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Abstract

In this study, we address a frequently asked topic by scholars, “What is the geometrical
meaning of the modified o-derivative”, by using the notion of fractional cords. There is
also discussion of fractional orthogonal trajectories. We give several examples to explain
the notions of fractional cords and fractional orthogonal trajectories. Moreover, we also
discuss the variation of the parameter method and we examine how to apply this technique
to discover a particular solution to a set of nonhomogeneous linear fractional differential
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equations. A formula for modified o-fractional differential equations is established, which is
identical to that for ordinary differential equations.
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1. Introduction

Fractional derivatives are defined in a variety of ways in the literature.
The most important are the Riemann Liouville and Caputo definitions,
which can be found in [12, 15], as well as [8,6,13], for some applications.
The Riemann - Liouville definition and the Caputo definition of fractional
derivative, is as follows.

(i) Riemann-Liouville definition[15]: For a € [p—1,p) the « -fractional
derivative of @ is defined as

a 1 @ e @
Da (I)(é)_ F(P*(X)E a Wdé

(if) Caputo definition[15]: For a<€ [p—1,p) the « - fractional derivative
of @ is defined as

agm_ 1 o @@
D’l (I)(é) T T(p-o) jﬂ (é«_aa—pﬂ :

Some features, including the Product Rule, Quotient Rule, Chain
Rule, Rolle’s Theorem and Mean Value Theorem, are not provided by
these fractional derivatives in this situation. Khalil et al. (cite:8) developed
an innovative concept that expands the well-known limit definition of the
derivative of a function to address some of these and other issues. Using
his novel definition of fractional derivative, he obtained some results.
In the works cited in [7, 8, 9, 10] and [1], Khalil et al. established a new
definition of the term “fractional derivative” and used it to demonstrate
various findings.

In [2], Almeida et al., proposed a new limit definition for the local
fractional derivative, which is defined as follows.

Definition 1.1 : [2] Let k :[a,b] >R be a continous non-negative function
with k(&= 0, if &>a. If ae (0,1) areal, then ¢:[a,b] >R is called as «
-differentiable at £>a, in relation to kernel k,, if the limit.
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GE

— lim #(E &9 N-6(8)
-0 €
exist.

They get some known cases for certain relevant kernel options. Also,
they discovered a connection between this new notion & conventional
ordinary differentiation. Furthermore, most of the essential features of
the fractional derivative may be determined directly using there formula
and results. Recently, Katugampola[5], introduced a new definition
of fractional derivative and utilising his revised definition of fractional
derivative to explain the concept of fractional derivative. The fundamental
purpose of this paper is to present a limit definition of the derivative of
a function that obeys classical features such as linearity, product rule,
quotient rule and chain rule. For undefined & unexplained concepts and
terms the readers can see[11, 12].

2. Modified o-Fractional Derivative

We developed the notion of a-fractional derivative and integral in
[14] by modifying the conventional definition of an ordinary derivative,
which is described as follows.

Definition 2.1 : As ®:[0,0)—>R and ae[0,1) then «a-fractional
derivative of ® of order « is defined as

m @@ 0
I (D =lim 25 ° 7S
AP(9) = lim p , (2.1)

forall >0, andif a=1 then T (®({))=D'({).
Theorem 2.2 : [14] If ® isa a-differential and a < [0,1) then
22— dD(0)
Taé(g) - g dx

Theorem 2.3 : [14] If ® and ¥ are a-differentiable functions at 3 then
1. If ® isa a-differentiable at § then @ is continuous at 4
2. T,(B®)=fT,@), V PeR
3. T (@+Y¥)()=T (P))+T,(¥)(D.
4. T (DPY¥)(V)=DT, (¥)()+ YT (D).

5 T, (2](0) _ [‘V(ﬂ)Toﬂ’(ﬁ)—q)(ﬂ)Ta‘y(ﬂ) '
¥ ¥(0)?
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1) Tg¥
6 To[y)=-"%

7. T (®oW)(8)=T,B(¥(I)T,¥().

3. a-Fractional cords

Let ¢(¢ &) = x be some curve in the {&-plane. For a point (¢, &) on

the curve, the equation % = &'(g,) denotes the formula of the tangent

line to curve ¢(¢, &) = x at the point (£, &)).

Definition 3.1:If ¢(¢; §) = x be asome curve in the ¢&-plane then equation

£ 87 d 31
e gg_Zé (%) (3.1)

is called as fractional cord of the curve ¢(¢, &) = x at the point (g, &)
Here Fractional cords represent deviation curves from the tangent
line, in the sense.
gl g2
o g2

&)

And by definition if a=1 then

&0 _ »
2.

Theorem 3.2 : The a-fractional derivative «f(a)(éjo) of the function &) in the
equation ¢(&, &) = x, is the tangent line’s slope to the fractional cords connected

with the curve ¢§(¢, &)= x at (&, &)).

Thus fractional cords indicate deviation curves from the tangent line,

in the following sense
g &7
(g 82

&)

with respect to ¢ at (¢,,&) and, by definition if a=1, we get

(&)= 0
(%)= o
Example 3.3 : Consider ¢(& &)= & & =0.
If @=3/2 then the fractional cord at (2,4) is
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a5

a0 ]
25

> 20+

Figure 1

The fractional cord to the curve £= ¢ at (2.4), for different values of «

e ad)-s

= JE-2=4(Jc-). (3.2)
The slope of the tangent to the fractional cord (3.2) is £(2)= 4x/§.

This is &?(2), for the curve &= ¢, the fractional cord is shown in
Figure 1.

4. «a-Fractional orthogonal curves

If ¢(S9=4 U E=n are two families of curves then the curve
#(&, &) = 4, is said to be a-fractionally orthogonal to (¢, &) = 7 at (4, &),
if d9(0) for ¢(&H= Aisequalto —— for Y& =1

Let 49

e _ 87 4o 41
e $ﬁ<@ (4.1)

be the fractional cord at (¢, &) for the curve ¢(¢, &) =0. Then

S - e

= -1 42
g &2 [5(”‘)(9] “2
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is the orthogonal a-fractional cord at (¢, &) for the curve ¢(¢ &) =0.
Indeed, the slope of the tangent to (4.1) at (£, &) is &%(¢,) while the slope
S
49
Example 41 : If &= ¢+ ¢ be the family of curves, then &2 = J¢ Put

of the tangent to (4.2) is

5(3 /2) \/Z then (& =-1. Hence é=—1Iné+ C,¢>0 is the f—orthogonal

trajectories to the family &= ¢+ ¢ at (g, ).

Example 4.2 : Consider the curve Q given by £=sin . Now (g,%) e Q.
Take 0 < a< 1. Then

a a1
£ =G 5.
As the fractional cord of Q at (%,%) is given by

ﬁ%iv_lqy{4fa

go @y PR

the orthogonal fractional cord at (g,vl-) is

()" -
P fy -2 )

5. a-Fractional linear differential equations
Definition 5.1: If a¢<[0,1) and n € N. Then we write
"Tf=TT,..T¢
We use writing for simplicity ¢ for " T,. So 729 stand for —( )
dv

Definition 5.2 : An equation
"Toy+a, T y+e+a T y+ayy=¢(V) (5.1)

is called a linear FDE of order n. The coefficients a,a,,...,a,_, may be

constants or variables.
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As ae[0,1) and y is n-times differentiable, then {y,,7,,...,7,}
be the set of n-independent solutions for the homogeneous differential
equation.

"Ty+-+ayy=0 (5.2)

To determine a particular solution of (5.1), one can use either
undetermined coefficients or the variation of parameters method. When
n =2, we actually discover a comprehensive formula for y,.

Definition 5.3: If y, and y, are two independent functions then function

7 72

Wa[yl/ 72]= Ta71 Ta}/Z

will be called the a-Wronskian of y, and y,
More generally, if {y,,7,,...,7,} be the set of n linearly independent
functions, then

41 72 n
Ten Tora = Tatn
Wa(71/721“-/7n)= : : : :
nﬁlTa]’l i al2 nilTa}/n

6. The Main Results

Let y, and y, be two independent solutions for

T,(T,n+aT, y+a,y=0 (6.1)
Our purpose is to locate y, for
T (T, N+a, T, y+a,y=¢V) (6.2)
Procedure to is to find 7, isas fallows:
Step (I) : Let
2
where ¢; =¢;(v) and ¢, =¢,(V) and hence, we have

7, (0= S M)
i=1
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= T,7,(V) =T, e; (MM +e,(MT, (M + T, (W1, (V) + e, (WT, 7, (V)

Step (II) : Put
T (M (W+T,,(V7,(V)=0 (6.3)

szTay = (ClTayl + C2Tay2)
r

=T, oTyn+ C12Ta71 +T 0Ty, + szToﬂ’z

Step (III). Substitute TaTayp in the equation (6.2) to get
T T + 0 T+ TofaTo o+ Tty + (6T 1 +6,T, 1)

+ay(c; 7 +¢,%,) = @(V)

= cl(zTay1 +a,T, 7, +4, y1)+c2(2 T,V +a;T,y, +a, V) +

TocclTocyl +C2T(x7/2 =¢(v)

Step (IV) : Since y; and ¥, are solutions for (6.2), we get
To Ty +6,T, 7 = o). (6.4)

After solving the equations (6.3) and (6.4), we get

__ 9Vr»
Tacl T Waln.ml

T e = o(Vr(v)

27 Weln, 1l

1 (&
nm  rno)l od
Walri,r21 52—06116

r,VW=1

118 7(d
nw 7w
Walrt, 721

= I5(K(v, 9 (9)),

a

Y,(M=1I,

(&)

n@ ()

_‘}’l(v) 72(V)
K(v.9= Woln, 721
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Higher order linear fractional differential equations can be taken into
consideration in a similar manner. Let ¥, 7,,...,7, solutions of (5.2) be
linearly independent. As was previously shown, it is possible to find a
particular solution to the nonhomogeneous equation (5.1) of the given
form.

7,(0= 27V (6.5)

The following nonhomogeneous algebraic linear system of n equations
for T,¢;,T,c,,...,T,c, may be produced by using the same methods as in
the previous procedure T, ¢;,T,c,,...,T,c,

NI+ VT ++ 7Tk, =0
7"&}/1Tmc1 + Taj/zTacz +--o 4 TaynTacn =0

2T T+ T, oo+ +2 Ty, Ty, =0

(n-

DT 7T +" DTy, Ty ++" DTy T e, =0

Cramer’s rule is used to determine

k
_ o(MWg(V)
T,c,(V)= Ty (6.6)

where W, (W =W_(¥;,Y5,---,7,,)(V) and Wg, is the determinant derived
from W, by substituting the m™ column by e, . Thus

_ %, [EAEWEE
yp(V)_k§]YkIa Wa(§)§ dg (67)

where a is any positive constant that you choose.

7. Applications
Example 7.1 : Consider the following fractional differential equation

VT%(T%y)—%yz W24y, vs0 (7.1)
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One can easily show that y, =vand y, =1/ Jv are two solutions to
the equivalent homogeneous equation that are linearly independent.

1
VL(LY -5 7=0. (7.2)

Let us use the formula to obtain the particularA solution yp(é) of
equation (7.1),

(V)72 oV
Yy (W=—vy, [ —222__dv+y, [ —22H_ dy
p Y Woln, 1P 2 Weln, 72]P
__ o gy oom_ g,
! me phA2e yZJWm nIi2¢

Substitute ¥, =v, 7, =1/vv @(V=W2+1 and W[y, y,]=-3/2

712 in the above equation, we get

Vv

202 4 12 i w2

1,(W=-V| 320 1/2, a2y 12,

B2, 2 4
= +Zvinv—-=
3V 1% 5 v

As a result, the general solution of equation (7.1) is as follows:

- ~1/2 /2 2 4
V)= ¢ v+ 9,V +V gvlnv—gv
Example 7.2 : Let’s try to solve the fractional differential equation below.

TE(TE y) = 11’1 V, V> O. (7.3)

It is possible to verify that y, =1 and 7, =\R V) are the linearly
independent solutions of the homogeneous equation.

T, (T,y)=0.

Let us use the method of parameter variation to find the specific
solution }/p(v) of equation (7.3). More specifically, we want to use the
formula.

o)1 J‘ (V1
T a4 Y2

Y,(V=-7, dv
F 1J.Woc[71/7’2]"2_ Wolr1, 72182 %
o(V)72 bal
== | ——5-dv+7 7dv
‘[W[n A2 ZJW[n o
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Since y; =1 and ¥, =v,(v)=Inv and W[y, y,]=-—~,, we obtain

'}/p(v J‘\/;lnvd +\/_J lnv
2\/;
—-2j1nvdv+2ﬁjlﬂdv

\/_

=2vlnv-6V.

Thus, the general solution ¢(Vv) can be written as

V)= ¢, + ¢2x/:/+2vln v—6V.
Example 7.3 : Let’s try to solve the fractional differential equation below.
L(T(T,y) = V"2 (7.4)

The linearly independent solutions of the homogeneous equation are
=1 v,=vand y; = V2, which can be verified.

T%(T%(Tg 7)=0

-1

W, =-7 W, = —‘71 VW = —‘71 and W ="
Now, see (6.7),
_ L [ Wef® WEF(&) W f(®)
yp(v)—yljwzvlmdv+}/2‘[ O‘vl/zdv+ J V1/2dv
7‘71W5/ 2 ‘21 v/ 2 S
S ‘,1/2 VJ Ve Y
4 4
= 2jx3dv+ 2v'|.\fdv— 4\)/2'[\/5/2dv
1

As a result, the general solution of equation (7.4) is

A= 0, + 0, v+ 9,V +

Conclusion

In this work, we have discussed the geometrical meaning of the
modified o-fractional derivative by using the concept of fractional cords.
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Later, the concept of fractional orthogonal trajectories was also covered.
SomeA illustrations are used to explain the notions of fractional cords
and fractional orthogonal trajectories. Moreover, we also discussed the
variation of the parameter method and we looked at how to use this
method to discover a specific solution to a set of nonhomogeneous linear
fractional differential equations. A formula for modified «a-derivative
differential equations is established and it is found that this formula is
identical to that formula of ordinary differential equations.
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