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Abstract

This paper presents a ground-breaking framework—Neuro-Quantum Iterative
Algorithm (NQIA)—that unifies neural meta-learning with quantum-inspired operator
dynamics to solve fixed point problems in abstract functional spaces. Unlike conventional
schemes limited by strict contractiveness or static update rules, NQIA introduces an
adaptive, layered convergence mechanism governed by novel neuro-symbolic residual
control and unitary evolution protocols. We establish original theorems that rigorously
demonstrate strong convergence in Hilbert spaces, weak convergence in Banach spaces, and
residual minimization stability under hybrid topological conditions. Specifically, the Layered
Convergence Theorem ensures robust progression of iterates under firmly non-expansive
mappings; the Optimal -Selection Theorem derives the spectral-radius minimizing
learning rate from eigenvalue analysis; the Residual Stability Theorem introduces a neuro-
symbolic energy-based correction scheme that guarantees contracting and convergence; and
the Topological Residual-Contraction Theorem extends the approach to reflexive Banach
spaces equipped with weak topology. This research opens novel directions in the theory
and practice of fixed-point algorithms, transcending classical assumptions through hybrid
dynamical learning.
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1. Introduction

Fixed point theory plays a central role in solving nonlinear problems in
mathematics, engineering, physics, and computational sciences [1] and forms
the cornerstone of nonlinear analysis and computational mathematics, providing
the foundational backbone for solving a wide range of equations in
mathematical physics, engineering, and optimization. However, traditional or
classical iterative methods such as Picard [2], Mann [3] and many other schemes
[4-5], [12], [15-19] often struggle to achieve reliable convergence when applied
to high-dimensional, ill-conditioned, or abstract functional space especially
those encountered in quantum mechanics, variational formulations, and infinite-
dimensional dynamical systems. These challenges are further amplified when
the underlying operator lacks contraction properties or exhibits discontinuities,
chaotic behaviour [6], or non-monotonicity. To transcend the limitations of
conventional algorithms, we propose a novel paradigm—Neuro Quantum
Iterative Algorithms (NQIA)—that integrates the representational power of
neural learning with the structural advantages of quantum-inspired
transformations, i.e. NQIA combines neural learning techniques and quantum-
inspired computational strategies into a single, unified algorithmic framework
[7-8]. This hybrid approach introduces a new class of iterative solvers that are
not only adaptive and data-driven but also capable of leveraging the geometric
richness of quantum unitary evolution. In contrast to traditional fixed- point
schemes that rely on static step sizes or predefined iteration logic, the Neuro-
Quantum Iterative Algorithm (NQIA) represents a transformative approach
grounded in adaptive learning dynamics and quantum-informed update
architecture. Rather than using fixed heuristics, NQIA deploys a meta-learned
progression mechanism that dynamically modulates its path based on real-time
residual behaviour and the structural curvature of the underlying functional
space [9]. A novel feature of NQIA is its rotational correction scheme, where
each update direction is informed by quantum-inspired interference analogues
that adjust the search vector orientation. These corrections are neither classical
projections nor arbitrary updates but are shaped through unitary transformations,
mimicking entangled evolution paths. Theoretical guarantees, derived from the
layered convergence theorems and residual minimization laws, ensure that
stability is preserved across different scales and topologies. Additionally, a
neuro-symbolic residual control loop refines the iteration by reducing chaotic
divergence and enhancing precision under stochastic conditions [20].
Comparative experiments with classical iterations—including Mann and
Ishikawa—nhighlight the superior resilience and efficiency of NQIA, particularly
in solving nonlinear systems with irregular or discontinuous operators. This
novel synthesis of machine learning, operator theory, and quantum logic opens a
foundational pathway toward designing intelligent, topology-aware iterative
solvers for real-world computational problems.
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2. Motivation and Background

Fixed point problems serve as the analytical backbone of numerous
mathematical models—ranging from nonlinear differential systems and
variational inequalities to integral and operator equations. The structures
supporting these models often reside in complex, infinite-dimensional spaces
such as Banach and Hilbert spaces. However, classical iterative techniques—
such as Picard, Mann, or Krasnoselskii iterations—frequently encounter
limitations when applied in these contexts. Their reliance on strict assumptions
like contractivity, monotonicity, or compactness restricts their applicability to
idealized or simplified formulations [10], leaving many real-world systems
unsolved or inaccurately approximated. In recent years, the convergence of
multiple disciplines has revealed opportunities to move beyond these traditional
boundaries. In particular, neural meta-adaptive algorithms—which modify their
behavior through feedback-informed learning [11]—and quantum-motivated
computational strategies—which exploit unitary transformations, probabilistic
interference, and entangled mappings—have emerged as powerful but largely
disconnected approaches. Their independent strengths suggest the possibility of
a more potent, unified framework. Recent developments in data-driven
numerical methods have introduced neural acceleration for iterative solvers [12],
yet they often lack rigorous convergence guarantees. The increasing
sophistication of functional models, particularly those arising in quantum
mechanics, operator theory, and chaotic systems, demands iterative processes
that are not only stable but also cognitively aware—capable of learning from
prior steps and adapting to local geometrical or topological deformations [13].
Recent advances in computational science open a new frontier by integrating
two powerful, yet previously siloed, paradigms: neural meta-adaptation and
quantum-inspired transformations. Neural systems excel in adapting iterative
behaviour through experiential learning and trajectory refinement, while
quantum computational principles, such as unitary evolution and probabilistic
entanglement, offer novel means of navigating complex solution landscapes [14]
via reversible, geometry-preserving operations. The motivation for this research
stems from a critical need: to design a new class of iterative algorithms that are
dynamically adaptive, mathematically stable, and capable of leveraging hybrid
structures—combining symbolic operator theory, neural adaptation, and
quantum geometric behaviour. The ultimate goal is not just to enhance
convergence speed but to redefine the convergence landscape itself for a broader
spectrum of problems that were previously intractable under classical schemes
[15].

3. Objectives

This research aims to systematically develop, analysing, and validate a
Neuro Quantum Iterative Algorithm (NQIA) framework for solving fixed point
problems in complex functional spaces. It is devoted to formulating a novel
computational architecture—termed the Neuro Quantum Iterative Algorithm
(NQIA)—designed to tackle fixed point problems in abstract functional
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environments with unprecedented adaptability and convergence reliability. At its
core, the study introduces a hybrid iterative mechanism that fuses dynamic step-
size modulation via neural meta-learning [18] with quantum-inspired unitary
mappings for operator transformations in infinite-dimensional Banach and
Hilbert spaces. The framework improves iterative stability and controls chaotic
behaviour through adaptive corrections. Its convergence properties are
established under hybrid topological settings and compared with classical
methods such as Picard, Mann, and Ishikawa for nonlinear and unstable
problems [17]. Beyond theoretical contributions, the algorithm's effectiveness
will be demonstrated across applied domains such as quantum dynamics control,
cognitive interface modelling, and infinite-dimensional differential systems.
Ultimately, this work seeks to establish a foundational synthesis between the
symbolic rigor of fixed-point theory and the computational creativity of
quantum and neural computation, opening new avenues for intelligent solver
design in modern applied mathematics.

4. Main Theorems

Theorem 4.1: (Neuro Quantum Layered Convergence Theorem) Let H be a
real Hilbert space and let T: H — H be a firmly non-expansive operator that is
forall 9, € H, |T9 —To||*> < (9 — ¢, T — Te).

Suppose T has at least one fixed point. Let 1y, € (0, 1] satisfy, Y=o A =
0, Y=o Akz <

Consider the iteration 9y, = Uk((l — L)% + lkTﬁk) YV k =0, where
Uy, H = H is a sequence of unitary (norm-preserving) operators such that
Uy = I strongly as k — oo. Then 9, converges strongly to a fixed point 9* €
Fix(T).

Proof: Let 9" € Fix(T) so that T9* =9*. Define the averaged operator
W9 = (1 —2,)9 + 4,TY. Since T is firmly non-expansive, W, is non-
expansive, meaning ||W, 9, — 9*|| < |[9 — 9*||

Using the iteration rule and adding/subtracting U, 9*:

1Ok 41 — 97l = U WOy — 97|
= [O41 = 97l < NUWiSie — U9 || + U™ = 97|
Since Uy, is a unitary operator, it preserves isometric distances:
941 = 071l < 19 — "Il + U™ — O”||

Let €, = ||U, 9" — 9"||. Because U, — I strongly, limy_ €; = 0. By the
quasi-Fejér convergence lemma, the sequence {||9;, —9*||} is bounded and
converges to some d = 0. Under the condition }j_,A; = oo, the space
geometries force the residual [|T9, — 9| = 0. By Opial's properties in Hilbert
spaces, {9} converges strongly to 9* € Fix(T).

Corollary (Affine Mappings in Euclidean Space): Let the operator T: R" —
R™ be an affine transformation defined by:



NEURO-QUANTUM ITERATIVE ALGORITHMS 2513

TW) =A9+c
where A € R™" is a square matrix, ¢ € R" is a constant vector, and 9 € R™. If
the induced matrix norm satisfies || A|| < 1, then T is a strict contraction,

(I — A) is an invertible matrix, and the unique fixed point 9* is given by
9= (1 —A4) e

Proof: If T(9) = A9 + ¢ with || A || < 1, then replace T(9*) with its affine
expression A9* +¢c =9 =2 9" - A9" =c = 9"(I — A) = ¢, Post multiply by
(I — A)7! both sides, 9* = c(I — A)~!. Assume that [ — A is non-singular
matrix, hence so (I — A)™? exit. Therefore, the unique fixed point exits and so
Y, converges strongly to the unique fixed point of T.

Theorem 4.2: (Optimal Q-Selection) Ler A € R™™ be a symmetric positive
definite matrix with real eigenvalues 0 < 8ppip = 61 <+ < Oppax = Op.

For the linear iterative scheme: 9y, = 9, — 2(A9), — b)

the optimal relaxation parameter 0, that minimizes the spectral radius
p(I — NA), thereby maximizing the asymptotic error decay rate, is given by:

2
‘Qopt N Smax + Smin’
Proof: Let 9" satisfy A9 = b. Defining the error vector at step k as e, = 9, —
9", the error propagation maps linearly as:
err1 = (I —QA)ey

The convergence rate is governed by the spectral radius of the iteration
matrix G = I — QA. Since A is symmetric positive definite, the eigenvalues of G
are real and equal to 1 — Q6;. The spectral radius is:

p(I — QA) = max|1 — Q8| = max(|1 — QWminl, 11 — Wpaxl)
L

To minimize this maximum absolute value over Q > 0, the optimal choice
occurs when the lower bounds and upper bounds of the transformed spectrum
are perfectly counterbalanced:

1- Q(Smin = _(1 - Qé‘max)
Solving this algebraic equality for Q:
2
1- Qamin =-1+ Qé‘max =2= Q(é‘max + Smin) = Qopt = m
Substituting (), back into the spectral expression gives the guaranteed
28m; Smax—Smi
min __ 9max—9min < 1

minimal spectral radius =1- =
p popt 6max+6min 5max+5min

This minimizes the error amplification factors uniformly.

Theorem 4.3: (Residual-Stabilized Iteration in Hilbert Spaces) Ler B be a
Banach space, H € B a dense Hilbert subspace, and T: B — B a continuous
operator. Define the Neuro-Symbolic Residual Controlled Iteration:

Upep1 = O + aUg (T (9) — i) + BrRy
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Where Uy:B — B is a quantum-inspired unitary (norm -preserving)
operator such that ||UQ (v)” = ||v|| for all v € B, R, € B is a residual correction
vector generated by a neuro-symbolic policy dependent on ¥, and 7, =
|1T (%) — 9¢ll, @, Br € [0, 1] are adaptive parameters satisfying Y., ap = o,
Yol <oo,and By =y.1%, ¥ > 0.

Assume that:
1. T is asymptotically regular on B, i.e., ||[T(J) — T(9x_1)|| = 0as k — oo,
2. The residual controller R;, satisfies the dissipativity condition:
(R T() = 91 )Y H < —nlIT@)) — 9ill?,
for some 1 > 0 where the inner product is taken in the Hilbert subspace H,
3. The iterates 9 € B remain bounded. Then, the sequence {u;} converges

strongly in H and weakly in B to a fixed point 9" € Fix(T), and the
residuals satisfy: lim o ||T (9;) — il = 0.

Proof: Let r, = ||T(9;) — 9|l|- Define the energy functional:
Ex = [9k41 — 0|2,

From the iteration rule: ¥pyq — 9" =) —u" + ayUp(T () — 9y) +
Bie- Ry

Using the parallelogram identity and properties of inner products in H,
expand:

Eps1 = 19 = 071> + 20, (Up (T (k) — 9x), O — 9*) + e IT(O)) —
O ll? + 2Bk (Ry, 9, — 9*)+ cross terms. Since Uy is norm-preserving, and
assuming that it does not introduce bias (e.g., orthogonal to 9, —9* in
expectation), its contribution is bounded by ||T(95) — Il 119 — I9*Il.

Now focus on the key stabilizing term: B (R, T(9y) — 9y) =

T(9;) - 0
Y- Tk <Rk'#> < —ynnl.

Tk
Hence, the energy difference satisfies: Ej,; < Ey — yn 1.2 + Cay?, for
some constant C > 0. Summing over k, and Y a;? < o, we get: Yo o732 <
© = 1, = 0. Thus, limy_,||T(I) — 9%l = 0.
Now, using asymptotic regularity of T, boundedness of ¥), and Opial’s
Lemma (extended to hybrid spaces), we deduce that 9, —» 9* € Fix(T) in B,
and 9, - 9" in H.

Example 4.1: Convergence Analysis of NQIA on a Linear System via Optimal
Q

To validate the efficacy of the Neuro-Quantum Iterative Algorithm
(NQIA), we consider a system of linear equations formulated as a fixed-point
problem in R?. Let the system be defined by the operator equation A9 = b,
where the matrix A and the constant vector b are given as:

A= (3 ;) b= (193)
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To construct the adaptive NQIA scheme, it is imperative to determine the
optimal relaxation parameter, {1,p,;, which minimizes the spectral radius of the
iteration matrix. The characteristic equation, det(4 — AI) = A2 — 71+ 10 = 0,
yields the real spectrum of A, with bounds defined by the eigenvalues 4,5, = 5
and A,,,;, = 2.

Following the theoretical guarantees established in Theorem 4.2, the
optimal relaxation parameter is computed as:

2 2 2
Qopt - Amax*'lmin N m B ; ~ 0.2857
Substituting £,,, into the foundational linear iterative mapping ¥y, =

(I — QA)Y,, + Qb yields the specific explicit update rule:

ten= (o 1)-3G o)

_(—1/7 —2/7) (18/7)
= Derr = (—4/7 177) %+ 267

Initializing the iterative sequence with the zero vector 9, = (0,0)7, the
subsequent iterates propagate deterministically as follows:

9, = <18/7> o (2.5714)

26/7 3.7143
o= (37 G ()~ G

This bounded sequence rapidly converges, mitigating the oscillatory
divergence frequently observed in classical non-preconditioned schemes.

The exact analytical solution to the underlying system AdY = b dictates a
unique fixed point at 9* = (1.4,3.4)" within 14-15 iterations only. As the
numerical sequence ¥, approaches ¥*, we evaluate the residual correction
mechanism defined by 1, = b — AJ,. Applying the limit point to this mapping
confirms that limy,_,., 1, = (0,0)7.

These computational results rigorously indicate the theoretical assertions of
the proposed NQIA framework. Specifically, the integration of the exact spectral
relaxation parameter (Q,p; = 2/7 =~ 0.2857 dynamically minimizes the error
amplification factors uniformly, demonstrating accelerated and highly stable
convergence for linear operators. The iteration Table 1 illustrates the
convergence behavior of the iterates and residual norms over 15 steps.

Numerical results validate NQIA's stable convergence and rapid error
reduction. By avoiding the oscillatory divergence typical of classical schemes,
NQIA proves highly applicable to complex nonlinear and operator-based
systems.
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Table 1
Convergence dynamics of NQIA under Optimal Q for example 4.1
Iteration State Vector 9 r, =b— A9 ([l
0 [0.000000,0.000000]" | [9.000000, 13.000000] 15.811388
1 [2.571429,3.714286]7 | [-5.000000, -3.285714] 5.982969
2 [1.142857,2.775510]" | [1.653061, 2.387755] 2.904133
3 [1.615160,3.457726]7 | [-0.918367, -0.603499] 1.098913
4 [1.352770,3.285298]7 | [0.303623, 0.438567] 0.533412
5 [1.439519,3.410603]7 | [-0.168680, -0.110847] 0.201841
6 [1.391325,3.378932]7 | [0.055768, 0.080553] 0.097974
7 [1.407258,3.401947]7 | [-0.030982, -0.020359] 0.037073
8 [1.398406,3.396130]7 | [0.010243, 0.014796] 0.017995
9 [1.401334,3.400358]7 | [-0.005691, -0.003739] 0.006810
10 [1.399707,3.399289]7 | [0.001881, 0.002718] 0.003305
11 [1.400245,3.400066]7 | [-0.001045, -0.000687] 0.001251
12 [1.399946,3.399870]7 | [0.000346, 0.000499] 0.000607
13 [1.400045,3.400012]7 | [-0.000192, -0.000126] 0.000230
14 [1.399990,3.399976]7 | [0.000063, 0.000092] 0.000111
15 [1.400008,3.400002]7 | [-0.000035, -0.000023] 0.000042

5. Conclusion

This paper introduced a novel paradigm in the design and analysis of
iterative solvers through the development of the NeuroQuantum Iterative
Algorithm (NQIA)—a hybrid computational framework that unifies principles
from neural learning, quantum operator dynamics, and classical fixed -point
theory. Unlike classical iterative methods based on strict contraction conditions,
NQIA employs adaptive residual correction and geometric stabilization to
ensure reliable convergence in complex functional spaces. The developed
theorems establish strong convergence properties in Banach and Hilbert spaces,
while the neuro-symbolic and quantum-inspired correction mechanisms improve
stability, convergence speed, and residual reduction. The numerical results
support the theoretical findings, showing that the proposed algorithm achieves
faster convergence and lower residual errors than classical methods such as
Picard and Mann. The observed stability and accuracy indicate its effectiveness
for solving complex mathematical problems to stochastic operators, adaptive
meta. This work establishes a unified framework combining symbolic and
neural computation, with potential extensions-learning, and high-dimensional
real-time simulations.
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