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Abstract

By Idempotent graph of Z & we mean the graph whose vertices are all elements of Z,
such that distinct vertices # and v are adjacent if and only if u + v is an idempotent element
of Z, denoted by G,(Z,). In this paper, we compute some kind of topological indices of
Idempotent graph of Z .
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1. Introduction

In this paper, G is a simple and undirected graph without loops. We
denote the set of vertices and edges, by V(G) and E(G), respectively. Also,
d, d.(u,v), K and P, are denoteted to indicate degree of the vertex
u € G, the distance between 1 and v in G, a complete graph of order n and
a path graph, respectively. The graph G is connected if there exists a path
between every two arbitrary vertices.

Let R be an associative ring with 1# 0. By Id(R), we mean the set of
all idempotents of R. The Idempotent graph of R denoted by G,,(R), asa
simple graph with the vertex set equal to R such that two vertices u and v
are adjacent if and only if u+ v € G,,(R) ([13]). G,,(R) is a complete graph
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if and only if R is Boolean ( a ring that every element of it is idempotent).
For given rings Rand S, if R= § as rings, then G, (R)= G,,(S) as graphs.

Topological indices are numerical parameters of a graph which
characterize its topology and are usually graph invariant. Topological
indices are used for example in the development of quantitative structure-
activity relationships (QSARs) in which the biological activity or other
properties of molecules are correlated with their chemical structure. The
first and second Zagreb indices have been introduced more than thirty
years ago by Gutman and Trinajstic [8] and the third Zagreb index was
introduced by Fath-Tabar [5]. They are defined as:

M,G)= X @)

ueV(G)

M,(G)= X dd,

uve E(G)

M,G)= X |d—d].
uve E(G)

The first Zagreb index can also be expressed as a sum over the edges
of G [8]:

M G)= X [d+d]
uve E(G)

When the sum of the degrees of the vertices of G run over the edges
of the complement of G, we get Zagreb coindices. These were introduced
by Doslic in [2] in 2008 to express vertex-weighted Wiener polynomials of
composite graphs and are defined by

M (G)= X [d+4d]

uo £ E(G)

M, G)= X dd,.
uv £ E(G)

There is a common confusion that the Zagreb coindices of G are the
Zagreb indices of the complement of G. Indeed the sums run over the
edges of G but the degrees are with respect to G.

Gutman [6, 7] has recently proposed to consider the multiplicative
variants of Zagreb indices as:

L,G)= 11 @,

ueV(G)
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I,G)= 11 dd,.
uve E(G)
The product-connectivity index, also called Randi¢ index 4G) of a
graph G and is defined such as:
G= >
l( ) uve E(G) dud'g
This topological index was first proposed by Randi¢ [12] in 1975. The
geometric arithmetic index is another topological index based on degrees
of vertices defined by Vukicevi¢ and B. Furtula [14]:

2/d,d,

GAG)= ¥ Y

uve E(G)

Recently, Estrada et al. [4] introduced atom-bond connectivity (ABC)
index, which has been applied up to study the stability of alkanes and the
strain energy of cycloalkanes. This index is defined as follows:

ABC(G)= Y [ur%=2
uve E(G) du dv

A number of paper have been written on calculating some topological
indices of graphs|[1, 3,9, 10, 11]. In this paper, we calculate some topological
indices of Idempotent graph of Z  (The ring of Integers modolo n).

2. Preliminaries

Throughout the article we set G=G,,(Z,), deg(u)=d,, deg(v)=d,
and Z = I, Z,, where p,’s are distinct prime numbers. G is a connected
graph by [13]. Clearly, | Id(Z, )| = 2*. The following propositions are useful

tools needed for main results.

Proposition 2.1 : For any positive integer 11, we have the followings:
1. If 2ue Id(Z,), then d = 2~ 1 and the number of vertices of d, is
2",
2. If 2ue Id(Z,)), then d, =2" and the number of vertices of d, is

n— 2k,
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Proof:

1. Let u=(u,u,,...,u,) e V(G) such that 2u e Id(Z,) then d, =21
by Proposition 2.2 of [13]. Since Z, H Z and Z has no
nontrivial idempotent, then 2u e Id(Z ) if and only if for each i,
2u, € {0,1}. Thus there are 2% vertices of d, = 2"~ 1inG.

2. Since the number of vertices of G is 1, the proof is done by Proposition
2.2 of [13] and case 1.
O

Corollary 2.2 : For a positive integer n, | E(G) | = (n— 1)2"". Particularly, if n is
prime number, then | E(G)|=n— 1.

k ok ky\nk
Proof: Clearly, there is W=2H(n— 1) edges in G by

Propsition 2.1. |

Proposition 2.3 : Let 7Z, =Hf=1Z:" and u,v e V(G). Then the following
statements hold:
1. Ifforeachi, Z . # L, and 2u,2v € Id(Z,), then u,v arenotadjacent.
2. If for eachi, Z = Zz then G is a complete graph.
3. If Z, has Z,x ...x Z,, 0< s< k asa quotientand 2u € Id(Z ) then

s times

u is adjacent to 2°— 1 vertices of d, in G.

Proof:

1. Suppose 2u e Id(Z,). Then all vertices of d, are corresponds to
a (0,a,)-vector of length k such that for 1< i<k, 0#a e Z
and 24, € {0,1}. Note that, since for each i, Z ~ has no nontr1v1al
1demp0tent then each a, is unique. Since for each i, Zp & 7,,
a,# 1. Now, let two dlstmct vertices b and ¢ of d, are adjacent in
G. Clearly, b and c have at least one different component. Without
loss of generality, we suppose that b, # 0 and c, =0. Therefore,

€ {0,1}, contradiction.

It’s clear.
3. It follows from (1) and (2). O

In the following, by d x d  we mean the set of all uv € E(G) such that
deg(u)=d, and deg(v)=d,.



CALCULATING DIFFERENT INDICES OF IDEMPOTENT GRAPH 839

Proposition 2.4 : For a positive integer 1, let Z has Z,x ...x Z,, 0< s< k

s times

as a quotient. Then we have:
1. If 2u,2v € Id(Z,), then the number of d x d is A=(2"")(2°- 1).
2. If 2ueld(Z,),2v & 1d(Z,), then the number of d xd is
B=2(2"- 2°).
3. If2u,2v ¢ Id(Z,), thenthenumberof d x d is C= 2 (n-1)- A- B.

Particularly, if n =2, then A=1, B=0 and C=0. Also,if n=p“= 2,
then A=0, B=2 and C=n- 3.

Proof: Let Z, =(H;](Zz))(Hf:s+1(Z;” )) for k21 and uv be an arbitrary
edge of E(G).
1. If 2u,2ve Id(Z,), then d, =d =2°-1 by Proposition 2.1. Therefore,
the number of d x d is

2k @25~ 1)

A==—5

=212 - 1)

by proposition 2.3(3).

2. If 2ue ld(Z,),2v £ Id(Z,), then d, =2"-1 d =2 by Proposition
2.1. Therefore, the number of d x d is

B=2 (2"~ 1)- (2° - 1)] = 2F (2" - 29).
3. Assume 2u,2v ¢ Id(Z,). Since | E(G)|=2""(n—1) by corollary 2.2,
then
C=|E(G)|-A- B=2"'(n-1)- A- B

by case (1) and (2). O

3. Topological indices of G

In this section, we calculate some kind of topological indices of G.

Theorem 3.1: Fora positive integer n, the first Zagrebindex of Gis (n— 2)2°* + 2*.
Particularly,
2 ifn=2

M. (G)=
(©) {4;9"—6 ifn=p“=2
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Proof: There are 2" vertices of degree 2°— 1 and n— 2" vertices of degree
2* by Proposition 2.1. Therefore,

M,(G)=2°(2" = 1)+ (n— 2)2* = (n- 2)2* + 2~.
O

Theorem 3.2 : For a positive integer n, the second Zagreb index of G is
AQF - 1)+ B((2" - 1)2")+ C(2*). Particularly,
1 ifn=2
MZ(G)= 4 a . a
p*—-8 ifn=p“=2

Proof: By Proposition 2.4, we are done. a

Theorem 3.3 : Let n be a positive integer. The third Zagreb index of G is B.
Particularly,

0 ifn=2

M, (G)=
(6 {2 if n=p“£2

Proof: Suppose that uve E(G). If 2u,2ve Id(Z,) or 2u,2ve ld(Z,),
then |d —d [|=0 by Proposition 2.1. If 2u¢ Id(Z,) and 2ve Id(Z,),
then |d —d |=1 by Proposition 2.1. Therefore, by the definition of third
Zagreb index and Proposition 2.4, we are done. |

Corollary 3.4 : Let n be a positive integer. Then the first Zagreb coindex of G is
25125~ 1)- AR - 2)+ (2 (n- 25)- B)2" "= 1)+ ((n- 2")(n— 2" - 1)- 2C)2".
Particularly,

M(G)—{O if n=2
B 2p* - 8ptr 6 if n=p 2 2

Proof: Let u,v € V(G).
1. Suppose 2u,2v € Id(Z,). Then d, =d =2"— 1. Ifall of vertices of d,
form a complete subgraph, then the number of d x d, is 2 '(2°~ 1).
If there is non-adjacent vertices u and v, then the number of d x d,
is 2°'(2"~ 1)~ A by Proposition 2.4.
2. Suppose 2ug Id(Z,) and 2ve Id(Z,). Then d, =2°,d =2"-1.
If each vertex of d, is adjacent to each vertex of d , then there is
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(n—2)2" edges of d x d . If there is non-adjacent vertices u and v,
then the number of d x d_ is 2°(n— 2°)- B by Proposition 2.4.

3. Suppose 2u,2v ¢ Id(Z,). Then d =d =2". If each vertex of d_ form

(n=25)(n—2F

a complete subgraph, then the number of d x d is > =Dy

there is non-adjacent vertices u and v, then the number of d x d is

(= 2y (- 2¥-1) "

5~ C by Proposition 2.4. O
Corollary 3.5 : Let n be a positive integer. The second Zagreb coindex of G is
Q12" - 1)- A" - 1%+ ((n— 252 = B)2" 2"~ 1)+ ((n— 2)(n- 2" - 1)- 2C)2".
Particularly,

M(G)—{O if n=2
2 (27" - 10p“+ 13 if n=p“# 2

Proof: The proof is similar to Corollary 3.4. a

The following Theorems are calculated by Proposition 2.4.

Theorem 3.6 : Let n be a positive integer. Then the first multiplicative Zagreb
index of G is (2= 12" (2™ ). Particularly,

1 ifn=2
L= 470 if p=poz 2

Theorem 3.7 : Let n be a positive integer. Then the second multiplicative Zagreb
index of G is (2" — 1)®**®25C B particularly,

1 ifn=2

mG)=1 .
) {20” Y ifn=pir2

Theorem 3.8 : Let n be a positive integer. Then the Randi¢ index of G is

A[L} B_L +°. Particularly,

ok_1 [y2k_ok ok
1 if n=2

AG) = i-ﬁ- p*-3
2 2

ifn=p“#2
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Theorem 3.9 : Let n be a positive integer. Then the GA index of G is

72k
A+ BRE -2 fﬂ - +C Particularly,
1 ifn=2
GA(G)=
‘M +(p“-3) ifn=p 22

Theorem 3.10 : Let n be a positive integer. Then the ABC index of G is

M Kl \oklg
+B +C F

ok_1 2ok . Particularly,
0 ifn=2
ABC(G) =1 .a_
© ’”ﬁl if n=p“s 2

Example 3.11 : The Values of M,(G,(Z,)), M,(G,(Z,)), M,(G,(Z,)),

M,(G,(Z,), M, (G,(Z,)), ,G,Z,)), ,G,Z,), AG,Z,)),
GA(G,(z,)) and ABC(G(Z,)) for n=2,6,9,15 is computed in Table 1

Table 1

n 2 6 9 15
M,(G(Z,)) 2 68 30 212
M,(G,(Z,)) 1 114 28 400
M,(G(Z,)) 0 8 2 12
M,(G,(Z,)) 0 24 96 508
M,(G,(Z,)) 0 36 85 972
1,(G,(Z,)) 1 9*x (16)° 4 9*x (16)"
I,(G,(Z,)) 1 3%x 8 oM 312x 4%
AG,(Z,)) 1 2.97 441 7.46
GA(G(Z,)) 1 9.9 6.88 27.87
ABC(G,/(Z,)) 0 6.4 5.65 17.53
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