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Abstract

The conception of (4, d)-H-super antimagic total labeling is generated by graph covering,
magic square and graph labeling. In this paper we study the (4, d)-H-super antimagic total
labelings of the friendship graph F,, wheel W, and the graph mG.

n’

Subject Classification: 05B30, 05C78.

Keywords: Super (a, d)-H-antimagic total labeling; Friendship graph F,; Wheel W,; The graph mG.

1. Introduction

It is convenient to adopt the following notations. Let Z be the ring
of integers. The symbols [a,b] and [a,b], denote the set {x|xeZ, a<x <b}
and the set {xe Z| a<x<b, x=a(mod k)}, respectively.If f:V, -V, isa
mapping and V, c V,, we denote {f(v)|veV,} by (V,). If A is a number
set, then we denote the sum } i by Y A. In the paper we denote by V(H)

and E(H) the set of vertices arlleé‘ the set of edges of a graph H, respectively.
A graph H is called a (p, q)-graph if it has | V(H) | = p vertices and | E(H) |
= g edges. An H-covering of a graph G is a set of subgraphs of G, say {H,,
H,,..., H,}, such that each edge of G belongs to at least one of the subgraphs
H,,ie[l,n]. Let the simple graph G admits an H-covering B={H ,H,,
...H }. The graph G is said to be (a, d)-H-antimagic total (simply, (a, d)-
H-AMT) if there exists a bijection f: V(G)UE(G) — [1,|V(G)UE(G)|]such
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thatforall H'e B, Y f(v)+ X f(e) (called weight of H' and denoted
veV(H'") eeE(H'")

by w f (H') or Yf(H’) form an arithmetic progressiona, a +d,a +2d, ...,
a+ (n-1) d, where a and d are two integers. An (4, d)-H-antimagic total
graph G is said to be (1, d)-H-super antimagic total (simply, (a, 4)-H-SAMT)
if AV(G)) =[1,| V(G) | ]. The fis said to be an (4, d)-H-(super) antimagic total
labeling of G (simply, (4, d)-H-(S)AMTL).

An (a, d)-H-AMTL of G is an (a, d)-edge-antimagic total labeling
(simply, (a, d)-edge-AMTL) of G if H =K,. Definitions of (a, d)-edge-
AMTL and (g, d)-edge-SAMTL were natural extensions of the concept of
magic valuation (see [1] and [2]). Liang [6] and [7] completely settled the
problems of the super (a, d)-edge-AMTL of the complete bipartite graph
and the G-supermagic of I(G, H, m) and m ©G. Zhu and Liang [3] studied
the (a, d)-H-super antimagic total labelings of path chain graph PCG(H, U,
n) whend =0, 1, 2, 3, 4. For a survey of various graph labeling problems
one may refer to Gallian [8]. In [4] and [5] authors studied the irregular
chromatic number of some graphs and the topological index problems,
respectively.

Problem 1: (see [9]) Known if n>5 is odd, then the wheel W, has (g,
0)-C,-SAMTL. The open problem is that does the wheel W,, has (a, 0)-C.-
SAMTL if r > 1?

Problem 2: Bacaet al. in [10] proved

(1) if the friendship graph F, has (g, d)-edge-SAMTL, then d < 3;

(2) when ne({1,3,4,5,7} and d = 0, 2 the graph F, has (a, d) -edge-
SAMTL;

(3) the graph F, has (4, 1)-edge-SAMTL. Slamin et al. in [11] obtained
that F, has an (4, 0)-edge-SAMTL if and only if ne({1,3,4,5,7}.
Nalliah in [12] proved F, has not (4, 2)-edge-SAMTL if 1 is even and
n Z 4 (mod 12). Open problem: whether F, has (a, 2)-edge-SAMTL
if n>8?

Problem 3: The disjoint union of m copies of G is denoted by mG. Baca
et al. in [13] proved that if T is tree and G has an (a, 1)-T-SAMTL, then mG
has also (b, 1)-T-SAMTL if m > 1. They proposed the following problem: if
G has an (a, d)-H-SAMTL, whether mG has an (a’,d") -H-SAMTL?

In this paper we mainly solve these problems.
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2. The (a, d)-C,-SAMTL of wheel W,

In this section we'll study Problem 1: (4, d)-C,-SAMTL of wheel W, for
any integer n >4 and d =0 or 1. For any integer n >3, the wheel W, is the
n + 1-vertex graph obtained by joining a vertex v to each of the n vertices
{v,,0,,---,0,} of the cycle C,. The vertex v is called the center of the wheel.
Let the subgraph H, of W, be the C, with vertex set {v, v, v,,,}, 1<i<n-1,
and H, be the C, with vertex set {v, v,, v,}. Then B={H,,H,, .., H } is a
C,-covering of W,

Theorem 2.1: Wheel W,, is an (a, 0)- C,-SAMT graph, where a = 19r + 5 and
r>1.

Proof: Let n = 2r. We construct a mapping f: V(W ) UE(W,) — [1,3n+1]
as follows:

When ie[l,r], f(v,.,)=6r-2i+3, (v, v,) =2r+2i;

When i€[1,r-1], flv,) =6r-2i, f(vv, ) =i, flvv,) =r+1+7;

When i=r, f(v,) =2r+1, f(vv, ) =4r—1, flvv,) =r+1;

When ie[l,7r-2], (v,v,,)=2r+2i+1;

When i=r-1, f(v,v,,,) =1, and f(v) = 4r — 1, f(v,v,) = 67.

Thus when i€[1,r] there are f(v,, |)e [4r+3, 6r+1],, f(v,,) € [4r+
2,6r-2], U2r+1}, f(v, p,)e[2r+2,4r],, f(vo, ,)e [l r-1]U{4r-1},
f(wv,)elr+2,2r]U {r+1} = [r+1,2r].

When i€[1,7-1] there are f(v,v, )< [2r+3,4r-3], Ulr}, flv,v,) =
6r, flv) = 4r + 1. Therefore f is a bijection from V(W JUE(W)) to [1, 3n + 1].

It is easy to verify that each graph H,,ie[1,n] in B satisfies Yf(H,)

=19r + 5. Therefore wheel W, is a (197 + 5, 0)- C,-SAMT graph for any r > 1.
|

Theorem 2.2: Wheel W, is an (a, 1)-C,-SAMT graph for any integer n > 4.

Proof: Let B={H,,H,, ..,H,} be a C,-covering of W,. We construct a
mapping f: V(W )U E(W,)— [1,3n+1] as follows:
flow,)=3n+2-1i,1<i<n-1, flv)=1,fvp,)=2n+2.
We have f(v,v,,)e[2n+3,3n+1],and f(v,v,) = 2n + 2. Therefore

AE(C)) =[2n+2,3n +1].
(1) When n is odd, let
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o) "7“41, iell,n], fon) 2n+2—"7+i, iell,n],
v,)=17 ° uv,) = 4
%+1, ie[2,n-1], 2n+2—%, ie[2,n-1],

(2) When n is even, let

%H, ie[l,n-1], n+1+§, ie[l,n-1],
f(vi): n+i f(Z)ZJ,.): n+i
T+1’ iel2,n], n+1+7, iel2,n],

Then f is a bijection from V(W )UE(W,) to [1, 3n+1], and AV(W,)) =
[1,n+1], AEW,)) =[n+2,3n +1].
It is easy to verify that {¥f(H,), Xf(H,), -, Xf(H )} =[6n+9,7n +

8] is a set of consecutive integers. Summarizing the above results, we have
proved that W, is an (g, 1)-C,-SAMT graph, where n>4 anda=6n+9.0

3. On the (g, 2)-edge-SAMTL of F,

The friendship (or Dutch windmill) graph F, is a graph that can
be constructed by coalescence 1 copies of the cycle C, of length 3 with a
common vertex (called center of F,). On the (a, d)-edge-SAMT problem of
friendship graph F,, Baca et al. in [10] and [11] have solved the problem
for the case d = 0, 1. In this section we'll solve this problem for the case
d = 2. This implies that the (4, d)-edge-SAMT problem of F, has been
completely solved.

Lemma 3.1: (See [14]) Let ged(a,, a,) = d > 1. If diophantine equation a,x + ay
=n (1) has a particular solution (x,, y,), then general solution of (I) is

x=x0+‘;—2t
t=0,£1,%2,---

J’ZJ’O_%I

Lemma 3.2: [14]
(1) The diophantine equation (I) has a solution in integers x, y if and only if
gcd(a,, a,) divides n.
(2) Integers a and b are relatively prime if and only if there exist integers s and
t such that sa +tb = 1.
Let graph G has an (a, d)-edge-SAMTL f. We have



ANTIMAGIC TOTAL LABELINGS OF GRAPHS 199

Yoevd©) f(0)+ Xk f(€) = ZL’EE(G)wf (e) D)

Where d(v) is the degree of vertex v on G. We know that friendship graph F,
has |V(F,))| =p =2n+ 1 vertices and | E(F)) | = q = 3n edges. For center c of F,
we have d(c) = 2n, and d(v) = 2 for other vertex of F,.

IfF has an (a, 2)-edge-SAMTL f: VUE — {1,2,3,---,p+q}, then

{f)+ f(v)+ f(uv)|luv e E(H)} ={a,a+2,a+4,---,a+2(3n-1)}. (I1II)
If f (c) =i, then by (II) we get equation
2(%p(p+1)—i]+2m’+%(p+1+p+q)q =%{a+u+2(q—1)}q.

By computation we get

. 11n2+27n—6na+4
- 4(1-n) (v

Since a21+2 +(p+1) and a+(@@-1)d<(p-1)+p +(p+q), there is
2n+5<a <3n+4.

Again by (IV) we can obtain 1 +g <i<1 +%n.

By (III) we obtain that lesser m edge weights on F, are a,a+2,a+4,

-,a+2(m=1), their sum is am + m(m-1), greater m edge weights on F, are
a+23n-1), a+23n-2), ---,a+23n—m), their sum is 6nm + am — m(m +

1). It is easy to obtain the following conclusion.

Lemma 3.3: Let mapping f: VUE — {1,2,3, ---,p+q} be a labeling on F,.
If sum of lesser m edge weights on F, is am + m(m-1) or sum of greater m edge
weights on F, is 6nm + am —m(m + 1), then F, has not (a, 2)-edge-SAMTL.
Next, we want to show F, has not (a, 2)-edge-SAMTL. The equation (IV) is
equivalent to the equation (4 — 4n) i + 6na = 111" + 27n + 4 (V).
If n is a constant, then (V) is a binary equation of first order with as two
unknown elements i and a.

Lemma 3.4: Friendship graph F, has not (a, 2)-edge-SAMTL if odd n>9.

Proof: In equation (V) leti=n+ 1. We can obtain integer solution a = 5”;9.

Thus (i, a) = [n+1,5"2+9J is a particular solution of (V). Since gcd (4 — 4n, 6n)

=2, the equation (V) has general solution
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i=n+l+%”t
t=0,+1,£2,.--
_5n+9 4—4nt
2 2

s n_ . 7n s . .
Again by 1+, <i<1+7-, we know (V) only has integer solution (i,

a) = [n+1,5”+9j.
2

Next we show that F, has not (a, 2)-edge-SAMTL ifi=n+1and a =

5n+9
7

When n=1(mod4), suppose that F, has an (4, 2)-edge-SAMTL f,

ne 3n2+21n+30

then the sum of lesser "> edge weights on F, is . But when we

n

actually give vertices of F, labels, then the sum of lesser =2 *5 edge weights

49n%+338n+413

on F, is »

. By Lemma 3.3 we obtain F, has not (a, 2)-edge-
SAMTL.
When n=1(mod4), suppose that F, has an (2, 2)-edge-SAMTL

2
f, then the sum of lesser n—5 edge weights on F, is n +27 "% Whereas

when actually compute the vertex labels, then there is the sum of lesser

49n%+102n+53

> . By Lemma 3.3 we obtain F, has not

"+1 edge weights on F, is
(a, 2)-edge-SAMTL.
Summarizing the above results, proof of the theorem is now

complete. O

Lemma 3.5: When n>16 and n=4 (mod12), graph F, has not (a, 2)-edge-
SAMTL.

Proof: When n=4 (mod12), if n = 12k + 4 and ke Z", then (i, a) =

[1+ g,2n+5j is a particular solution of equation (V). Since 4(3k + 1) — 3(4k

+1) =1, there is (4k + 1, 3k + 1) = 1 by Lemma 3.2, there is also d = (4 — 4n,
6n) = 12. By Lemma 3.1 we obtain the general solution of equation (V) is
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i=1+"4 9
412
t=0,+1,+2,--

4—4nt
2

a=2n+5-

Since 1 +g <i<1+ %ﬂ and 2n+5<a <3n+4, the integer solutions
of (V) is:

4

. 3
i=1+% 1:1+Tn
a=2n+5 a:2n+5+”7‘1t,

m-2,"

a:2n+5+Tt

. 5
l=1+jn i:1+%"
a=3n+4

By Lemma 3.3 we obtain that F, has not (g, 2)-edge-SAMTL for above
each solution. Therefore the result is true. O
From Lemmas 3.4 and 3.5 we obtain the following theorem.

Theorem 3.6: Friendship graph F, has (a, 2)-edge-SAMTL if and only if
nefl,3,4,5,7}.

4. On the (4, d)-H-SAMTL of graph mG

Theorem 4.1: Let m,t >1 be positive integers. If H is a (r, s)-graph and G a (p,
q)-graphs and the graph G with H-covering B, is a (a,, d,)-H-SAMT graph, then

graph mG with H-covering B, is (b,, d,)-H-SAMT graph. There n €[1,4], and
(1) when r=0(mod2), s=0(mod2), d, €[0,r+s],.

(2) when r=1(mod 2), s=1(mod?2), d, €[2,r+s],.
(3) when r=1(mod 2), s=0(mod2), d, e[l,r+s],.
(4) when r=0(mod2), s=1(mod2), d, €[1,r+s],.

Proof: Let B ={H',H?, ---,H'}. Since every H’,je[l,t] and H are
isomorphic, |V(H)|=|V(H)|= r,|EH)|=|EH)|= s. Let V(H) =
{v] [k e[1,r]}, E(H)={e] |l €[1,s]}. Again Gisan (a,d)-H-SAMT graph with
labeling f": V(G)U E(G) — {1,2,---,p}U {p+1,p+2, ---,p+q}, therefore
{wf,(H7)|j:1,2,--~,t}:{a,a+dn,---a+(t—1)dn},n6[1,4]. 1)
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For convenience sake, we denote m graph of mG by G, i €[1,m],and
let B =U"{H H, - H}. V(mG) = (v, |ie[l,m], ke[l,r], je[Lt]),
E(mG)={e], | ie[l,m], l€[l,s], je[l,t]}. For each, ie[l,m], je[l,t], we
define the labeling f on H/ as follows:

Case 1: When r=0(mod 2), s =0(mod 2),

mfie))+1-, ke@,g—u}
f@ )= .
m(f'(v])-1)+i, keB—uH,r}
= m f’(e[?+1—z’, 16[1,5_7;}
m(f'(e])-1)+i, le B—ml, s}

Case 2: When r=1(mod 2), s=1(mod 2),

o mpeh+1-, ke[
f(vg,k): )
m(f'(v))-1)+i, ke[

f(ezj,z)z

mf'(e])+1-1, le{l,s_l—v}
m(f'(el)-1)+i, le{

Case 3: When r=1(mod 2), s=0(mod 2),

o mpeh+1-, ke[
f(v{,k): )
m(f'(v))-1)+i, ke[

f(e{,l)z

m f'(e))+1-1, 16[1,3—0}
m(f'(el)-1)+i, le{

Case 4: When r=0(mod 2), s =1(mod 2),
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mf'w)+1-i, k e{l,f—u}

m(f'(0))-1)+i, ke{

N

f (vz]k) =
—u+l, r}

2
e mf'(e)+1-1, 161:1,5;21—0}
€ )=

m(f'(el)-1)+i, Ze{s;—vﬂ,s}

Here when r=0(mod2), ue [0,;} when r=1(mod?2), ue [O,%};
when s=0(mod?2), ve {O,ﬂ; when s=1(mod 2), v e [O,%]

Thus for vertex labels, we have {f(vl]k) lie [1,m]} = [mf’(v,{) -m+1,

mf'(v])]. Again since {f'(v])|je[Lt], ke[l r]}= [1,p],{f(vf,k) lie[l,m],
jell,t], kell,r]} = [1, mp].

For edge labels, we have {f(e] ) |ie [1,m]} = [mf'(e]) -m+1, mf'(e])],
Since
(fleDljelLtl le[L sl = [p+1,p+qlifel,) lie[l,m], jellt]le[l,s]}=
[pm+1,(p+q)m].

Summarizing the above results, we obtain fis a bijection from V(mG)
UE(mG) to [1, (p + q) m].

In Case 1, we have wf(Hij) = mwf,(Hif)+ h +di.

Where

h, = [g—u]—(%+ujm+(%—v]—[%+vjm,dl =2u+2vel0,r+sl,.

In Case 2, we have wf(Hl,j) = mwf,(Hij)+ h, +d,i.
Where

h, =(%l—u)—[%lﬂtjm+(s—;1—vj—(i21+vjm,dz=2u+20+2€[2,r+s]

-
In Case 3, we have wf(Hij) = mwf,(H{)+ hy +d,i.
Where

r=1_

h, =(7 u]—(%+u)m+(%—v]—(%+v]m,d3 =2u+2v+1ell,r+sl,.

In Case 4, we have wf(Hf): mwf,(Hl.’)+ h, +d,i.
Where

h = T—u |- Lvulm+ 0| - v |m,d, =2u+20+1e[1,r+s],.
2 2 2 2 4 2
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For any, n €[1,4], By (1) we can get the following results.
For covering {H{ | j €[1,t]} of G,, we have {Zf(H{)I jelltl}=
{ma+h +d ,m@a+d)+h +d , - mla+(t-1) d ]+h +d }.
For covering {H] | j €[1,t]} of G,, we have {3 f(H])| j[1,t]} =
{ma+h +2d , m(a+d ) +h +2d ,---,mla+({t-1) d ]+h +2d }.

For covering {H/, , |je[1,t]}of G, ,, we have {¥ f(H! )| je[Lt]}=

{ma+h + (m-1)d , m(a+d) +h +(m-1)d 6 -, mla+(t-1) d]+h

+(m-1)d }.

For covering {H/ | je[1,t]} of G,, we have {¥ f(H!)| je[l,t]} =

{ma+h +md , m(a+d ) +h +md ,---,mla+(t-1) d |+h +md }.
Therefore {Zf(Hi’)l ie[lml, je[L,t]}={ma+h +d , ma+h +2d ,

«,m(a+td ) +h }. Tosum up we get that mGisa (b,, d,)-H-SAMT graph,

where b, =ma + h,. O
In above theorem let f(v! )= m(f'(v])-1) +i,ke[1,r], and f(e] )=

m f’(e{ )+1—-i,l€[l,5],we can get some consequences of the above
theorem.

Corollary 4.2: Letd = | V(H)|-|E(H)|.If G is an (a, d)-H-SAMT graph, then
mGisa (b, d)-H-SAMT graph forany m > 1, whereb=m(a—|V(H)|)+|V(H)|.

Corollary 4.3: If | V(H) |= | E(H) |and G is an (a, 0)-H-SAMT graph, then mG
is a (b, 0)-H-SAMT graph for any m =1, whereb=m(@a—|V(H)|)+|V(H)].
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