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Abstract

We investigate the minimum enclosing ball problem for given n points in fixed
dimension d. We present three new approximation algorithms to the problem: a
Vd-approximation algorithm, a 2-approximation algorithm, and a 1.619-approximation
algorithm, all running in O(nd) time. A critical feature of our algorithms is their simplicity,
allowing for rapid computation without recourse to exhaustive optimization techniques.
While they may not always yield the minimum enclosing ball, they provide a viable solution
that is often sufficient for practical applications, especially when working with large datasets.
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1. Introduction

The minimum enclosing ball (MEB) problem, also known as the minimum
enclosing sphere, is a fundamental problem in computational geometry. This
problem is crucial not only for theoretical analysis but also for practical
applications across various fields, including computer graphics, machine
learning, robotics, and spatial data analysis. Efficient computation of the MEB
can significantly impact performance metrics such as resource allocation in
facility location, scene representation in visual computing, and collision detection
in virtual environments. The MEB problem originated in 1857, when the
mathematician Sylvester [1] initially posed the problem of finding the smallest
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disk that would contain a set of n points in two dimensions, which we now refer
to as the minimum enclosing disk (MED). Although many attempts have been
made to solve this problem, the best outcome came in 1984 when Megiddo [2]
proposed a linear-time algorithm for fixed-dimensional linear programming that
was a direct approach to the MEB problem and showed that efficient solutions
were possible, given certain conditions. Several attempts have been made to
compute a near-optimal minimum enclosing sphere in three-dimensional space
[3] and to compute the minimum enclosing circle for a convex polygon in
O(nlogn) time [4]. However, the best results were obtained with a randomized
algorithm proposed by Welzl [5] for computing the MED of a finite set of points
in a plane, which had expected time O(n) and was based on a linear
programming algorithm. Recently, Smolik and Skala [6] proposed modifications
of Welzl's algorithm to speed up the process, and reduced the run time of the
original Welzl's algorithm by preprocessing the input set of points. The extension
of the minimum enclosing disk problem into three-dimensional space introduces
additional complexities and challenges, particularly concerning degeneracies and
numerical stability. Recent efforts have sought to tackle some of these
degeneracies using advanced linear programming methods; however, these often
incur increased computational costs.

In high dimensions, where the curse of dimensionality poses significant
obstacles, approximate algorithms have garnered attention as viable alternatives.
On the other hand, studying this type of problem in higher d-dimensional spaces
for a fixed dimension d has many applications both theoretically and practically
[7]. The initial efforts to address the minimum enclosing ball problem for a
collection of points in a higher dimension space were undertaken in the previous
work with Badoiu, Har-Peled, and Indyk [8]. They demonstrated that a (1 +
€)-approximation to the MEB can be calculated in O(nd/e + (1/¢)°) time.
Afterwards, Kumar, Mitchell, and Yildirim [9] produced a (1+
€)-approximation based on a core-set of size 0(1/¢). In line with the previous
contributions, Fischer, Gartner, and Kutz [10] and Fischer, and Gartner [11] also
investigated the minimum enclosing ball problem for a collection of points in a
higher dimension space. They pointed out that the linear randomized Welzl
algorithm can fail to compute the minimum ball that can cover a collection of
points. Nielsen and Nock [12] offered a (1 + €)-approximation with a running
time of O(nlog(1/¢)) for a collection of n points in the plane. Zarrabi-zadeh
and Chan [13] presented a simple 3/2-approximation algorithm with a running
time of O(dn) when computing the MEB on a set of points in higher dimensional
space for the stream data.

In this study, we propose a set of three simple approximation algorithms,
namely a v/d-approximation, a 2-approximation, and a 1.619-approximation, to
calculate the MEB of the collection of n points on the d-dimensional space with
a running time of O(nd). The organization of this paper is as follows. In Section
2, we describe the vd-approximation algorithm including an analysis of its
memory consumption and running time, as well as its approximation factor. In
Section 3, we describe a 2-approximation algorithm and analyze its running time
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and approximation factor. In Section 4, we present a 1.619-approximation and its
related analysis, and Section 5 is the conclusion of the paper.

2. The First Algorithm

In this section, we introduce a new approximation algorithm for finding the
minimum enclosing ball (MEB) of a set of n points in a d-dimensional space.
The minimum enclosing ball is defined as the smallest sphere, in terms of radius,
which contains the points of the set. This exact solution can be computationally
intensive, especially in high-dimensional spaces, so in this section we provide a
+/d-approximation algorithm for this problem.

Algorithm 1

Input: A point set P in R%.

Output: An approximate solution $.

1: Find the axis-aligned minimum bounding box B(P) of point set P;
2: ¥ « Find the length of the longest side of the bounding box B(P);
3: O « Compute center of B(P);

4: Draw a sphere S with radius r = €/2 centered at O;

5: Draw a sphere S; with radius Vdr centered at O;

6: if (all points are covered by sphere S)

7 Ses;
8: else

9: S« S;;
10: Output S;

The algorithm begins by computing the axis-parallel minimum bounding
box B(P) for the point set P. The minimum bounding box, essentially a
hyper-rectangle, is defined by the maximum and minimum coordinates of the
points along each dimension. Next, the algorithm determines the size of the
largest side ¢ of the bounding box B(P). This value serves as an important
measurement because it captures the largest extent of the data distribution in any
dimension. The center O of the bounding box is then computed. This center point
is crucial as it will serve as the center of the spheres drawn in subsequent steps.
The algorithm creates a sphere S with a radius r = £/2 centered at 0. This
radius is half the length of the largest side of the bounding box, providing an
initial candidate sphere that covers a significant portion of the points distribution.
A second sphere S; is drawn with a larger radius of vdr, also centered at 0. See
Figure 1. The factor v/d accounts for the dimensionality of the space, effectively
scaling the covering sphere to ensure it has a higher probability of encompassing
all points, particularly in higher dimensions where the data might be more
dispersed. The algorithm checks whether all points are covered by the first sphere
S. If they are, it returns this sphere as the approximate solution. If any points lie
outside S, it defaults to returning the larger sphere S;. It should be noted that the
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definition of a sphere with radius r = €/2 does not necessarily cover all the
points of the given point set (see Figure 1). Therefore, we should look for a larger
sphere S; that is closer to the optimal solution to the problem. So, in step 5 of the
algorithm, a sphere with radius vdr and centered at O is computed, and among
these two spheres, one of them that can cover all the given points is returned as the
final solution of the algorithm.

2.1 Time Complexity Analysis of the Algorithm 1

The time complexity assessment of Algorithm 1 by which we can determine
the minimum enclosing ball in d-dimensional space can be divided into several
steps. To compute the B(P), we need to determine the extremes (minimum and
maximum) of the coordinates along each dimension. This requires iterating
through all n points and updating the minimum and maximum values for each of
the d dimensions with O(nd) time. After calculating the length of the sides of
the bounding box, we need to find the largest side among them. Since there are d
dimensions, this requires a simple linear scan through the array of side lengths in
O(d) time. To find the center O of the bounding box, we need to average the
coordinates of the vertices of the bounding box. Again, this requires considering
n points to extract their coordinates and computing the average for each
dimension in O(nd) time. To verify that every point is covered by the sphere S
with radius r = £/2 centered at O, requires to get the distance of O from each
point and check that the distance is less than or equal to r. This requires n
distance calculations, which are O(d) for each point and is O(nd) in general.
Similar to step 4, checking if all points are covered by a sphere S; also requires
O(nd) time for the same reasons. Thus, the overall time complexity is O(nd).

2.2 Memory Consumption of the Algorithm 1

The memory usage of the algorithm for finding the minimum enclosing ball
in d-dimensional space can be analyzed based on the various components and
data structures utilized throughout the algorithm. The algorithm needs to store the
n input points, each represented as a vector in d-dimensional space. This
requires O(nd) memory. To determine the minimum bounding box B(P), we
need to store the minimum and maximum for each dimension in two arrays, each
of size d with O(d) required space. An additional array is needed to store the
lengths of the sides of B(P), which also has a length of d. The center O of the
bounding box is a single point in d-dimensional space, requiring d coordinates
of storage, or O(d). The algorithm may use a few additional variables (e.g., for
radius calculations) but these require constant space O(1). Thus, the total
memory of the algorithm can be expressed as O(nd). In fact, the dominant term
in memory usage comes from storing the n points in d-dimensional space,
leading to an overall memory requirement of O(nd).
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Figure 1
Two spheres S and S; based on the minimum bounding box B(P) and the cubic
box B with side length 2r, respectively.

2.3 Approximation Factor Analysis of the Algorithm 1

We examine the approximation factor of the proposed algorithm in this
subsection.

Theorem 1: Let * be the radius of the optimal minimum enclosing ball and 1
be the radius of the ball that is returned by the proposed algorithm for a set of n
points in the d-dimensional space. Then, the proposed algorithm has the

approximation factor N'd and ||rs|| < Vd||r*]|.

Proof: Let O = (x1,%,,**,%xg) be the center of the minimum bounding box and
a=(x;+71,%x,+1,-,x4 +7) be the farthest point to the center O on the
boundary of the equal side box (cubic box) B. Note that the B is a cubic box with
a side length 2r which encloses all the points (see Figure 1). Then, for r; the
radius of the sphere S;, we have the following relationship between the length of
7, and r:

Il =lla =0l =y +1=x1)2 + (e +7 = 2)2 4+ (Xg + 7 — x4)?
=VrZ 472+ + 12 =Vdrz =Vd||r||. (1)
Therefore,
lr ]l = Vdl|r]l. 2
Let rs be the radius of the final solution sphere S. It is obvious that:
el < [lrsll < [l A3)
So, according to relation (2):
7 [l < lrsll < Vdl|r]l. “4)

Then, according to the definition of the initial sphere S, we have:

il < 1|l )
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Now, according to the relations (4) and (5):
el < llrsll < Va|lr*]]. (6)
Therefore,
|Irsll < Vd||r|l. (7

This means that 7¢ is at most Vd times the radius r* of the optimal sphere
S*, and this complete the proof.

3. The Second Algorithm

We present a new approximation algorithm with an approximation factor of
2 for the smallest enclosing ball problem.

Algorithm 2

Input: A point set P in R%.
Output: An approximate solution for the minimum enclosing ball.
1: Compute the axis-parallel minimum bounding box B(P) for a point set P;
2: 0 « Compute the center of the bounding box B(P);
L2)?

3: Calculate radius r = \/(Lz—l)z + (2) + -+ (Lz—d)z, where L; is the side

length of the MBB in dimension i;
4: Return the sphere S, centered at O and radius r.

Regarding Algorithm 2, we have:

Theorem 2: Algorithm 2 for the problem of finding the minimum enclosing ball
has approximation factor 2 and has a running time of 0(dn).

Proof: Computing the minimum bounding box takes O(dn) time. The time to
compute the center of the minimum bounding box will take O(d) time, and
considering the constant time required for steps 3 and 4, the total running time of
the algorithm will be O(dn). Let r* denote the radius of the optimal MEB for the
set of points P with center O,,. We need to show that the radius r of the output
sphere S produced by the algorithm satisfies r < 2r* (See Figure 2). First we
show that d = ||p;pk|| < r. We have D? =~ d? + 2, so, d* ~ D? — ¢2. Since
D <r* and £ =719, we have d? < (r*)? — (r*)?6?. This means that d? <
(r")?(1—62).Since 0<6 < %, therefore d? < (r*)?, and so
d<r. (8)
On the other hand, according to the relation (8), [|p;p;|| <7* and

[|pipk|l < 7. Moreover, we have |[|p;0||+ ||Op;|| < 2r" (see Figure 2).
Therefore,

lIpipicll = [lpepsl| + 1p; Ol + 110p:|] + [|pipicl| < 477 )
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Figure 2
An optimal ball with the center 0, and radius r* and a ball with the center O and
radius r were returned by the Algorithm 2.

However, because p; and p, are two corner points of the minimum
bounding box, we have:

llppeel | = 112011 + 110k |- (10)
Hence, according to relations (9) and (10):
llpicll = 11D 011 + 1|0 || < 4r”. (an
Since r = ||p,0|| = ||Opk||. Therefore 2||0p,|| < 4r* and so ||Opi|| <
2r*. Thus
r<2r. (12)

and this completes the proof.

4. The Third Algorithm

We give a new and improved approximation algorithm with an
approximation factor of 1.619 for the MEB problem.

Algorithm 3

Input: A point set P in R%.

Output: An approximate solution S.

1:  Compute the axis-parallel minimum bounding box B(P) for the input point
set P;

2: £ « Find the length of the largest side in B(P);

3: 0 « Compute center of the bounding box B(P);

4: Draw a sphere S with radius r = £/2 centered at O;

5:  If sphere S covers all the points, send it as output S < S. Otherwise, go to
step 6;

6: S'e«S, 0 «0,1r" e,

7:  While (P # ¢);
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8: begin

9: Find the points inside sphere S’ and place them in U and set
P=P—-U,

10: Find a point b € P that is the farthest point from 0’;

11: Compute distance d between O’ and b by relation d = (||b —
0"l =7/2;

12: Draw a sphere S’ with radius ' = r' 4+ d and center 0 = 0’ +
(b—0"d/||b—0]|; )

13: If sphere S’ covers all the points, send it as output S « S'.
Otherwise, go to step 7;

14: end of while

15: Output S;

By adjusting the center and radius iteratively, the method reduces the
distance needed to cover remaining points and hence can more closely
approximate the optimal solution. The iterative approach allows for the
re-evaluation of the sphere size and its location based on the actual distribution of
points. An example of running Algorithm 3 on a set of points is shown in Figure 3.
Regarding the Algorithm 3, we have.

! // \\ : \"\r]' a,.\-::
i ' ..! & 2 ol \ti \
{ | I
t e | o ; |
Il‘\ * ()“ ,! * ) :‘"
|"\\ N h/
1 a 4{ 1 Y
PN e 2 d BN S 4
e ~—
(a) (b)

Figure 3
An instance of running the Algorithm 3. (a) Initial sphere S with radius 7 and
center O = 0. (b) Sphere created in the first iteration of the loop with radius r,
and center 0. (c) Final sphere created in the second iteration of the loop with radius
r, and center O,.
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Theorem 3: The Algorithm 3 for the minimum enclosing ball problem has an
approximation factor 1.619 and a running time O(dn).

Proof: For the running time of the algorithm, we note that it takes O(dn) to
compute the minimum bounding box, O(d) to compute the center of the
minimum bounding box, and O(d) for each point and O(dn) for all points to
determine if a point is inside the sphere. The calculations related to the steps
inside the while loop require a constant time in total for each step, and considering
the loop iterations, which will be less than n, the total time of the algorithm will
be O(dn). Let r* denote the radius of the optimal minimum enclosing ball for
the set of points P. Let b denote the point that is the farthest point from the
center O of the first sphere. It is clear that the greatest distance between O and b
occurs when b is a corner point or close to it in an equal sides minimum
bounding box (see Figure 4). In this case, consider two vectors OA and OB,
where the angle between them is 6. Given the length of the arc £ = AB = r0, we
have D? =~ d? + £? = d? + r?6?. Since D <r, d? + r?0? < r?. Therefore,
d? <r?—r20%2 =7%(1-6?). (13)
Since the maximum value of d occurs when 8 = 1/4, we have:r?(0.383).
Therefore,

d <0.619r. (14)

Figure 4
The first sphere is created by Algorithm 3 with radius r and center O along with
the farthest point b from the center of the sphere.

Continuing the loop iterations, we will eventually reach a sphere with a
diameter of 2r + 2d or radius r + d. Therefore, the radius of the sphere
resulting from Algorithm 3 will be r + 06197 = 1.619r.

Since for the first sphere S, we have:

r<r’ (15)

On the other hand, we have:

r<rs<1619r (16)



10 M. IMANPARAST

Therefore, from two relations (15) and (16), we can conclude:
rs < 1.619r" (17

This shows that Algorithm 3 has an approximation factor of 1.619 and this
completes the proof.

5. Conclusions

In this paper, we have presented three novel approximation for computing
the minimum enclosing ball problem in R% The algorithms are a
+/d -approximation, a 2 -approximation and a 1.619 -approximation with the
running time O(dn). By utilizing the geometric characteristics of axis-aligned
minimum bounding boxes, our approaches significantly simplify the complexity
typically associated with minimum enclosing ball problem computations.
Moreover, the simple design of our algorithms facilitate easy implementation and
adaptability to various contexts and data distributions. Future work can explore
more refinements to enhance accuracy, as well as potential extensions to more
complex geometries or dynamic datasets and varying dimensionality.
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