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Abstract

The energy E(G) of a graph G is the sum of absolute values of the eigenvalues of the
adjacency matrix of G. This definition of energy was motivated by the large number of results
for the Huckel molecular orbital total st-electron energy. Motivated by E(G), The degree sum
energy E(G) of a simple connected graph G is defined by sum of the absolute values of all
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eigenvalues of degree sum matrix. In this paper, we obtain spectra and degree sum energy of
the total transformation graph G**of a r-regular graph.
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1. Introduction

Let G(n, m ) be a simple connected graph and the vertices of G be
labelled as v,, v,, ..., v,. The notation d.(v,) (or d) indicates the number of
edges incident to v,and is called the degree of v,in G, also e=v,v, is an edge
of G. If all the vertices of G have the same degree equal to 7, then G is called
r-regular graph.

A square matrix A(G) of order n is an adjacency matrix of G whose
(i, )-entry is 1 if the vertex v, is adjacent to v, and is 0 otherwise. The
eigenvalues of an adjacency matrix A(G) are denoted by 4,, 4, ,- - - ,A,. Since
eigenvalues of an adjacency matrix are real, they are ordered as 4,2 4, 2
> ln.

Then E=E _(G)=X.,| A | is the energy of G [6].

The degree sum matrix has been introduced by H. S. Ramane et. al.
[7]. Let G (n, m) is a simple graph with vertices v,, v,, ..., v, and d,is the
degree of v, where i=1, 2, ... n. DS(G) = [d,.j] is the degree sum matrix for
G where,

_{d,.+d]-, if i%]
b 0, otherwise

Characteristic polynomial for the degree sum matrix is given as,

§(G: ) =det(l — DS(G)) =|yI = DS(G)|= 7'+ e,y "+ ¢,y "+ - - - +¢,=0,
here I being the identity matrix of order n. Since DS(G) is real symmetric
matrix, the roots of ¢(G: ) = 0 are real and it can be ordered as >y, >--
>y, with respective multiplicities k,, k,, ... , k, then the spectrum can be
written as,

—_|n 1/ I Yn
spectra(G) = [}ﬁ . kn]
where 7, is largest and 7, is smallest eigen value. Degree sum energy of G
is given as,

Es(G) =217,
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Bounds for degree sum energy is then modified by Hosamani [5].
Similarly, eccentricity sum energy is defined and studied in [2, 3].

In 2001, Wu and Meng [12] gave new transformations G for G
generalizing the concept of the total graph. The total-block graph T,(G)
[11] was introduced by Kulli. Moreover, the concept of the transformation
graph G is a special case of the block-transformation graph G*'[1].

Definition 1.1 [10] : For graph G(V: E) on n > 3 vertices and x, y, z be three
variables taking values + or — . Total transformation graph G¥*for G, is a
graph having V (G) U E(G) as a vertex set and for o, Be V(G)UE(G), o
and B are adjacent in G*if and only if

(1) o, BeV(G), aand Bare adjacent in G if x = + and are nonadjacent in
Gifx=-.

(2) o BeE(G), aand Bare adjacent in G if y = + and are nonadjacent in
Gify=-.

(3) aeV(G) and BeE(G), acand Bare incident in G if z = + and are not
incident in G if z =—.

We obtain eight graphical transformations for G. For a given graph
G G"™,G", G, G" andits complement G, G, G, G are
the eight transformation graphs. For more results on total transformation
graphs one can refer [9, 10, 12].

Here, we obtain spectra and degree sum energy for the total
transformation graph G*, where G is r-regular graph. For more results on
regular graph one can refer works of Anirban Banerjee et. al. [13].

II. Preliminary Results

Theorem 2.1 [8] : If G is a r-reqular graph with n vertices, then G has only one
positive eigen value equal to 2(n — 1)r.

Proposition 2.2 [9] : For a graph G(n, m), letu, v € V(G) and e =uv € E(G).
Then degree of corresponding vertices in G*are:

(@) d_. (u)=2d_ (u)and dcw (e)=d_(u)+d_(v).

(b) d. (u)=mandd_. (e)=d (u)+d (v)+n-4.
(© d..(u)=2d,(wandd_, (e)=m—-d (u)—d(v)+3.

(d) d_. (u)=n-1land dG (e)=d_(u)+d_(v).

felans

o

—t+

femas
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(e) dcm (u)=n+m-2d_(u)-1and dGm (e)=n+m-d_(u)—d.(v)-1.
() dc~+ (y=n-land d_. (e)=m- d.(u)—d_(v)+3.

(g) dG,+, (u)=n+m-1-2d_(u) and dG,+, (e)=n+d_(u)+d_(v)—4.

(h) dc+__ (u)=mand dG+__ (e)=m+n-d_(u)-d_ (v)-1.

Proposition 2.3: For a r-regular graph G(n, m), letu, v € V(G)ande=uv €
E(G). Then the degrees of corresponding vertices in G** are:

(a) dG++ (u)=2rand dc,+++ (e)=2r.

(b) Qﬁju%:gand%wj@:2r+n—4

(o) ch (u)=2rand ch (e)= % —2r+3.

(d) dc-+* (u)=n-1and dc-*+ (e)=2r.

(e) dgﬁa0=n+ig—27—1anddgﬁ@)=n+3;—27—1
(f) dc~+ (u)=n-1land d5~+ (e)= % —2r+3.
@)dwjm=n+g—kammd%+@:n+%—4
(h) dgw(u)zzg—andt%k,@):1g+ﬂ1—27—1.

Proof: For a r-regular graph G(n, m), we have d_(v,)=r, i=12,...,nand
has m=nr/2 edges. Hence the proof follows from Proposition 2.2.

Lemma 2.4 [4] : If a and b are scalars then,

i b o b
jar+b(-D|, = 7Y =(@=byla+(n-1)b],
b b a

where 1 is the identity matrix and | is the matrix with all the entries as 1.

then the determinant of

Lemma25[4]:Ifa,b,c nd ql ar(f real nuP‘lbers
can be expressed as,

order n, + n, of the form, 2
_d]n X1y (')/+b)1 _bIn

(y+a)" ™ (y+ )" {Ty= (1, = Dally— (1, - bl - n,n,cd)

Lemma 2.6 : If a, b, c and d are real numbers and y,,7,,...,7, o, Gre the
eigenvalues such that, y, <y, <...<v, . of characteristic polynomial of the

(Y'HZ)Inl _a]nl _C]nlxnz

determinant p A
- ]nzxnl (Y"’ ) nz_ ]112

of order n, + n, , then the eigenvalues

are given by,
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-a , (n;-1) times
Spectra = y=b , (n,—1) times

[a(r,~1)+b(ny ~1)[a(my ~1)-b(rt,~1) P+ mped | /2

Further,

Case (i): If (n, —1)(n,—1)ab<nn,cd,

Y, =3y =la(n, —1)+b(n, 1)+ \/[a(nl ~D)~b(n, ~1)[ +4n,n,cd]/2

Case (ii): If (n, —=1)(n, —1)ab>nn,cd,
Y4y, =20y =a (n —-1)+b (n,-1)

Where, v, =[a(n, —1)+b(n, 1)+ \/[a(nl -1)-b(n, - DI + dnn,cd]/2
and

Y, =la(n, —=1)+b(n,-1)- \/[a(nl -1)—-b(n, - DF + dnn,cd]/2

III. Main results

In this section we have obtained degree sum energy of total
transformation graphs. By the definition of total transformation graphs of
a graph G with n vertices and m = nr/2 edges, G*"have m + n vertices. Let
the vertices be labelled as v, i=1, 2, ..., n and the edges as e, j= 1,2,...,m.

Theorem 3.1 : For any r-regular graph G(n, m), we have
E (G =4r(nr+2n-2)

Proof: As G(n, m) is a r-regular graph, by the definition of G™" and
Proposition 2.2 and 2.3 we have characteristic polynomial of degree sum

matrix is |/II—DS(G+++) =0.
A —4r  A4r —4r  —4r]
—4r A —A4r —4r  —A4r
Now, |/U—ES(G+++)| _ |4 A Z. —4r  —4r (1)
—4r —A4r Ar A A4y
—4r  —4r A4r —4r

(m+n)x(m+n)

By using Lemma 2.4,
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| AL —ES(G™*)|= (A+4r)"" [ A= (m+n—1)4r] = 0.

e\ | 4T 4r(m+n-1)
spectra(ES(G™")) = [mm_l . j
Hence E ((G™") =8r(m+n—1)=4r(nr+2n-2).
Theorem 3.2 : For any r-reqular graph G(n, m), we have
E (G )=nr(n-1)+(nr-2)(n+2r—4)

+\/[nr(n 1) =(mr=2)n+2r—4) +n’r / 2)(nr +2n+4r-8)°

Proof: As G(n, m) is a r-regular graph, by the definition of G™~and from
Proposition 2.2 and 2.3 we have,

| A1-DS(G™)|=
A —2m —2m —(m+n+2r-4)  —(m+n+2r—-4) - —(m+n+2r—4)
—2m A 2m —(m+n+2r-4)  —(m+n+2r-4) - —(m+n+2r—4)
—2m —-2m A —(m+n+2r—-4) —(m+n+2r-4) - —(m+n+2r—4)
—(m+n+2r-4) —(m+n+2r-4) -+ —(m+n+2r-4) A —-(2n+4r-8) -+ —(2n+4r-8)
—(m+n+2r-4) —(m+n+2r-4) - —(m+n+2r-4)  —(2n+4r-8) A o —=(2n+4r-8)
—(m+n+2r-4) —(m+n+2r-4) - —(m+n+2r-4)  -(2n+4r-8) —(2n+4r-8) - A
i.e., |/’U_DS(G++—) — (ﬂ_zm(]_I))nxn —(711+7’l+27’—4)],1><m (2)
_(m+n+2r_4)]m><n (ﬂ_(2n+4r_8)(]_1))m><m

Expanding by using lemma 2.5 we obtain,
| A= DS(G™")| = (A+2m)" ™ (A+2n + 4r - 8)"" [ £ = A2m(n—1)

+(m—-1)2n+4r-8)]+2mn—-1)(m—-1)2n +4r-28)
—nm(m+n+2r—4)1=0

Spectra(DS(G™")

-2m ,(n=1) times
= —(2n+4r-8) ,(m=1) times

m(n—1)+(m—l)(n+2r—4)i\/[m(n—l)—(m—l)(n+2r—4)]2+nm(m+n+2r—4)2
In this,
A =[mn-1)+(m-1)(n+2r-4)
+Im(n=1)=(m=1)(n+2r— 4 +nm(m+n+2r—4)°1/2
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is the largest and only one positive eigenvalue.
Hence,
E (G")=2A=2m(n—-1)+(m—-1)(2n+4r-8)
+\/[2m(n 1) =(m-1)2n+4r-8)* + 4nm(m+n+2r—4)

Therefore,
E (G )=nr(n-1)+(nr-2)(n+2r-4)
+\/[nr(n ~1)—(nr=2)(n+2r—4)F +(n’r / 2)(nr +2n+4r-8)°

Example1:ForK,,,n=6,m=9,r=3
From the Theorem 3.2,

Epo(Ki5)=90+128+1/1444 +54(34)* = 470.7212

Characteristic polynomial of

DS K++— — ﬂ_DS K++— — ((Hfls(]*n)éx() 717]6><9
( 33 )= ( 338 )l ‘ =17 Joxe (A=16(J~1))gx9

Leta=18,b=16,c=17,d=17n,=6,n,=9.
Here, (n, —1)(n, —1)ab = 11520 < n,n,cd = 15606.
From case(i) of Lemma 2.6,
Y= Z:‘i;”z v, = [u(nl _1)+b(n2 -1
+Jla(n, —1)=b(n, — )P +4n,n,cd]/ 2 = 235.360.59

From the definition Degree sum energy of K7~

3,3 7/
-y 1ty
EDs (Ks,s )= nt 2,-:2

v,|=2y, =4707212

Theorem 3.3 : For any r-reqular graph G(n, m), we have
E (G)=4r(n=1)+(nr-2)[(nr—4r+6)/2]
+\/[4r(n )= (nr=2)[(nr—4r+6) /2> +(n*r / 2)(nr +6)

Proof: As G(n, m) is a r-regular graph, by the definition of G and
Proposition 2.2 and 2.3,

| A1-Ds@G)

— (ﬂ_4r(]_1))n><n _(m+3)]n><m (5)
7(m+3)]m><n (ﬂ7(2m74r+6)(]71))m><m

Expanding by using lemma 2.5 we obtain,
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| A-DS(G)|=
(A+4r)" " (A+2m—4r+6)" "' [X — A(m—1)(2m —4r +6)
+r(n—1)]+4r(n-1)(m—-1)2m—4r+6)—nm(m+3)’1=0

Spectra(DS(G™™)

—4r ,(n-1) times
= —(2m—4r+6) ,(m=1) times

2r(n71)+(m71)(m—27+3)i\/[r(nfl)—(mfl)(m72r+3)]2+nm(m+3)2

In this,
A =2r(n—=1)+(m—1)(m—2r+3)
+\[r(n=1) = (m=1)(m—2r + 3)F* + nm(m +3)°

is the largest and only one positive eigenvalue.
Hence
E (G"")=2A =4r(n—-1)+(m~-1)(2m—4r+6)
+\/[4r(n -1)—(m—-1)2m—4r+6)[* + 4nm(m+3)

Therefore,
E (G7")=4r(n=1)+(nr-2)[(nr —4r+6) /2]
+\/[4r(n )= (nr=2)[(nr—4r+6) /2] +(n*r / 2)(nr +6)

Theorem 3.4: For any r-reqular graph G(n, m), we have

E (G)=2(n-1)*+2r(nr-2)
+\/[2(n =1y =2r(nr=2)1 +2n’r(n+2r—1)

Proof: As G(n, m) is a r-regular graph, by the definition of G and
Proposition 2.2 and 2.3,

|A1-DS(G™)

— (ﬂ_2(n_1)(]_1))n><n _(27+n_1)]n><m (6)
~Qr+1=1)] e (A=4r(J~1)) e

Expanding by using lemma 2.5 we obtain,
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Spectra(DS(G™") =
-2(n-1) ,(n=1) times
—4r ,(m=1) times

(=124 2r(m-1)E\[(1-1) ~2r(m-1)P+nm(2r-+n-1)?

Proceeding as given in Theorem (3.2),
Hence,

E (G ") =2(n-1)* +4r(m-1)
+\/[2(n -1 —4r(m -1 +4nmQ2r + n—1)

Therefore,
E (G)=2(n-1)*+2r(nr-2)
+\/[2(n -1 =2r(nr-2)1 +2n’r(n+2r-1)

Theorem 3.5: For any r-reqular graph G(n, m), we have

E (G 7)) =(nr+2n—4r-2)(nr+2n-2)

Proof: As G(n, m) is a r-regular graph, by the definition of G" "~

Proposition 2.2 and 2.3,

| A1 -DS(G )| =| Al - @m+2n-4r-2)(J - )

(m+n)x(m+n)

By using lemma 2.4,

|[A—-DS(G )| =(A+2m+2n—4r-2)[A-(m+n-1)2m+2n—-4r-2)] =

Spectra(DS(G”*) — { -2(m+n-2r-1) ,(m+n-1) times

2(m+n-2r-1)(m+n-1) ,1time

Hence, E (G )=4(m+n-2r-1)(m+n-1)
Therefore, E (G )= (nr+2n—4r-2)(nr+2n-2)

Theorem 3.6: For any r-reqular graph G(n, m), we have

E (G ") =2(n-1)*+[(nr—4r+6)(nr—2)/2]

+\/[2(n =1 = ((nr—4r+6)(nr—2)/ 2)I +(n’r / 2)(nr +2n—4r +4)*

Proof: As G(n, m) is a r-regular graph, by the definition of G~ *
Proposition 2.2 and 2.3,

225
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| A1-DS(G™)

— (H_z(n_l)(]_l))nxn _(m+n_2r+2)]n><m (8)
(=214 (A=Q2m=4r+6)(J=I)) e

Expanding by using lemma 2.5 we obtain,
Spectra(DS(G™") =

-2(n-1) ,(n=1) times
—(2m—4r+6) ,(m=1) times

(n-1)? +(m—2r+3)(m—1)i\/[(n—l)z—(m—2r+3)(m—1)]2+nm(m+n—2r+2)2

Proceeding as given in Theorem (3.2),
Hence,

E (G ") =(m-1+(2m—4r+6)(m—-1)
+J[2(n=1)? = 2m— 47 +6)(m— 1) + dnm(m+n—2r +2)°

Therefore,
E (G ")=2(n—-1)* +[(nr—4r+6)(nr-2)/2]
+\/[2(n —17 = ((nr=4r+6)(nr=2)/ )1 +(n’r / 2)(nr +2n—4r+4)’

Theorem 3.7: For any r-reqular graph G(n, m), we have
E (G)=
(nr+2n—4r-2)(n—-1)+(n+2r—4)(nr-2)
+ \/[(nr +2n—4r-2)(n—1)—(n+2r—4)(nr - 2)I’ + (n’r / 2)(nr + 4n—10)

Proof: As G(n, m) is a r-regular graph, by the definition of G and
Proposition 2.2 and 2.3,

|A-DSG™)

_ [(A=2(m+n=2r=1)(J=1)),1x =(m+21=5)] 10 9)
T 25, (A=(+4r=8)(J=1))y
Expanding by using lemma 2.5 we obtain,

Spectra(DS(G™") =

—-2(m+n-2r-1) ,(n-1) times
—(2n+4r-8) ,(m—1) times
(m+n-2r-1)(n-1)+(n+2r-4)(m-1)x

Jlm+n-2r-1)(n=1)~(n+2r—4)(m-1)P-+nm(m-+2n-5)2

Proceeding as given in Theorem (3.2),
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Hence,
E (G 7)=2(m+n-2r-1)(n-1)+2(n+2r-4)(m-1)
+\[20m+n—2r=1)(n—1)—2(n+2r — 4)(m -1 +4nm(m+2n - 5)

Therefore,
E (G)=
(nr+2n—4r-2)(n—-1)+(n+2r—4)(nr-2)
+ \/[(nr +2n—4r-2)(n—1)—(n+2r—4)(nr-2)I’ +(n’r / 2)(nr + 4n—10)

Theorem 3.8: For any r-regular graph G(n, m), we have

E (G )=nr(n=1)+[(nr-2)(nr+2n—4r-2)/2]
+\Inr(n—1)— ((nr = 2)(nr +2n— 4r = 2) / 2)F +2n°r(nr +n—2r 1)

Proof: As G(n, m) is a r-regular graph, by the definition of G' and
Proposition 2.2 and 2.3,

ﬂ_zm(]_l))nxn _(2m+n_2r_1)]n><m

|4-Ds(G )| =| ! ..(10)
_(2m+n_2r_1)]m><n (ﬂ_(2m+2n_4r_2)(]_1))m><m
Expanding by using lemma 2.5 we obtain,
Spectra(DS(G™ ™) =
-2m ,(n=1) times
—(2m+2n—4r-2) ,(m=1) times

m(n—l)+(m—l)(‘m+n—2r—1)ir\/[m(n—l)—(m—l)(m+n—2r—l)]2 +nm(2m+n-2r-1)*
Proceeding as given in Theorem (3.2),
Hence,
E (G)=2m(n-1)+2(m-1)(m+n-2r-1)
+\/[2m(n —-1)-2m-1D(m+n-2r -1 +4nmm+n—-2r-1)

Therefore,
E (G ) =nr(n-1)+[(nr-2)(nr+2n—-4r-2)/ 2]
+ \/[nr(n ~1)—((nr=2)(nr +2n—4r—-2)/ 2)* +2n’*r(nr + n—2r—1)
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