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Abstract

This research represents an organized comparison of the efficiency of classical iterative
root-finding algorithms like Newton-Raphson, secant and bisection with Ramanujan
technique which is more specifically designed for finding differentiating minimum positive
roots of algebraic and non-linear equations. Classical techniques are fairly generalized
methods and can be applied almost everywhere, yet these have high sensitivity with regards
to the choice of initial value or interval and can provide any type of roots rather than being
specifically related to the smallest one. On the contrary, the technique used by Ramanujan
relies on a unique expansion series and a recurrence relationship and ensures a precise
and systematic process towards the closest root which becomes quite useful in practical
applications where early detection and identification is involved such as in environmental
monitoring and early detection of medical conditions. Through practical examples based
on real life application, this research highlights the efficacy of Ramanujan technique in
particular instances where the earliest root needs to be obtained. It will become quite clear
that for finding the smallest root the Ramanujan approach is more appropriate whereas
classical algorithms can be considered in situations where any root suffices or function
irregularities are involved.

Subject Classification (2020): 65H05, 65H99, 65D99.

Keywords: Root finding, Newton-Raphson, Secant method, Bisection method, Convergence,
Nonlinear equations, Healthcare threshold prediction, Numerical analysis, Series expansion.

1. Introduction

Root-finding is at the heart of scientific and engineering calculations since
root finding provides solutions to equations used in modeling natural systems
and phenomena [1]. Root-finding is simply solving for the values of variables
where f(x) = 0. Root-finding is necessary in the analysis of various systems,
optimization of models and behavior prediction in scientific fields of study [2].
In engineering, for instance, root finding is utilized in the analysis of motion,
electricity circuits and mechanics; in physics, root finding is necessary in
understanding equilibrium and dynamics [3]. In the absence of analytical
solutions to equations, numerical root finding techniques such as bisection
method, Newton-Raphson method and secant method are widely applied in
finding solutions to these problems [4]. Application of these methods helps
make informed decisions, design efficient systems and predict accurately the
performance of models [5]. Therefore, root-finding is an important area of
knowledge for all scientists and engineers who aim at meeting various scientific
and engineering challenges [6]. By developing effective techniques,
mathematical analysis aims to derive numerical solutions to challenging
mathematical problems. Most mathematical problems encountered in
engineering and research are difficult and sometimes impossible to solve [7]. It
is essential to propose an approximation of a difficult mathematical problem to
make it easier to solve. An increasing number of scientists and engineers are
using numerical approximation as a modern tool because of tremendous
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advances in computer technology. This is similar to how several scientific
software applications (such as MATLAB, Mathematica, Maple, etc.) are created
to quickly and effectively handle increasingly complex issues. These software
functions use standard numerical methods, which enable faster problem solving
than analytic solutions [8]. The user must only pass the necessary parameters
and execute a single command to obtain the desired results without having to
understand the specifics of the numerical method. The goal of the numerical
evaluation is to offer effective techniques for deriving numerical solutions to
these issues.

Determining the characteristic roots of an equation that takes the form is a
common challenge in scientific and engineering investigations [9]. There are
algebraic formulas that can be used to express the roots of quadratic, cubic, or
biquadratic expressions in terms of the coefficients. When working with higher-
degree polynomials or expressions containing transcendental functions,
algebraic methods become ineffective, and the process of determining roots
grows increasingly challenging [10]. In such instances, it is necessary to employ
approximation techniques to determine roots. Let us now examine the
differences between transcendental and algebraic equations: A purely
polynomial equation of the form is referred to as an algebraic equation. If it also
involves logarithmic, exponential, or trigonometric functions, then it is referred
to as a transcendental equation [11].

In Equation (1), where it is possible to classify functions as algebraic,
transcendental, or a blend of both. Particularly, algebraic functions of this type

Pa(X)= cox™+ ¢ X" + cox™ +.. . Hcuay .. 2)
It is referred to as the nth degree polynomial of x, where ¢, ¢y, ¢y, ..., and
c, are all constants, and "n" is a positive integer. For a polynomial that fits the

form of equation (2), certain principles from equation theory can be helpful in
determining its roots.

For a polynomial equation of nth degree, there exist precisely n distinct

solutions.

(i) For equations with an odd value of "n,” there exists at least one real
solution that has a sign opposite to the final term.

(i) When an equation has a negative constant term and an even-powered "n,”
it will have at least two roots: one positive and one negative.

(iii) Complex conjugate roots occur in pairs of polynomials or equations with
real coefficients. Similarly, when the coefficients are rational, the resulting
irrational roots appear in pairs.

(iv) The Signs Rule by Descartes
(a) The maximum number of positive real roots in a polynomial equation

p(x)=0 is limited by the frequency of sign alternations among its
coefficients.
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(b) The number of coefficient sign alterations in p(-x) cannot surpass the
count of negative real roots in the equation p(x)=0, as mentioned in
point (a) above.

(v) When considering polynomials or equations,
(a) Those with real coefficients yield pairs of complex roots.
(b) Rational coefficients produce pairs of irrational roots.

Objective: Classical root-finding methods are reliable but may not find the
smallest root without careful setup. Ramanujan’s method, however,
systematically targets the smallest positive root, making it ideal for early
detection in scientific and engineering applications where the earliest or minimal
solution is critical.

2. Overview of root-finding methods

For applications in scientific or engineering calculations, there arises a
need for solutions involving numbers in which the mathematical equation or
function equals zero, which necessitates the use of root finding methods as an
important numerical technique [12]. The root finding methods that have been
most frequently employed include the bisection method, Newton Raphson
method, and secant method. Bisection method is famous for its accuracy and
convergence but slower in linear fashion [13]. While Newton Raphson method
and secant methods are significantly quicker, they may converge very quickly
(quadratically), yet good initial estimates are needed [14]. Nowadays, deep
learning and neural networks play an increasingly significant role in these
methods, particularly in the efficient and accurate computation of roots [15-16].

2.1 Bisection Method:

One of the simple and reliable numerical methods used to find the roots of
a continuous function within given interval, in which the function changes its
sign, is the bisection method [28]. This method does not use any derivatives.
Due to its liner convergence making it less efficient than other methods.

2.2 Regula Falsi:

The false position (use Latin "Regula Falsi") is a numerical method used to
solve the root of a nonlinear equation which has the form f(x)=0. Similarly to
the bisection method, it begins with two initial points where values of the
function are of different signs, so there is a root between them [17]. But Regula
Falsi approximates the root not by dividing the interval by two, but by using a
straight line (secant) through these two points to find out the root using the
following formula [18].

_ af()-bf(a)
T fb)-f(@

This is then repeated, and the interval is updated by the sign of the function
at the new point, until the root is computed with the desired accuracy. The
technique tends to converge more quickly than bisection but more robustly than
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the secant method, so it is a useful tradeoff in solving most root-finding
problems [19].

2.3 Iteration Method

In mathematics, the iteration method, or method of successive
approximations or fixed-point iteration, is one of the most basic numerical
methods of obtaining an approximate solution to an equation, particularly where
finding a direct analytic solution is unwieldy or impossible [20]. Beginning with
an initial approximation, the algorithm finds a sequence of successively better
approximations by successively evaluating a function or formula based on the
initial equation, x,,,1; = g(x,).

This is repeated until consecutive approximations differ by some nominal
tolerance, that is to indicate convergence towards a root or solution. Iteration
methods are especially useful in solving nonlinear equations and massive
systems, which provide adaptability, simple application, and are capable of
addressing issues in which direct methods are cost-prohibitive or unworkable
[21]. Whether convergence occurs, and what it converges to, is usually
dependent upon the selection of the iteration function and initial guess, and in
many cases, rigorous analysis is needed to guarantee reliability and accuracy
[22].

2.4 The secant method

Is an effective numerical method of solving a nonlinear equation and
achieves an optimal trade-off between speed and simplicity when compared with
other methods [23]. The method is useful when derivatives are notoriously (or
even impossibly) hard to evaluate, as in the Newton-Raphson method, the secant
method estimates the derivative based on two past points, so it does not need the
information gained in the evaluation of the derivative [24]. This is iterated, and
the new version of the estimate is based on the two predecessor points, and this
gives the process a very fast convergence, often quicker than that of bisection
but slower than Newton-Raphson, Some related result also been reported in the
literature [25-28].

3. Main result and calculation
p(x) =0
where p(x) takes the form
pxX)=1-(c1x+cx®+ezx®+..)
To illustrate the procedural approach, we examine the quadratic equation
pX)=cpx>*+cix+c;=0
having x; and x; as its root, where |x1|<|x2| defined by
P(x)=cx?+cixtcyp=0
1+8x + 2x2 =0
[o{0] c0

will have roots 1/x; and 1/x, such that 1/|x1|> 1/|x2|
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1 cl c2 -
= (1+=x + =x°)"
(%) c2 c0
can be written as
c1 c2 o k1 k2
(I+=x+ _Xz) = T+ —=
c2 c0 X——  X——
X1 X2
_ —kix1 4 —-k2x2

1-xx1 1-xx2
= Kyx(1-xx1)" = koxa(1-xx7)™"

1 v
Where b; = Y2_, k, xit?

Then,

. k1/x1\!
bi-1 kixtl+kex2l o) *1 1

bi  Kkix1tl+kex2itl  kixayitl 'y
DT 4
k2\x2

Since%l, it follows that

bi-1
bi

Lim = xll , It is the tiniest root
Ramanujan’s Method:

The method of Ramanujan, an iterative technique for identifying the
equation's shortest root, was presented by Srinivasa Ramanujan. The smallest
root of p(x)=0 is found using the convergence formula, bi-1/bi. As we get closer
to the limit. Where b; can be found by using below mention formula.

bk = Clbk—l + Czbk + ... +Ck_1b1

The fifth edition of "Methods of Numerical Analysis" by Sastry [26] offers
a comprehensive examination of techniques for solving algebraic and
transcendental equations. It offers straightforward analytical evidence for
examining the convergence of the method. Furthermore, has provided this
method's iterative methodology for estimating a root with any order of
convergence.

Results and Discussions

e  Srinivasa Ramanujan (1887-1920) provided an iterative method for
figuring out the equation's shortest root.

Ramanujan's approach, which is described below, is based on this.
To determine the smallest root of the equation p(x) = 0,
we consider p(x) as follows:

pX)=1-(cix+cpx?+c3x> +...) (6)
and then write
[1-(cix +cax2+ c3x3 +..)] = by + byx + byx’+ ... (7)
=]+ (cxtepx?+ex® +..) +(eix+cx® + x> + ...)2+
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=bi+byx +byx* + ... (8)

The process of identifying b; involves comparing the coefficients of
equivalent x powers on either side of Equation (8). This comparison leads to the
following:

Then we found

b =1

b, =c; =cby, since by =1

b3 =Cyt 012 = C2b1+ Clbz’ since bz =C1

bk = clbk-l + C2bk +... +ck_1b1
= Craby + erabyt. .+ b (o)

. bi- .
The ratios lb—il, The sequence of convergent progressively nears the
minimum root of the equation p(x) = 0 as it approaches its limit.

4. Practical implications
4.1. Environmental Monitoring:

Determining the earliest point at which pollution levels or climate
indicators will reach dangerous thresholds, similar to how the case study
mentions Al being used for predictive analytics.

Problem Statement: Predicting When Air Pollution Reaches a Dangerous
Level.

Suppose a city monitors the concentration of pollutant (PM 2.5) in the air.
The pollution level over time (in micrograms per cubic meter),C(t)is modeled
as:

C(t) =35+ 12t — 0.8t>

Where t = time in days since monitoring began, 35 = Initial pollution level,
12 = daily increase due to new sources, (-0.8) = Effect of natural dispersion and
weather. The dangerous threshold for PM2.5 is 70 pg/m3.

We want to find the earliest time () when C (t) reaches or exceeds 70.

Application of Root-Finding Methods: Step-by-step solution using each
method.

Step 1: Standardize the polynomial
Set up the equation C(t) = 70
70 = 35 + 12t — 0.8t2
Shifting all terms to the L.H.S.
—0.8t2+ 12t +35-70=0
—0.8t2+12t—-35=10

Converting the equation into standard quadratic form by multiplying (-1)
by both sides

0.8t>—12t+35=0
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Dividing the whole equation by the constant term

0.8 12
p()=t?—t+1

Step 2: Rewriting the equation in standard Ramanujan’s form
pt) =1 - (cit+ cpt? + c3t? + ...) = by + byt + byt*+ ..

0.8 12
PO =1-(=3) % + (3t
By comparison, we get
12 0.8
Cl ZE’CZ =_¥ ,C3 =0b1= 1
b, = c;b; = —g = —0.3428

b3 = C1b2 + Czbl = 0.094681...
b4 = C2b2 + C1b3:'0024603

Step 5: Compute the ratios

b;_ .
; L, the sequence converges to the smallest positive root
i
b 1
2= = 29171,
b, 0342857
b, _ 0.342857
by 0.094681

= 3.622,

b3 0.094681 , , ,

— = ——— = —3.849 (ignore negative sign

by  —0.024603 (ig 9 gn),
by _ —0.024603

= = 3.919,
bs  —0.006278

. b . .
You can see that the ratio ;—'1 converges rapidly to approximately 3.96,
L

which matches the smallest root found by the quadratic formula, the
convergence shown in Figure 1.

' N N . Peak 80.0, "
Air-Quality Projection with Highlighted Safe and Danger Zones
Eda' b foossioy Danger Zone
B Safe Zone
llution Level C(t)

PM2.5 Concentration (ug/m’)

40

0 2 4 6 8 10 12
Time (days)

Figure 1
Air-quality projection with highlighted safe and danger zones and the threshold
crossing point.
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e  The blue curve traces the modelled concentration over 12 days.

e  The area shaded light blue indicates the ‘safe’ region below the 70 pg/m?
limit level; the area shaded red indicates a period in which the air is
dangerous.

e As indicated by the purple indicator (= 4 days), this is the first time when
the curve touches the boundary.

e  The black marker indicates the maximum (= 83 pg/m?®) declining to safer
levels.

This way, showing the regions marked as safe and dangerous under the
curve enables you to identify both the point where the curve crosses the
boundary and how long this dangerous period lasts.

Among all the methods discussed, Ramanujan’s method is the only one
that focuses on finding the smallest root of the polynomial. Other techniques
such as Newton-Raphson, Bisection, and Secant methods can find any roots
given a suitable interval; however, they cannot single out the smallest root of the
polynomial.

Iteration Data Table: The iterative results of Ramanujan's Method and the
classical root-finding algorithms are presented in Table 1. Their convergence
patterns are shown graphically in Figure 2.

Table 1
Iterative results of Ramanujan's Method and the classical root-finding algorithms
Iteration | Ramanujan Newton- Bisection Secant
Raphson Interval Method
0 3.96 (exact) | 4.00 3.00, 4.50
1 - 3.964 [3,4.5] 4.033
2 - 3.964 [3.75,4.125] 3.959
3 - 3.964 [3.9375, 4.125] 3.961
4 - 3.964 [3.953, 4.031] 3.960
5 - 3.964 [3.960, 4.031] 3.960
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Convergence of Root-Finding Algorithms

4.0

—#— Bisection
—— Secant

True Root

EN:

3.6

3.4

Root Approximation t

3.2

3.0

s} 1 2 3 a 5
Iteration

Figure 2

Comparison of the convergence behavior of Ramanujan's Method, Newton—
Raphson Method, Bisection Method, and Secant Method toward the smallest root.

4.2. Early Disease Outbreak Detection Using Ramanujan’s Method

Detecting the first signs of a disease outbreak is vital for public health.
Timely intervention can stop widespread transmission. Ramanujan’s method is
great at systematically finding the earliest threshold crossing, making it well-
suited for these applications.

Suppose a regional health authority tracks daily cases of a new infectious
disease. The surveillance data for the first 6 days is given in Table 2.

Table 2
Surveillance data of infectious disease
Day (t) Number of Cases(P(t))
1 5
2 7
3 12
4 21
5 34
6 51

A policy states that the outbreak threshold is 25 cases. The authority must
find out, as soon as possible, the exact day when cases exceed this threshold.

Mathematical Modeling
1.  Model the Data. Based on the sequence, a quadratic fit is suitable.
p(t) =at®’+bt+c
2. Fit Coefficients: Solving the equation by using days 2,4,6
a2 +b2)+c=7
a(4®) +b(4)+c=21
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a(6®) + b(6) + ¢ =51
By solving the above equations, we get (a=2, b=-1, c=2)

p(t) =2t -2t +2

2t —t+2-25=0

2t* —t—-23=0
Applying Ramanujan’s method by comparison with the standard form we
a, = 2,a, =—1,ay, =-23
by = 1,by = = b, = (3)by + (5D)by=-11.25

t—bl 0.044
=5, =0

For better accuracy, we will solve the quadratic equation by considering
the smallest positive root

_ 1+V1-4223 _ 1+V/1+184

t
2.2 4
‘= 1+V185 _ 1+13.6
T4 T 4
. 3.6
Smallest positive root t = 14130 ~ 3.65

Therefore, the outbreak threshold is crossed on day 3.65, which is between
day 3 and day 4. This approach, as demonstrated in recent studies, performs
better in applications that require the rapid and reliable detection of initial
events, such as monitoring outbreaks and early warning systems.

Daily infection cases with outbreak threshold

50 4 —@— Daily cases
——=~ Threshold = 25
— 40 A
=
w
[
wv
S 30
—
o
]
e}
E 20+
=3
=
10 A

Day (t)

Figure 3
Daily infection cases with the outbreak threshold illustrating the onset of an
outbreak on Day 5.

We see the trajectory in Figure 3 rising steeply; the first point above the
threshold (highlighted in red) occurs on Day 5, when reported cases jump to 34.
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5. Conclusion

For environmental monitoring, and detection of diseases outbreaks early
enough, it is essential to use proper and appropriate root-finding algorithms,
particularly Ramanujan’s technique. In the case of air pollution, mathematical
modeling plays an important role in determining the moment when pollutant
concentration becomes dangerous for health of people, making it possible to
take preventive actions before the problem actually occurs. On the other hand,
epidemiological situation may benefit from Ramanujan’s technique that is
helpful in locating the first time of epidemic appearance by finding its smallest
positive root. Thus, by applying analytical tools such as mathematical modeling
and Ramanujan’s technique, it is possible to make important decisions
concerning either air pollution or epidemiological situation.

Recommendations: When to prefer Ramanujan’s method over others.

6. Future Scope for Ramanujan’s Method

For calculating smallest root of any nonlinear equations Ramanujan's
technique is well known to provide effective solutions. For example, it allows
for early detection of diseases using biomedical signals and health data from
wearables; helps predict the spread of epidemics; assists in detecting air
pollution events and changes in the climate; and also allows tracking ecological
risks. Furthermore, Ramanujan’s technique is used in engineering and signal
processing applications for immediate identification of faults and optimization
of systems; in financial analysis for assessing risks and trading algorithms; and
in robotics for planning trajectories.
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