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Abstract
This paper proposed lasso estimator in parametric frailty model. Comparison of lasso 

(least absolute shrinkage and selection operator) and maximum likelihood (ML) estimator is 
done in terms of scalar mean square error (MSE). Performance of lasso estimator is examined 
through simulation study. Furthermore, approach is applied to analyze infant mortality in 
India.
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Introduction
Frailty model is an approach to deal with time to event data which 

consider observable and unobservable factors simultaneously. Time 
to event is defined as the time of the occurring of the event of interest 
(Rahardja and Wu 2018; Andersen et. al. 2008). But it has the assumption 
that the explanatory variables are independent to each other while in real 
life situations it rarely happens. If this assumption is not satisfied, ML 
estimator gives unstable results and variance matrix inflates Weissfeld 
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and Sereika (1991). Therefore alternatives of ML estimator are proposed to 
cover the problem of collinearity.

Tibshirani (1996) introduced a new estimator i.e. lasso in linear 
regression model. Further Tibshirani (1997) applied this approach in Cox 
proportional hazard regression model. This study applied lasso approach 
in parametric frailty model.

Lasso estimator for parametric frailty model
Frailty model is a famous model of survival analysis where event 

time is related to measured and unmeasured covariates at the same time. 
Mathematical formulation of the model is defined as,

0( | , )  ( ) exp( ) (1)i i i i i it x t xξ µ µ ξ α′=

where ( | , ) i i it xξ µ represents the hazard of ith individual at time ti, i = 1,2, 
…, n with explanatory variables 1 2( , , , )i i i iqx x x x′ = …  and unobserved frailty 

variable .iµ  0 ( ) itξ is the base line hazard function and 1 2( , , , )qα α α α…′ =  
is the vector of regression coefficients. Here, q represents the number of 
regressors.

Sastry (1996) and Oakes (1982) assumed that the frailty variable 
follow gamma distribution with variance p2. In the same manner this 
paper also assumed that the frailty variable follow the same distribution 
with variance p2. Present study apply the parametric case of frailty model 
therefore it has the assumption that the outcome variable follows Weibull 
distribution (one parameter i.e. )γ  and the shape of baseline hazard will 

be 1
0 ( )  , 0.i it t γξ γ γ−= >  Likelihood function of model (1) is given below,
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where Z0(ti) is the cumulative baseline hazard and iδ  is the censoring 
indicator. On taking the assumption of gamma distribution for frailty and 
on performing some algebraic calculation the likelihood function will be,
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On taking log in Equation (3)
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On applying the Newton Raphson method in Equation (4), we will 
get the MLE α̂  for .α  On this basis mth approximation is,

( ) ( 1) ( 1) 1 ( 1)ˆ ˆ ˆ ( ) ( ) (ˆ 5)m m m mS Tα αα α− − − −= +

where, ( 1)( ˆ )mT α −  represents the differentiation of ( )l α  with respect to α  

using ( 1)ˆ ,mα −
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and ( 1)( ˆ )mS α −  represents the negative of the second differentiation of ( )l α  
with respect to α  using ( 1)ˆ ,mα −

( 1) ( )ˆ (7)mS X UXα − = ′

where, U is the diagonal matrix of order n n∗  where (i, i)th entry is,
( 1) ( 1)2 2 (1 )/(1 )
m m

i ix x
ii i i iu t e p p t eα αγ γδ

− −′ ′= + +

To overcome the problem collinearity, this paper maximizes the 
penalized likelihood i.e.

1( )  ( ) | | (8)kl l kα α α= −

where 11 1| | ( | | )n
iα α== ∑  is the L1 norm and k is the tuning parameter. 

On applying Newton Raphson method mth approximation for kα  (lasso 
estimator) is,

( ) ( 1) ( 1) 1 ( 1)ˆ ˆ ˆ ˆ ( ) ( ) (9)k m k m k k m k k mS Tα αα α − − − −= +

where,
( 1) ( 1) ( 1)( )  (ˆ ˆ ˆ ) ( )k k m m k mT T k sgnα α α− − −= −

( 1) ( 1)( )  ( )ˆ ˆk k m mS S kα α λ− −= +

where, diagλ = ( 1)ˆ( ( )k msgn α −′  and (.)sgn′  is the differentiation of (.).sgn  

Asymptotic bias of kα  is,
1( )  ( )ˆ kE k X UX kα α λ α−− =− +′

and asymptotic variance is,
1 1( ) ( )X UX k X UX X UX kλ λ− −′ ′ ′+ +
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In the same manner, asymptotic MSE is calculated by taking the 
sum of variance and square of biasness. The most common choices of k 
for ridge estimator in linear, logistic and Cox regression model have been
1/ ,ˆα α′   ˆ/q α α′  and ( 1)/ ˆq α α′+  (Schaefer et. al. 1984; Smith et. al. 1991; 

Xue et. al. 2007).

Simulation Study
To examine the performance of lasso and ML estimator simulation 

is conducted and compared the estimators in terms of MSE. Survival 
function (SF) is considered as,

0( ) exp( ( ) )ix
i i iS t Z t eαµ ′=

and cumulative distribution function (CDF) is,

0( ) 1 – exp( ( ) )ix
i i iF t Z t eαµ ′=

If CDF follow uniform distribution with range 0 to 1 then SF also 
follow the same distribution with the same range i.e. ~ (0,1)V U  then 
1 ~ (0,1).V U−

0 exp( ( ) ) ~ (0,1)ix
i iV Z t e Uαµ ′=

and
1

0 ( log( )/ )ix
it Z V eαµ ′−= −

with the assumption of Weibull distribution ( )1 1/
0  Z t γ− =  now the failure 

time is,
1/ (1 ( log( )/ 0) )ix

it V eα γµ ′= −

On the basis of (10), failure times are produced and size of the sample 
is taken as 50. Frailty variable is produced through gamma distribution 
with parameters 2 (shape) and 0.5 (scale). Two explanatory variables are 
generated in such a manner that they are correlated to each other and 
four categories (ρ = 0.4,\ 0.6,\ 0.8 and 0.95) of correlation are considered. 
Censoring times are produced through uniform distribution in the range 
0 to 4.5 which have the censoring rate of 39 percent. One hundred data 
sets are generated and averaged MSE corresponding to each covariate are 
calculated for both estimators.

Table 1, represents the results of simulation which indicates that 
the lasso estimator has lesser MSE as compared to ML estimator. When  
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r = 0.8 then reduction in the percentage of MSE is increased from 66.38% 

to 85.93% in respect of the change from  ˆ1/  k α α′=  to ( 1) ˆ/  k q α α′= +

respectively. For each category of ρ  MSE is minimum for ( 1)/ ˆ  .k q α α′= +  
Reduction in the percentage of MSE is increased as ρ increased.

Real Life Application
This study utilized the data from the third phase of National Family 

Health Survey (NFHS III) India. 11581 infants are included out of which 
10448 infants are censored. Outcome variable is the time of survival (in 
months) of infants. Three explanatory variables i.e. TT(Tetanus Toxoid), 
IFA (Iron Folic Acid) are ANC (Antenatal Care) are included, out of which 
TT and ANC are moderately correlated to each other. 

Lot of research is available to examine the infant mortality (Pebley 
et. al. 1996; Singh et. al. 2007; Omariba et. al. 2007; Sirohi and Rai 2019a; 
Sirohi and Rai 2019b; Rai and Sirohi 2020; Hussain and Borah 2020; Pal 
and Pal 2021; Ahmmed et. al. 2020). But collinearity is seldom discussed 
in infant mortality. This paper discussed collinearity in frailty model. 
Proposed method is applied to this data set and results are given in Table 
2. ML estimates says that if no tetanus injection is given during pregnancy 
then risk of infant death is significantly 1.352 times high as compared to 
the reference category. Risk of infant death is significantly decreased by 
0.925 times, if mother was taking IFA during pregnancy. Estimated p2 is 
significantly non zero that means unmeasured variables also affect the 
survival of infant. MSE of real data corresponding to both estimators are 
given in Table 3, which shows that MSE of lasso estimator is smaller as 
compared to MLE and it is minimum for ( 1) ˆ/ .k q α α′= +

Conclusion
In this study lasso estimation is applied in parametric frailty which is 

an alternative of ML estimation in the presence of collinearity. Simulation 
Results represented that lasso generalized more précised and accurate 
estimates as compared to ML estimates. This comparison is done on the 
basis of MSE. 

Future Scope
In this method lasso is applied on parametric frailty model. In future 

the method can be applied in non parametric frailty model.
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Table 1 
MSE comparison in simulation among the MLE and ridge estimators 

ρ Estimator MSE ( )α Reduction in MSE ( )%α

0.4 MLE 0.07998
 ˆ   1/k for kα αα′=

0.05258 34.25

 ˆ  /k for k qα αα′=
0.03869 51.62

   ( )/ ˆ1k for k qα αα′= +
0.03037 62.02

0.6 MLE 0.10537
 ˆ   1/k for kα αα′=

0.05778 45.16

 ˆ  /k for k qα αα′=
0.03928 62.72

   ( )/ ˆ1k for k qα αα′= +
0.02968 71.83

0.8 MLE 0.18809
 ˆ   1/k for kα αα′=

0.06323 66.38

 ˆ  /k for k qα αα′=
0.03698 80.33

   ( )/ ˆ1k for k qα αα′= +
0.02646 85.93

0.95 MLE 0.68790
 ˆ   1/k for kα αα′=

0.04886 92.89

 ˆ  /k for k qα αα′=
0.02590 96.23

   ( )/ ˆ1k for k qα αα′= +
0.01917 97.21

Table 2
Estimation in NFHS data

Category

exp ˆ( )α S.E. ˆ( )α  exp ˆ( )α k S.E. ˆ( )α k

TT
No 1.352* 0.143 1.356* 0.132
1 1.062* 0.153 1.063* 0.150

Contd...
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