjacency matrix
of D[Z] is

f(H=(A+1)"°[X -10X —15A+52] = 0.

A sum of roots of factor (A+1)" is -10 and of (X =104 —15A+52) is
10. Hence energy of graph D[Z,] is 20.

7. Conclusion

In this paper, we continued the study of divisor graph D[R] of
commutative ring Z and discuss some properties like total degree,
stability number, Weiner index and energy of the graph D[Z ] We
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derived formula for total degree, stability number,Weiner index of the
graph D[Z ] for all natural values of n. Moreover, if n=p" and n=pq,
where p, q prime number then we find adjacency matrix and energy of
the graph D[Z ].
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