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Abstract
In this paper, the parametric linear programming problems are considered, in 

particular, the case of parameterized right-hand sides of constraints and the general case, 
with parameterized both the objective function and the right-hand sides of the constraints. 
Methods for solving such problems are presented, illustrative numerical examples are 
included, and postoptimal and sensitivity analysis is made. This paper is continuation of 
paper [Stefanov 14]. 
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In this paper, the parametric linear programming problems are considered, 

in particular, the case of parameterized right-hand sides of constraints and the 
general case, with parameterized both the objective function and the right-hand 
sides of the constraints. Methods for solving such problems are presented, 
illustrative numerical examples are included, and postoptimal and sensitivity 
analysis is made. This paper is continuation of paper [Stefanov 14].  
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1. Introduction 
Recall ([14]) the statement of parametric linear programming problems. 
Linear programming problem, whose coefficients of the objective function 

depend linearly on the parameter  , consists in solving problem (1)-(3) for each 
value of the parameter        :  
           ∑   

                  (1) 
subject to  
  ∑   

                    (2) 
                (3) 
where              and    are given constants. 
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If the right-hand sides of the constraints of a linear program depend linearly 
on the parameter  , then this problem consists in solving problem (4)-(6) for each 
value of the parameter        :  
           ∑   

         (4) 
subject to  
  ∑   

           
    

                 (5) 
                (6) 
where          

    
   are given constants. 

In the case when both coefficients of the objective function and the 
right-hand sides of constraints of a linear program depend linearly on the 
parameter  , then this problem consists in solving problem (7)-(9) for each value 
of the parameter        :  
           ∑   

                  (7) 
subject to  
  ∑   

           
    

            (8) 
                   (9) 

Problem (7)-(9) is called the general parametric linear program. 
Generalization of the three problems (1)-(3), (4)-(6), and (7)-(9), considered 

above, is the so-called general problem of the parametric linear optimization, in 
which coefficients of the objective function, coefficients of variables    in the 
left-hand sides of constraints, and the right-hand sides of constraints depend 
linearly on the parameter  . Statement of this problem is as follows: for each 
feasible value of the parameter         solve the problem  
           ∑   

                  (10) 
subject to  
  ∑   

       
     

         
    

               (11) 
                    (12) 

Parametric linear programming problems, sensitivity analysis for these 
problems, and related topics are studied in [1-16], etc. 

The paper is organized as follows. In Section 2, the parametric linear 
programming problem with parameterized right-hand sides of the constraints is 
considered and the solution of an illustrative example is presented. In Section 3, 
the general parametric linear programming problem is studied and the solution of 
an illustrative example is included. In Section 4, an open problem for future 
research is formulated. 

2. The parametric linear programming problem with parameterized 
right-hand sides of the constraints 

The algorithm for solving problem (4)-(6) is similar to the algorithm for 
solving problem (1)-(3) ([14]). 
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Assign the parameter   some value    and solve the linear programming 
problem, obtained from problem (4)-(6) with     , that is, either find an 
optimal solution of this problem or establish that this problem is unsolvable. Let 
in the first case the obtained solution be optimal for an arbitrary value of  , 
     , where  

    {   ( 
  
  
)                   

               
 

    {   ( 
  
  
)                   

              
 

and the numbers    and    are determined from components of the optimal 
solution and they depend on   :            . 

If for      problem (4)-(6) is unsolvable, then either the objective 
function     , defined by (4), is unbounded in the feasible set (5)-(6) or the 
system of equations (5) has no nonnegative solution(s), as the constraints (6) 
require. In the first case, the considered problem is unsolvable for all        , 
and in the second case, determine all values of parameter        , for which the 
system of equations (5) is inconsistent, and exclude these values of   from further 
consideration. 

After determining the interval for the parameter  , in which the problem 
(4)-(6) has the same optimal solution or in which this problem is unsolvable, 
choose a new value of the parameter  , which does not belong to the interval 
determined above, and solve the linear programming problem, obtained from 
problem (4)-(6) for the chosen value of  , using the dual simplex method ([15]). 
Continuing in the same manner, after finite number of steps (iterations) we obtain 
an optimal solution of problem (4)-(6). 

Algorithm for solving problem (4)-(6). 
1.  Assign the parameter   a value, equal to some number         , and find 

an optimal solution    of problem (4)-(6) with      or establish that this 
linear programming problem is unsolvable. Go to 2. 

2.  Determine the values of the parameter        , for which the optimal 
solution of problem (4)-(6) is the same or for which the problem is 
unsolvable. These values of the parameter are excluded from further 
consideration. Go to 3. 

3.  Choose a value of the parameter   in the remaining part of interval      , 
and using the dual simplex, we find an optimal solution (if there is any) of 
the linear program, obtained from (4)-(6) with the chosen value of  . Go to 
4. 

4.  Determine the set of all values of the parameter  , for which the given 
problem has the same optimal solution or for which this problem is 
unsolvable. The calculations continue for all values of the parameter 
       . Go to 5. 
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5.  End. 

Example 1: For all values of parameter          solve the problem  
                           (13) 
subject to  

  
             
              
                 

 (14) 

                (15) 

Solution: Set, for example,     in the system (14) of equality constraints and 
solve the obtained canonical linear programming problem; note that the system of 
equality constraints of this problem is in basic form with respect to variables   , 
  , and   :  

Table 1 

 
 
It is clear from Table 1 that                           is an 

optimal solution for    . Obviously     is also an optimal solution if and only 
if     has no negative components, that is, if and only if            , 
          ,           , and these three conditions are satisfied for 
  
    

 
 . Therefore, if   *  

  
 
 +, then                           

is an optimal solution of problem (13)-(15), and                   . 
Study whether the considered problem has optimal solution(s) for    

 . If 

   
 , then     is an infeasible solution of the problem because           

  in     in this case. That is why, for    
  we have to find a new feasible 

solution, which is an optimal solution as well. This can be done if in the row of    
in the second simplex table of Table 1 there are negative elements (recall that the 
problem can be solved by the dual simplex method). In this case, this condition is 
satisfied (see second table of Table 1, the element    in the row of    and the 
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column of   ). In the new pivot transformation, the basic variable    leaves the 
basis, and the nonbasic variable    becomes a basic variable in the next basis:  
 

Table 2 

 
 
From Table 2 it follows that   

                           turns 
out to be an optimal solution of the considered problem for all  , which satisfy 
  

        ,   
          ,   

          , that is, for all 
 
      

 . Therefore   
                           is an optimal 

solution for the problem for all   [ 
    

 ], and          
       . 

If     
 , then   

                           is a nonoptimal 
solution of the considered problem for these values of   because the third 
component   

        of   
  is negative for     

 . Since in the row of    in 
Table 2 there are no negative elements, then for     

  the given problem is 
unsolvable. 

Study the solvability of the given problem for     
 . In this case, the 

vector   
                       , obtained above, is an infeasible 

solution of the problem because its third component   
       is negative for 

    
 . In order to find an optimal solution for     

  (this can be done 
because in the row of    in the second simplex table of Table 1 there is a negative 
element   

  , the basic variable    of   
  leaves the basis, and the nonbasic 

variable    becomes a basic variable in the next basis:  
 

Table 3 

 
 
From Table 3 it is clear that   

                          is an 
optimal solution of the given problem for all values of the parameter  , for which 
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        ,   

         ,   
          , that is, for all values 

       
 . Therefore for   *     

 + the given problem has an optimal 
solution   

                         , and          
         . 

From Table 3 it is also clear that for      the given problem is 
unsolvable because in this case, for the fourth component of   

  we have 
  

          for      and in the row of    there are no negative 
elements (see Table 3). 
 
Summary of the obtained results for problem (13)-(15): 
for          : problem (13)-(15) is unsolvable, 

for   *     
 +    

                                     , 

for   *  
   

 +    
                                   , 

for   * 
    

 +    
                                    , 

for   (  
   ): problem (13)-(15) is unsolvable. 

3. The general parametric linear programming problem 
Using the algorithms for solving some parametric linear programs, 

described in ([14], Section 2) and in previous Section 2 of this paper, we can also 
solve the parametric linear programming problems, in which both coefficients of 
the objective function and the right-hand sides of the constraints depend linearly 
on the parameter  . 

Example 2: For all values of parameter          solve the problem  
                                                   (16) 
subject to  

                  
                  (17) 

             (18) 

Solution: Set, for example,     (this value is arbitrarily chosen) and using 
simplex method, solve the obtained linear programming problem for    :  

 
Table 4 
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Table 4 shows that   
                    is an optimal solution of 

the given problem for    . This optimal solution also remains optimal for all 
values of the parameter  , such that             and          
 , that is, for     

 , and there are no negative components of   
 . At the 

beginning we will consider namely such values of the parameter  . 
Then   

  is an optimal solution of the considered problem for   
     

    and   
          , that is, for  

      
 . Therefore, if   * 

    
 + 

(note that  
    

  , then   
                    is an optimal solution of 

the considered problem and          
                 . 

If    
 , then   

         and   
                    is not a 

feasible solution of the considered problem. That is why for    
  we have to 

find a new simplex Table and a new feasible corner point, corresponding to this 
simplex Table. This can be done because in the row of    in the second simplex 
table of Table 4 there is a negative element:   

 . In the new pivot transformation 
with pivot element   

 , the basic variable    leaves the basis, and the nonbasic 
variable    becomes a basic variable in the new basis: 

Table 5 

 
 
Table 5 shows that   

                      is an optimal solution 
of the considered problem for all values of     

 , such that   
          

  and   
         , that is, for    

 . Therefore for   *  
   

 + , the 
optimal solution of the given problem is   

                      and 
         

                . 
Let now     

 . For these values of  , the vector   
              

      is not a feasible solution of the problem because   
           in 

  
  in this case. Since in the row of    in Table 5 there are no negative elements, 

then for     
  the given problem is unsolvable. 

Up to now we have found optimal solutions of the considered problem for 
  *  

   ). Consider the interval   (     
 ). If     

 , then         
     (Table 5). That is why we have to find a new adjacent feasible corner 
point. In the new pivot transformation, the basic variable    leaves the basis, and 
the nonbasic variable    becomes a basic variable in the next basis:  
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Table 6 

 
 
From Table 6 it follows that if   (     

 + , then   
        

              is an optimal solution of the problem, and          
   

             . 
Therefore: 

for   (     
 +    

                                     
   , 

for   *  
   

 +    
                                        , 

for   * 
    

 +    
                                       , 

for   (  
   ): problem (16)-(18) is unsolvable. 

4. Conclusion 
In this paper, the parametric linear programming problems are considered, 

in particular, the case of parameterized right-hand sides of constraints and the 
general case, with parameterized both the objective function and right-hand sides 
of constraints. Methods for solving such problems are presented, illustrative 
numerical examples are included, and postoptimal and sensitivity analysis is 
made. This paper is a continuation of paper [Stefanov 14]. 

An open problem for future research is to study other parametric linear 
programming problems, along with sensitivity analysis of these problems. 
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