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Abstract
A graph G is considered to have a prime labeling when each of its |V| vertices is 

assigned a unique label from the set {1, 2, 3, 4, …,|V|}, ensuring that the labels of any two 
connected vertices are coprime. In 1980, Roger Entringer proposed the conjecture that ``All 
trees have a Prime labeling”, which is not settled till today. In spite of many researchers 
working on prime labeling, conjecture on prime trees is still open. Up to our knowledge, no 
one has given an algorithm to generate prime trees. In this paper, given an arbitrary tree T, 
we develop an algorithm to construct a prime labeled tree T’ such that T is a subtree of T’. We 
extend this algorithm for k arbitrary trees Ti, where i = 1, 2, 3, …, k to construct a larger prime 
labeled tree T’ such that each Ti is a subtree of T’. We also develop a log-linear algorithm to 
construct a larger prime labeled tree T’ from k prime trees Ti, where i = 1, 2, 3, …, k such that 
Ti is a subtree of T’. Further, we prove the correctness of the proposed algorithms and obtain 
the time complexity of the proposed algorithms.
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A graph   is considered to have a prime labeling when each of its     

vertices is assigned a unique label from the set *              +, ensuring that 
the labels of any two connected vertices are coprime. In     , Roger Entringer 
proposed the conjecture that “ All trees have a Prime labeling” , which is not 
settled till today. In spite of many researchers working on prime labeling, 
conjecture on prime trees is still open. Up to our knowledge, no one has given an 
algorithm to generate prime trees. In this paper, given an arbitrary tree  , we 
develop an algorithm to construct a prime labeled tree    such that   is a subtree 
of   . We extend this algorithm for   arbitrary trees   , where             
to construct a larger prime labeled tree    such that each    is a subtree of   . 
We also develop a log-linear algorithm to construct a larger prime labeled tree    
from   prime trees   , where             such that    is a subtree of   . 
Further, we prove the correctness of the proposed algorithms and obtain the time 
complexity of the proposed algorithms. 
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1. Introduction 
A graph G can be described as an ordered triple (V(G), E(G),  ( ) 

consisting of a non empty set V(G), a set E(G) of edges, and an incidence function 
 ( ), that associates with each edge of G an unordered pair of vertices of G [1]. 

http://www.tarupublications.com
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For definitions and terminologies, we refer [1]. Throughout this paper, we 
consider simple, finite and undirected graphs. 

Graph labeling refers to the process of assigning integers to the vertices, 
edges, or both, under specific constraints. The foundation for many labeling 
techniques can be traced back to a method proposed by Rosa in      [6]. He 
identified three types of labelings, namely  -labeling,  -labeling and 
 -labeling. Other labeling techniques which comprises Harmonious labeling, 
Magic labeling, Anti-Magic labeling, Prime labeling, Vertex prime labeling and 
Prime cordial labeling started to emerge while Graceful labelings were 
investigated across numerous classes of graphs. Throughtout this paper, we deal 
with Prime labeling of trees.  

The concept of prime labeling was introduced by Roger Entringer in the year 
     and was considered by Tout, Dabboucy and Howalla in the paper titled 
Prime labeling of graphs [8]. A graph   is considered to have a prime labeling 
when each of its     vertices is assigned a unique label from the set 
*             + , ensuring that the labels of any two connected vertices are 
coprime. 

In     , Roger Entringer proposed the conjecture that “ All trees have a 
Prime labeling” , which is not settled till today. Prime labeling has been verified 
for numerous tree structures such as banana tree, binomial tree, and palm trees, as 
well as olive trees, spiders, complete binary trees, stars, and paths (see [7], [4], 
[8], [2], [5]). For an extensive survey on graph labeling, one can refer to the 
dynamic survey by Gallian [3]. In spite of many researchers working on prime 
labeling, conjecture on prime trees is still open. Up to our knowledge, no one has 
given an algorithm to generate prime trees. This motivates us to develop an 
algorithm to construct larger prime tree given an arbitrary tree. We develop an 
algorithm to construct a prime labeled tree    such that   is a subtree of   . We 
extend this algorithm for   arbitrary trees   , where             to construct 
a larger prime labeled tree    such that    is a subtree of   . We also develop a 
log-linear algorithm to construct a larger prime labeled tree    from   prime 
trees   , where             such that    is a subtree of   . Our proposed 
algorithms ensures that the original input tree   is a subtree of the newly 
generated prime tree   . 

Contributions in this paper 
   Given an arbitrary tree  , we develop an algorithm to construct prime 

labeled tree   . 
   Given   arbitrary trees    where      , we develop an algorithm to 

construct larger prime labeled tree   . 
   Given   prime trees    where      , we develop a log-linear 

algorithm to construct a larger prime labeled tree   . 
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2. Main results 
In this section, we develop an algorithm that takes any random tree   as 

input, and the following algorithm is executed on tree T, resulting in output T'. 
This algorithm ensures that   is a subtree of   . 

2.1 Prime Labeling Algorithm 
Input:  
Consider a tree   (   ) , where the vertex set is given by   

*          +, and   denotes the set of edges. 
Output: 
A prime tree    which admits prime labeling. 

Step 1: Initialization 
Bipartite the vertex set   of   into two disjoint sets say (     ) that is, 

        and        . Ensure that          . 

Step 2: Assignment of labels to the vertices in set   
Consider the vertex set   with   vertices, say *             + 

Step 2.1: Assignment of labels to the vertices in set    
For  ,         , define  (  )   . 

Step 2.2: Assignment of labels to the vertices in set    
 Start with         , 
 For each vertex     , 
  If   is not prime: 
   Add a pendant vertex   to a vertex       with  (  )   , 
  else  
   Assign  ( )   , 
  Increment  , 
 End For 
Next, we present some observations on the Prime Labeling Algorithm, that 

assigns unique labels to the vertices of a given arbitrary input tree  . 

Some Observations on Prime Labeling Algorithm 
Observation 1: It can be observed from the algorithm (2.1), that the labels 
assigned to neighboring vertices are relatively prime.  

Since the algorithm assigns consecutive integers to one set of the bipartition 
(say (  )) and generates coprime integers for the other set (say   ), each pair of 
adjacent vertices (one from (  ) and one from (  )) will have labels that are 
coprime by construction. This guarantees that no two adjacent vertices share a 
common divisor other than 1.  

Observation 2: The algorithm (2.1) is efficient and tractable.  
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Partitioning the vertex set   into two disjoint subsets (     ) to form a 
bipartition can be performed in  (   ) time, where   and   denote the 
number of vertices and edges, respectively. Assigning labels to    and 
generating coprimes for    are efficient and manageable even for large trees, 
making the algorithm tractable for practical use.  

Observation 3: For a tree   consisting of   vertices, the algorithm (2.1) 
operates with a time complexity of  (  )  

Time complexity of the algorithm (2.1) can be derived from the 
complexities of its three main steps, bipartition the tree, assign labels to set   , 
assign labels to set   . From the observation   the time complexity for 
bipartition the tree is  ( ), Assign consecutive integers starting from 1 to the 
vertices in   . This involves iterating through the vertices in   , resulting in a 
time complexity of  (    ). Since        , this step has a time complexity of 
 ( ). Assign the prime numbers to the set   , since       in the worst case, 
this step requires  (  ) time. Therefore, the time complexity of the proposed 
algorithm is  (  ). 

Correctness of Prime Labeling Algorithm 
The correctness of the prime labeling algorithm is established in the 

following section, where Theorem 1 helps to prove this result. 

Theorem 1: Given a tree   (   ) with bipartite sets    and   , the prime 
labeling algorithm produces an output tree    (     )  such that   is a 
subtree of   .  

Proof: For a given tree  , the prime labeling algorithm produces a corresponding 
labeled tree   . Let the tree   be defined by the sets          , where    and 
   are disjoint subsets forming a bipartition of   and the sets               that 
are generated during the execution of the prime labeling algorithm. Consider the 
vertex set   with   vertices, say *             + . Let        and 
        , where      . Vertices in    are labeled with distinct integers 
from   to  . This forms the set of labels     *         +. Starting from 
   , each subsequent prime number is used to label vertices in   . This forms 
the set of labels     *               +. When encountering a composite 
number during the iteration in step    , a new pendant vertex is added to a vertex 
in    whose vertex label is  . We denote the set of all new vertices by  , and   
be the set of composite numbers used to label these vertices. The vertex set of the 
resulting tree    is given by       . The edge set of the resulting tree    is 
given by      *(   )    +. The vertices of   retain their original labels 
and positions in   , ensuring   is a subset of   . For every (   )   , the gcd of 
labels is   because, vertices in    are labeled with integers, and vertices in    
are labeled with primes.   remains a subtree within    because no vertices or 
edges from   are removed. Thus,   is indeed a subtree of   .  
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For the arbitrary tree in Fig. , we obtained tree    in Fig.  as an output of 
prime labeling algorithm. 

 

 
Figure 1 

An arbitrary tree T with 27 vertices. 
 

 
Figure 2 

Construction of prime tree T′ obtained after applying the prime labeling algorithm. 
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Next we present algorithm for generation of larger prime tree from various 
arbitrary trees, that assigns unique labels to the vertices of a given arbitrary input 
trees   . 

2.2 Algorithm for Generation of Larger Prime Tree from Various Arbitrary Trees  
Input:  
Let    (     )               trees with vertex set    and edge set 

  . 
Output: 
A Prime tree    which admits prime labeling.  

Step 1: Initialization-Bipartite Partitioning 
For each tree   , partition    into two disjoint sets    and    such that 

every edge (   )     has      and     .  

Step 1.1: Union of Bipartite sets 
Define     ⋃   

      and     ⋃   
     , Ensure that            . 

Step 1.2: Adding an edge between     and     
For each             
 select any one vertex       
For each           
 select any one vertex       
Add an edge between    and    

Step 2: Assignment of labels to the vertices in set    
Consider the vertex set     with   vertices, say *             + 

Step 2.1: Assignment of labels to the vertices in set     
For                  
 Define  (  )   . 

Step 2.2: Assignment of labels to the vertices in set     
Start with          , 
For each vertex      , 
 If   is not prime: 
  Add a pendant vertex   to a vertex        with  (  )   , 
 else  
  Assign  ( )   , 
 Increment  , 
End For 
Next we present some observations on generation of larger prime tree from 

various arbitrary trees algorithm, that assigns unique labels to the vertices of a 
given arbitrary input trees   . 
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Some Observations on Algorithm for Generation of Larger Prime Tree from 
Various Arbitrary Trees 
Observation 4: The algorithm (2.2) guarantees that the generated tree    is a 
prime tree.  

The prime labeling of vertices in    ensures that for any edge (   ) in   , 
the labels  ( )  and  ( )  are coprime. This is achieved through careful 
assignment of consecutive integers and prime numbers to the vertices in    and 
   respectively. By maintaining the coprimeness property in step     throughout 
the tree, the algorithm guarantees that    is a prime tree.  

Observation 5: The algorithm (2.2) ensures that each tree    is a subtree of the 
generated prime tree   .  

The algorithm partitions each tree    into bipartite sets    and   . It then 
constructs the union sets    and    from these bipartite sets, ensuring      
    . By adding edges between selected vertices from    and   , it incorporates 
the structure of each    into the larger tree   , making each    a subtree of   . 

Observation 6: Time complexity of the algorithm (2.2) is  (  ).  
Time complexity of the algorithm can be derived from the complexities of 

its main steps. The time complexity for bipartitioning each tree    is  (     
    ) . As the process is repeated across all   trees, the cumulative time 
complexity is  (∑   

   (         )). Defining    ⋃   
      and    ⋃   

      
involves concatenating the sets. The time complexity for this step is  ( ). For 
each (           ), selecting a vertex from each bipartite set and adding an 
edge takes  ( ) time. Assigning consecutive integers starting from   to the 
vertices in    results in a time complexity of  (    ). Assigning prime numbers 
to the vertices in    involves checking if a number is prime. Given that       , 
the worst-case time complexity of this step is  (  ) . Therefore, the time 
complexity of the proposed algorithm is  (  ). 

Correctness of Algorithm for Generation of Larger Prime Tree from 
Various Arbitrary Trees 

This section establishes the correctness of the algorithm for generation of 
larger prime tree from various arbitrary trees. Theorem   helps to verify the 
algorithm’s correctness for generation of larger prime tree from various arbitrary 
trees.  

Theorem 2: Given   trees    (     )  with bipartite sets    and    ,  
           . The algorithm for generation of larger prime tree from various 
arbitrary trees produces an output tree    (     )  such that ⋃   

      is a 
subtree of   .  

Proof: For an arbitrary input of   trees    (     ), generate the output tree    
using the algorithm for generation of larger prime tree from various trees. 
Consider the sets    and    for each tree    and define     ⋃   
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     ⋃   
     . The sets     and     are the union of bipartite sets of all   

trees. Now, for each             select any one vertex       and for each 
            select any one vertex      . Add an edge between    and    . 
Consider the vertex set     with   vertices, say *             +. Label the 
vertices in     with consecutive integers starting from   to      . Let   
*              + be the set of the first       prime numbers greater than or equal 
to        . Assign these primes to the vertices in    . While generating the 
primes for    , any composite numbers   encountered are used to label new 
pendant vertices added to a vertex in     labeled with 1, for each composite  , 
add a new vertex   and connect it to a vertex       , where  (  )   . Label 
the new vertex   with   , where  ( )   . The vertex set of the resulting tree    
is             , where   denotes the set of additional vertices added as a 
result of composite numbers. The edge set of the resulting tree    is    
(⋃   

     )  ,(     )            -  ,(    )           -. For any edge 
(   ) in the original trees,       and      ,  ( ) is an integer from   to 
      and the label assigned to vertex   is a prime number that is not less than 
        The gcd of any integer and a prime greater than it is always  : 
   ( ( )  ( ))       (   )  ⋃   

     . Any composite number   used to label 
a new vertex   connected to a vertex    with  (  )   . The gcd of   and any 
composite number   is also 1:    (   )   . For any edge (     ) where    is 
in     and    is the vertex in     labeled with  , the GCD is   , 
   (   (  ))   . Therefore,    contains ⋃   

      as a subtree.  
For the arbitrary trees in    in Fig.  and    in Fig. , we obtained the 

larger prime tree    in Fig.  as an output of generation of larger prime tree from 
various arbitrary trees. 

Next we present a log-linear algorithm for generation of larger prime tree 
from various prime trees, that assigns unique labels to the vertices of a given 
prime trees   , where      . 

 

  
Figure 3 

Arbitrary Tree T1 with 18 vertices 
Figure 4 

Arbitrary Tree T2 with 12 vertices 
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Figure 5 

Construction of larger prime tree T′ from arbitrary trees T1 and T2. 
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2.3 Algorithm for Generation of Larger Prime Tree from various Prime Trees 
Input: 
           are   prime trees (except star and double star). 
consider    *                      +,    *                      +   , 

   *                      +  are   vertex sets associated with the trees 
           respectively, where each    consists of    vertices, with     
 . 

  (  )   (  )     (  ) are   prime labeling functions representing the 
labels of the vertices for the trees            respectively. 

Output: 
A larger prime tree    constructed from the given prime trees which admits 

prime labeling. 

Algorithm: 
Step 1: Initialization 

Let   be the union of vertices from all prime trees, that is,         
    . 

Define a function     *      (          )    + for labeling 
vertices in   . 

Step 2: Determine the smallest primes 
Find the smallest prime    such that      . 
For      , find the smallest prime            

Step 3: Joining the prime trees 
For each pair of    and     , where         
Join an edge between   (  ) with     (      ), where        . 

Step 4: Label the vertices 
For the tree   , label the vertices directly using  (    )    (    ), where 

       
For the tree   , label the vertices using  (    )    (    )      , where 

       
Continue this process for the trees           , 
 (    )    (    )        , where       and       . 

Step 5: Find gaps and handling composite numbers 
For     
 Identify all composite numbers   between         
  For each such  , add an edge between   and   (    ) 
For    , where         
 Find the gap as ,            -, 
 Identify all composite numbers   in this gap 
  For each such  , add an edge between   and   (    ) 
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Next we present some observations on a log-linear algorithm for generation 
of larger prime tree from various prime trees, that assigns unique labels to the 
vertices of a given prime trees. 

Some Observations on Algorithm for Generation of Larger Prime Tree from 
Various Prime Trees 
Observation 7: The vertex labels of the resulting tree   , obtained by the 
algorithm (2.3) are all unique.  

The algorithm labels the vertices of each prime tree   ,       using 
unique prime numbers    such that      ,    (     ), and so on. This 
ensures that the labels assigned to vertices in different trees do not overlap. Each 
prime tree is labeled distinctly, and the sequential choice of prime numbers 
guarantees that each vertex in the combined tree    has a unique label. This 
systematic approach prevents any duplication of vertex labels across the trees. 

Observation 8: The algorithm (2.3) ensures that the labels of adjacent vertices 
are coprime.  

The algorithm labels the vertices of each prime tree   ,      . Prime 
tree    retains the original labels starting from   using the function   .    is 
labeled starting from        ,    is labeled starting from        , and 
so on. The unique prime numbers    ensure that the vertex labels corresponding 
to different prime trees are shifted in such a way that any two adjacent vertices 
from different trees have coprime labels. This systematic approach ensures that 
labels of adjacent vertices in the combined tree    do not share any common 
divisor other than 1.  

Observation 9: The algorithm (2.3) guarantees that the resulting graph    
remains acyclic.  

The algorithm connects the last vertex of    to the first vertex of   , the last 
vertex of    to the first vertex of   , and so on up to   . This step-by-step 
connection ensures no cycles are introduced since each tree is initially acyclic and 
the connections are made in a sequential manner, ensuring that the overall 
structure remains a tree, which is inherently acyclic. Hence, the resulting structure 
remains a tree, preserving acyclic property by construction. 

Observation 10: The algorithm (2.3) correctly handles composite numbers by 
connecting them to the vertex labeled in   .  

For each composite number   in the range        , an edge is added 
between   and the vertex labeled   in   . For    , composites in the gap 
,            - are similarly connected. This preserves prime labeling and 
tree structure. 

Observation 11: Time complexity of the algorithm (2.3) is  (       ).  
The total time complexity can be broken down into, Prime Numbers 

Selection, finding the first     prime numbers larger than the given conditions 
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can be done in  (       ) time, but considering the largest prime needed can be 
up to  ( ), it can involve generating primes up to approximately      , thus 
this step is  (       ). Labeling vertices of    with function    takes  (  ) 
time. Labeling subsequent trees            involves adjusting the labels, which 
cumulatively takes  (          )   ( )  time. Joining   trees 
sequentially involves adding     edges, which takes  ( ) time. Identifying 
and connecting composite numbers can add additional vertices. For each 
composite, we need to check and add vertices, which can be up to  ( ) in total, 
giving an upper bound of  (       ) for handling composite numbers due to 
generating primes. Given these steps, the overall time complexity of the algorithm 
is  (       ). 

Correctness of Algorithm for Generation of Larger Prime Tree from 
Various Prime Trees 

This section establishes the correctness of the algorithm for generation of 
larger prime tree from various prime trees. Theorem   helps to verify the 
algorithm’s correctness for generation of larger prime tree from various prime 
trees. 

Theorem 3: Given   trees    (     ) that are prime trees (except star and 
double star), the algorithm described above produces an output tree    (     ) 
such that ⋃   

      is a subtree of   , and    admits prime labeling.  

Proof: To verify the algorithmâ€™s correctness, we aim to establish that each 
prime tree    is labeled correctly with distinct integers.             are   
prime trees (except star and double star). Consider    *           
            + ,    *                       + ,      *                 
       + are   vertex sets associated with the trees             respectively, 
where    contains    vertices for      .   (  )    (  )     (  )  are   
functions representing the labels of the vertices for the trees             
respectively. For each prime tree   , the prime numbers    are chosen such that: 
         (     )    (     )      (       ) . The sequence 
of prime trees is combined by attaching the end vertex of    to the starting vertex 
of     , where        . Specifically join an edge between   (  ) with 
    (      ) , where        . This ensures that the prime property is 
maintained as the prime labels are only extended in sequence. Labeling the 
vertices of each prime tree    is labeled as follows, for prime tree   , label the 
vertices directly using  (    )    (    ), where       , for prime tree   , 
label the vertices using  (    )    (    )      , where       , continue 
this process for all prime tree    such that  (    )    (    )        , where 
      and       . Each prime tree labels are distinct and prime relative 
to the vertices from other trees because of the chosen prime numbers. For each 
composite number   in the identified ranges, the algorithm adds an edge between 
  and the vertex labeled   in   . For    , identify all composite numbers   
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such that        . For each composite number   in this range, add an edge 
between   and the vertex labeled   in   . For    , where         find 
the gap as ,            -. Identify all composite numbers in this gap. For 
each composite number   in this range, add an edge between   and the vertex 
labeled   in   . This does not violate the prime property as the composite 
numbers are only connected to the vertex labeled  , ensuring that the prime labels 
within the trees    are not compromised. The vertex set of the resulting tree    is 
   ,⋃   

                    - . The edge set of the resulting tree    is 
   ,⋃   

      (  (  )     (      ))  (   )             - . For any edge 
(   )    , if      and       , then    ( ( )  ( ))   . Since  ( ) is a 
prime number and  ( ) is either prime or composite such that    ( ( )  ( ))  
 . If     and     (composite), then    ( ( )  ( ))   . Therefore,    
contains ⋃   

      as a subtree and    admits prime labeling.  
For the prime trees          and    shown in Figures       and   

respectively, we obtained the larger prime tree    shown in Fig.   as an output 
of generation of larger prime tree from various prime trees. 

 

  
Figure 6 

Prime Tree T1 with 6 vertices. 
Figure 7 

Prime Tree T2 with 9 vertices. 
 
 
 

  
Figure 8 

Prime Tree T3 with 9 vertices. 
Figure 9 

Prime Tree T4 with 15 vertices. 
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Figure 10 

Construction of larger prime tree T′ from prime trees T1, T2, T3 and T4 

3. Conclusion 
In this paper, we developed an algorithm to construct a prime labeled tree    

such that   is a subtree of   . We proved the correctness of the prime labeling 
algorithm and the time complexity of the prime labeling algorithm is determined 
to be  (  ), where   denotes the number of vertices in the input tree  . we 
extended this algorithm to construct a larger prime labeled tree    from   
arbitrary trees   ,           such that    is a subtree of   . We proved the 
correctness of the algorithm for generation of larger prime tree from various 
arbitrary trees and obtain time complexity of the proposed algorithm is  (  ), 
where   denotes the number of vertices of   arbitrary trees. We also develop an 
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algorithm to construct a larger prime labeled tree    from   prime trees   , 
where             such that    is a subtree of   . We proved the correctness 
of the algorithm for generation of larger prime tree from various prime trees and 
obtain the overall time complexity of the proposed algorithm is  (     ), where 
  denotes the number of vertices of   prime trees. We found that the time 
complexities for prime labeling algorithm and algorithm for generation of larger 
prime tree from various arbitrary trees are  (  ). our algorithm for generation of 
larger prime tree from various prime trees is more efficient, with a time 
complexity of  (     ). Further, proposed algorithms in this paper proved that 
there always exist and can construct a larger prime tree from an arbitrary tree. One 
can affirmly attack the prime labeling conjecture on how to delete the newly 
added vertices and edges from the constructed prime tree    so that it lead to the 
prime labeling for input tree  . 
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