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Abstract

The propagation of plane waves in a two-dimensional microstretch thermoelastic
medium with two temperatures and initial stress is examined in this study. The study
makes use of microstretch theory, which incorporates two temperature considerations,
rotation, microstretch effects, and initial stress at the microscale. The Coupled Transverse
Displacement (CTD) wave, the Coupled Microrotational Displacement (CMD) wave, and
three other waves---the Coupled Longitudinal Displacement (CLD) wave, the Coupled
Thermal (CT) wave, and the Coupled Transverse Microrotational (CTM) wave---are found
when the model’s basic equations are solved for the plane waves. Using the proper boundary
conditions, for the five waves the reflection coefficients are calculated, and the graphical
results are displayed.
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1. Introduction

The theory of generalized thermoelasticity serves as a modified form of the
classical uncoupled and coupled theories of thermoelasticity [1]. Initial stresses
can emerge from processes like manufacturing, temperature variations,
mechanical loading, or geological occurrences, which can create residual states in
a solid even before any new forces are exerted. To address the importance of
initial stress in the real world there were many studies related to them, starting
from Biot [2] in which it was studied how initial stress effects elastic waves. Tang
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[3] studied how initial stress affects the propagation of elastic waves in solids. It
showed that initial stresses alter the rigidness of the material, causing changes in
wave speed compared to an unstressed medium. In 1977 and 1979, Dey and Addy
[4] presented two studies on reflection and refraction of plane waves under the
influence of initial stresses at a boundary free surface and at an interface
respectively. Ogden and Sotiropoulos [5] presented reflection of plane waves
under stress conditions in incompressible elastic solids. Othman and Song [6]
studied the reflection of plane waves from an elastic solid half-space, taking into
account hydrostatic initial stress and the condition of no energy dissipation.
Similar studies on initial stress were done by many researchers such as [7, 8].

The analysis of plane wave reflection in elastic solids is rooted in classical
elasticity and wave theory, with foundational mathematical framework for elastic
wave propagation formalized. The concept of elasticity and plasticity was first
introduced by Bingham [9] in 1924. The mathematical theory of elasticity was
given by Love [10]. The microstretch theory in elasticity was introduced by
Eringen [11], who developed the theory of microstretch elastic solids as a
generalization of earlier elasticity theories. Singh and Kumar [12] analysed the
behaviour of plane wave propagation within a generalised thermo-microstretch
elastic solid and also explored the reflection of plane waves from the free surface
of this type of solid. Reflection phenomena of a plane harmonic wave at an
interface of a thermo-microstretch elastic half space was discussed by Song,
Othman, and Zhao [13]. This analysis explores the features of plane waves in a
two-dimensional thermoelastic solid half-space, which incorporates both
micro-rotational and microstretch effects in a generalized thermoelastic
framework featuring two temperatures. Thermoelasticity in a micro-stretch
non-local medium submerged in non-viscous fluid under temperature-controlled
conditions was analyzed by Othman, Eraki, and Ismail [14]. Propagation of waves
in microstretch thermoelastic solids using two-temperature theory, which
transforms heat conduction using two distinct temperature fields, was studied by
Kaur et al. [15]. Plane Wave reflection in hygro-thermoelastic half-space with
hydrostatic initial stress, rotation and magnetic field was studied by Kumar,
Nagar, and Kumari [16].

This research formulates the mathematical problem in non-dimensional
terms and employs the Helmholtz principle to streamline displacement potentials.
Plane harmonic solutions are utilized to establish relationships pertaining to wave
behavior. Explicit equations for reflection coefficients are derived and
subsequently solved. The findings are illustrated graphically.

2. Modeling of The Problem

We investigated a two-dimensional half-space configuration where the
medium is aligned with the x-y plane and with the y-axis pointing vertically
downwards. This configuration establishes a semi-infinite domain that extends
infinitely in the positive y-direction from the boundary surface at y = 0, as
illustrated in Figure 1. Following [17] and [18], the governing equations
characterizing generalized isotropic thermo-microstretch elastic solids based on
G-N theory incorporating two temperatures are expressed as follows.



THE REFLECTION OF PLANEWAVES 2555

(1) Equation of Motion
O—ij,j = pul (1)
where,
O-ij = (/12(1)* + AV ui) - pSL] + (M + k)Vul- + M(Vul) - k(V X (I)) - 1/\@61]
(il) Microrotation and Microstretch Equations

(@1 + @y + a)V(V- B) — @V X (VX ) + k(V X w) — 2k§ = j'pd, ()

L, AD* —§/13c1>* —§AZVui +§?1® =§pj*<‘1'>*. 3)

(iii) Heat Conduction Equation
KV?0 = pCgB + §ToV - il; + 7, T, %, 4)
m=a,V- ¢35+ a9 + az (V). (5)

y=0 X
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Thermoelastic
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v

Figure 1
Geometry of the Problem

Here ®* is the microstretch scalar, §;; signifies the Kronecker delta, $ is
the micro-rotational vector, o;; is the stress tensor, m is the coupled stress,
k,a;, @,, a5 are the micropolar constants, A and pu are Lamé's coefficients, the
displacement vector is represented as u;, 4;,4,, A5 are the microstretch elastic
constants, Cg is the specific body heat, y = BA+k + 2w, 7, = (k+ 2u +
31)B are material parameters, a is a scalar material parameter affecting the
coupling between thermal and mechanical fields, £ is another scalar material
parameter influencing the coupling between temperature and microstretch
variables. ® =T — T, where O indicates a minimal temperature increment; T
is the absolute temperature of the medium, T, indicates the standard uniform
temperature of the body, and the reference temperature T is chosen such that
|©/Ty| = 1. The two-temperature parameter is denoted by a*, K denotes the
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thermal conductivity, p is the initial stress, p denotes the density, and j* is the
micro-inertia moment.

The problem is considered such that the medium is parallel to the x-y plane
as shown in Figure 1, with displacement vector u; = u (x,y,t), u, =
U, (x,y,t), uz = 0, and the micro-rotation vector taken as $ = (0,0,d3) [19].
With the help of the Helmholtz principle, the displacement components are
expressed in terms of potential functions ¢; and v, as [20]:

a a a a
u1=%+aly2, zzaiyl—%. (6)

Using the above 2-D problem, equations (1)-(5) reduce to the following:

Gt (G4 e) + (pr k=) P — k24 25—
= (1- V)2, (7)

@+ )(a L Z;Z;)+(u+k+§)vzu2—k0¢3+/12 by
= (-T2 ®)
Ve, + k(% - 22) — 2k = j'p T, ©)
V20" = 210" =11, ("ﬂ+aﬂ) +29,T =2pj ", (10)
KV2T = pCpT + 7T, a; (32 + "”2) + P, Td". (11)

Now we introduce the following non-dimensional quantities:
y' = (Z—:y, Uy, = pf/lro Uy, Uy = p;;f:* U, t'=w't T = TLO, x' = (:—:x,

b3, = 1:)730' o = ;—Z’z, = %, w' = %, p = a+pzu' (12)

Using equation (12) and the above dimensionless quantities in (7)-(11), we
obtain:

[VZ — M,Jy; — My(1 — a*VA)T + My d* = 0, (13)
[Vz - M4]¢2 — Msd; =0, (14)
62
[VZ —2M, — M, ﬁ] b3 + M V2, = 0, (15)
[M8V2 - Mg](D* - Mlovzlpl + Mll(l - a*Vz)T = 0, (16)
2
[£,V2(1 = @' VA)IT = (1 = @'VA)T + &, -5 Vb, + £,@", (17)
where,
2 _ 24 2 _ 223 2 _ 24 _ 71y _ Kk _ 1T
2T ST T AT gd 27 bl T peed
2 2
C(%:m—””’ M2=%, M3= Az M4=ﬂ, M5=L

P ct A+2p+k’
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2 2 52 .2

3 _ Ca _ 2Vic
w0*2’ MlO - w*2’ Mll - 97]-*(‘)*2 .

kc%

_ _pJet _< _
M6 - M7 - ) MB - 6_2, M9 -
1

azw*2’ as

3. Solution of the Problem
We consider the plane harmonic solution as [6]:

[ll)l' lI)Z! ¢3! d)*, T] (x! Y t) = [1/51' 1/;21 (T)S' d_)*' T]exp(tf(x sin 6 + y cos 60— ‘Ut)),
(18)
where év = w, v represents the complex phase velocity, ¢ represents the wave
number, and w represents the frequency.
Using equation (18) in (13)-(17), we have:

(=M, — &3 — My(1 + a*§*)T + M;®* =0, (19)

(=§% = My, — Msd; =0, (20)

[M;&%v% — 2Mg — &%]d3 — E2 Mgy, = 0, (21)

[Mg§? — Mo]®* + M, o&%; + My [1+ a*¢?]T = 0, (22)
[—£,82(1 + a*8?) — (1 + a*EH)wE]T — &%, — £, = 0. (23)

Solving equations (20) and (21) together, and then (19), (22) and (23), we

get:
Av* +Bv?* - C =0, (24)
Pv® + Qu*+Rv?2-5=0, (25)

where,

A = M,M,w? — 2MM,,

B = w*M, — 2Myw? — Myw? — MgMgw?, C = w*,

P =M;M;,&,,

Q = MM, g,0%a* — MyMgw3t — MyMgiw3a® + My e,w% — Mygw?M, e,
+MM;gtw — MyMow?*e, + MgM; 5, 0%,

R = MyMgw®e; — MyMog a* + MsMy a*w*s; — MyMgw*e, + My a*we,
—Mgw®t — Mgiw®a* — MyM; w*a*e, — MsM; ;0% — MgM;ga* w5,

S = M,Mgw8a*s; — MgM;yw®s,a* — MyMgw®e,a* — Mgw®e, — Mgw®e,a”.

Following [21], the formulations of phase velocity (V;), specific loss (S;),
and attenuation coefficient (Q;) are expressed as:

— IR+ ()2

' IR(ny)| (26)
— (AW) _ RG]
Si = (W )i = AT | ramoll (27)
w3ty
Q= [R)IZHISVIZ (28)

where R(n;) and J(n;) represent the real and imaginary parts of n;, with
i=1,2,3,4,5, respectively.
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4. Mathematical Representation of the Reflection Coefficient
Taking into account the following boundary conditions at y = 0:
. Stress free surface:

Oxx = 0, oy =0 at y=0. (29)
. Tangential stress vanishes at y = 0:
m,, = 0. (30)
. Thermally insulated surface:
aT
Pl 0. 3D
. Microstretch parameter condition:
ao*
3y 0. (32)

4.2 For the Incident CLD-Wave

The displacement, rotational, temperature and microstretch potentials
V1,5, &3, T, P* are taken in the form [22]:

¢3 — Boe[ifl(xsin9+ycose)—imt] + 212(21 Bke[ifk(xsinek—ycosek)—i(ut]’ (33)
1/)2 — nlBOe[ifl(xsin9+yc059)—ia)t] + Zi:l Bke[ifk(xsinek—ycosek)—ia)t]’ (34)
1/)1 — AOFOe[ifl(xsin9+yc059)—ia>t] +Z1§=3 ATFTe[ifr(xsiner—ycoser)—i(ut], (35)

T = AOFge[ifl(xsin9+ycose)—iwt] + Z£=3 Arpr*e[ifr(xsinBr—ycoser)—iwt]’ (36)
D* = Aoe[ifl(xsin0+yc059)—imt] + 275:3 Are[ifr(XSingr—yCOSGr)—iwt], (37)

where the values of F,., F*, and n, are:
_ {,%+L4w2
=

)

L1o&? Ly

The reflection coefficient is described as the proportion of the amplitudes

of the reflected waves to the amplitudes of the incident waves, P,/Q, (where

k=12) and M,/Q, (where r = 3,4,5). The angles 6, (k=1,2) and 6,
(r = 3,4,5) and respective wave numbers are connected via Snell's law [23]:

Ly Ff+Lgéf +Lo+w? « _ §E-law?-Ls
F=2tr-8rror” Fr=>x—2-_3

(38)

’ 1

Esinf =& sinfh; =&,sin0, =& sinf; =&, sinf, = & sinb;, &v; = w.
(39)

Using equations (33)-(37) and Snell's law (39) in the boundary conditions
(29)-(32), we obtain:

Py, Py . Ms . M, | Ms |

Q_zjll + Q_zhz + 0_2113 + Q_:hz; + Q_jhs =H, (40)
Py . Py . Ms . M, | Ms |

0_2]21 + Q_szz + 0_2123 + Q_:]24 +Q_j]25 = H,, 41)
P P2 Ms My Ms . _

23 + 2,732 + 2,033 + 234 + 2735 Hs, (42)

Py . P, . Ms . M, . Ms .
0_(1)141 + Q_z]42 + Q_03143 + Q_:]44 + Q_§]45 = H,, (43)
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e
Q0]51

The values of all the reflection coefficients ji,, jor, jar, jar, jsr are given as,

Ms . My . As .
s+ —2jo, + 2 jos = Hs.
% Js3 QOJs4 Q0]55 5

where k =1,2 and r = 3,4,5:

Jik = —Zﬂflfsin 0rcos Oy, jir =

—A&}F; — 2ué}sin®6; — B;F;,

ok = —MRER(c052B, — 5in26y), @z = —uF,Esin B,cos 6
Jak = 0, Jar = —Fji§jcos 0, jae =0, jar = —FAj§;c0s 6,
j5k = 0, j5r = _lengOS 9]! where k = 1:2; r= 3:4;5;

Hy = —ay,,

Hy = —ay1, Hz = —az;, Hy=—ay,

5. Numerical Results and Discussions

To demonstrate the effect of two temperatures, we take the physical

HS = —dgq.

properties of magnesium crystal, listed in Table 1, as given in [24].

Table 1
Material Parameters

Parameter Value Unit

k 1 kgm™1s72
s 0.5 kgm™1s72
A 9.4 kgm 1572
p 1.74 x 103 kg m~3
as 0.779 kg m s~?
j* 0.2 m?

M 0.779 kgm™1s72
K* 0.1 Wm™tK™?!
A3 0.1 kgm™1s72
T, 293 K

Cy 1.04 Jkg!°C
B 2.48 kgm™1s72
K, 1.3 Wm K1
U 4 kgm 1572
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The coefficients of reflection, R; and R,, shown in Figures 2 and 3,
correspond to the Coupled Transverse Displacement (CTD) and Coupled
Microrotational Displacement (CMD) waves, respectively. These coefficients
exhibit distinct frequency-dependent behaviors under the influence of
two-temperature theory and initial stress conditions. For reflection coefficient R,
Figure 2 reveals that the two-temperature parameter significantly enhances
energy reflection at lower frequencies, with the coefficient showing an increasing
trend with frequency. This behavior contrasts with the case when the temperature
parameter is not applied, where the reflection remains relatively constant. The
physical interpretation suggests that the dual temperature formulation creates
additional thermal coupling mechanisms that redistribute incident wave energy
back toward the boundary. Under two-temperature conditions, the reflection
coefficient R,, as depicted in Figure 3, shows a stabilizing effect. When the
two-temperature parameter is activated, the microrotational displacement wave
exhibits little frequency variation, suggesting that the microstretch-thermal
coupling produces a damping mechanism that prevents excessive boundary
reactions. For applications involving materials with intricate microstructures,
where energy dissipation is essential, this behaviour is especially significant. Both
coefficients are made more complex by the initial stress parameter. When
combined with two-temperature effects, initial stress tends to amplify the
frequency dependence of R; while maintaining the stability characteristics of
R,, suggesting that initial conditions enhance the selectivity of wave reflection
based on frequency content.

The reflection coefficients Rz, R,, and Rs, illustrated in Figures 4, 5, and 6
respectively, are linked to the Coupled Longitudinal Displacement (CLD),
Coupled Thermal (CT), and Coupled Transverse Microrotational (CTM) waves.
These coefficients exhibit more complex frequency-dependent behaviors under
two-temperature conditions. As shown in Figure 4, reflection coefficient Rj
shows a pronounced reduction with increasing frequency when two-temperature
effects are included, particularly in the mid-frequency range. This behavior
indicates that the longitudinal displacement coupling with dual temperature fields
facilitates greater energy penetration into the medium rather than boundary
reflection. The physical mechanism involves the enhanced thermal-mechanical
coupling that redistributes energy more effectively throughout the material
volume. The thermal wave reflection coefficient R,, plotted in Figure 5, exhibits
the most dramatic frequency dependence, with steep variations indicating strong
thermal-mechanical interactions. Under two-temperature conditions, R, shows
initial stability followed by significant changes at higher frequencies. This
behavior suggests that the dual temperature formulation creates competing
thermal pathways that affect how thermal energy is reflected from the boundary.
The steep transitions observed correspond to resonance frequencies where the
thermal and mechanical fields achieve optimal coupling. Reflection coefficient
Rs, associated with the transverse microrotational wave and shown in Figure 6,
demonstrates non-monotonic behavior across different parameter combinations.
The two-temperature effect tends to smooth high-frequency resonances,
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preventing sharp energy accumulations at the boundary. This smoothing effect is
particularly beneficial for preventing material damage due to localized energy
concentrations.

6. Conclusion
Using two-temperature theory and initial stress, the study examines the

propagation and reflection of plane waves in a two-dimensional generalised

thermoelastic microstretch medium. Under appropriate boundary conditions,
analytical expressions for the reflection coefficients of these coupled waves were
obtained and numerically assessed for materials like magnesium crystal.

. The findings show that the frequency-dependent behaviour of wave
reflection is significantly influenced by the two-temperature parameter. The
two-temperature effect stabilises microrotational wave reflection while
reducing energy reflection in transverse displacement waves at lower
frequencies, suggesting intricate thermal-mechanical coupling and damping
mechanisms.

. The analysis shows that the coupled behaviour of mechanical, rotational,
microstretch, and thermal fields is influenced by microstretch effects, which
result in more complex boundary value problems and enhanced wave
phenomena. Overall, the research provides new insights into the
fundamental wave behavior in microstretch thermoelastic solids with
two-temperature and initial stress (p) considerations.
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