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Abstract

In this research work, we study g-calculus focusing on the development of quantum
estimates involving g-differentials and g-integrals. By constructing identities based on these
quantum tools, we analyze the structure and behavior of convex functions within g-calculus.

We present generalized formulations of various g-inequalities, offering a foundation
for further investigation of different types of integral inequalities in the quantum setting.

Our approach highlights the utility of convex function properties in g-analysis and
contributes to the advancement of inequality theory in quantum integral.

In our research work, based on quantum analog of Hermite-Hadamard inequality,
the quantum analog of some trapezoid, midpoint, Bullen and Simpson type inequalities are
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established. Moreover, by taking the special selection of k and ¢ and taking limit g—1" some
new results are obtained, and some old results are verified.
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1. Introduction

A well-known result for convex functions on [ is the Hermite-Hadamard
inequality [11]. Mapping O:1 = R, any points pq, 4, € I satisfying u; < u,,
the two-sided estimate holds:

0(ug)+0 +
(#1)2 (H2) MZ — f:lz 0)de =0 (#1 #2) (1)

Another Bullen's inequality, which O: [y, u;] = R is a convex function

defined,

——[2ode = |0 +20 (2) + o), @)

Furthermore [1-3, 5], consider the case where O:[uq, ;] = R possesses a
continuous fourth derivative. If the supremum of the absolute value of the fourth
derivative is finite, denoted by ||0(4) ||oo < oo, then the subsequent error bound is

valid:

N4
||:0(Au1)-;—0(#2) + 20 (#1:#2)] _ — f/-‘-Z O(g)d€| < (#;8;‘;) ||0(4)||00, (3)

called as Simpson's inequality.

Lemma 1.1: [[10], Lemma 2.1] Consider a map O:1 c R—> R be the
differentiable inside 1°, u,, U, € I alongwith u, < p,. Whenever O' € L{u,, us],
K,0 € R gives

- [ [0 (bm + (- 0"2) (- k- + 0 (0 (M) + (1 - Opy) (0 - ) a
(4)

_ 2-Kk-0 pitpr) 1 Uz KO(p1)+00(p2)
- 2 0( 2 ) U2—H1 flﬁ 0(€)d€+ 2

This work is dedicated to filling that gap by developing quantum analogues
of these core identities and inequalities. Our approach is grounded in a recently
established quantum Hermite-Hadamard type inequality from (refer also to [4]).
As a special case, when g — 17, our quantum results yield their classical
counterparts, including the trapezoid, midpoint, Bullen, and Simpson type
inequalities [6-12].
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2. Background and Preliminaries
This section outlines the fundamental principles of quantum derivatives and
q -integrals defined over a general finite interval [uq,u,]. Throughout the

subsequent discussion, the parameter q is a fixed constant with having 0 < q <
1.

Definition 2.1: [4] Suppose the O:[py,p;] > R be the mapping then
g-derivatives of O inside [y, i,] can be written as

fl—lgl'fﬂlﬂqo(f) “u DQO(#l) (5)
0(0)-0(t+(1-)us) _
RESIE u DO®), € # 1y ©)

So, When u; =0 inside (5), implies (D,0(f) =D,0(f) whereas
D,0(£) called as quantum derivative for function O defined by

. _ 0(D)-0@t) _
limD,0(£) = Dy0(0), = =,~ = D,0(f), £#0 (7)

Lemma 2.1: [4, 8] Suppose O:[uq, u;] = R is differentiable map. we write

. + _do(®)
qlg{l_ul DO(f) =— = (®)

Lemma 2.2: [4, 8] Suppose O:[ui,u;] > R be a mapping. Whenever
f:lz o()d?t, we say

Iz : I
f#f o)de = qlL‘P— f#: O(®)uyi d,£ Hold.. ©)
Lemma 2.3: [2] Consider O:[uq, u;] = R be a differentiable map. Then we
write
. _do(®)
qll)r{l_ uz D0 (8) = —= (10)

Lemma 2.4: [2] Consider O: [y, U5] = R be a mapping. whenever f:lz o)ds
holds, So

A u

lim fl‘-lz o) u;dq{’ = fﬂlz o()dt (11

q—1"
Lemma 2.5: [5] T,0:[uq, 1] = R, be continuous function with having
following inequality,
1
Jo TOuIDOu, + (1 = Hpy) 0%dye

T)0(uz+(1-£)uq)
H2—H1

1 1
0 H2—H1

J, 0*DT (£)0(a8u, + (1 = 68)p;)0*d 8.
(12)
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3. Main Results

In the following fold, we show for identities which used to get some
generalized g-integral inequalities.

Lemma 3.1: Let u, € [0,1] with q € (0,1), implies

2u3([2]—1)—a[2]quz+9?

1 , 0< B2 1
Gla k)i = fy 1ot = pl0* gt = 4, N oo a3)
2, 1=
K3 (2030-20200) -’ Bt M2l () b2 4
1 . 20221434 ' 9
Nap2):= Jy 1ot = pol 50%det =3 o o) ,
—q’ 1< B2
22031, .
(14)
N
x(au2) = J, 1ot — o (1 - g)o dyt
4qu3[3]q([2]q—1)-20%p2[2]4[3]q+20% [3]q— 13 (2[31g—2[2]q) +a? H2[3]g—a3[2]q o<t q
_ 202[24[31, o US
#2(31q(2[214—-1)+a([2]-2[3]q) Lt
2[2]4[3]q ’ T 9
(15)

Proof: with the help of definition from left quantum integral, we can porve easily.

4. g-Integral inequalities
Theorem 4.1: Suppose Continuous map O: [, U;] € R = R,

weDa0 (€ (B22) + (1 = 0)y) with ,, — De0 (¢ (H22) + (1 - D),
be left quantum integrable inside interval [0,1], with 0 < k,0 < 1. whenever
|”1+Dq0| with |uz_Dq0| be convex map inside [u4, U], so we write

KO(U1)+00(uz) | 2-K—0 o (U1+U; 1 Uz
. T 0( : )—uz_ulfm 0@ tegdat

: 16
u[N(q.}c)lumqomal + 20,08 D 0| (10

4 +N(q' O-)l uz_DqO(#l)l + X(q' U)| u;DqO(M2)|

whereas N (q,k), N (q,0), x(q,k) with x(q,0) be given in to the Lemma (3.1).

Proof: Lets apply Lemma (3.1) with convex property | uf Dq0| and | ”Z—Dq0|,
implies
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2 2 2

Bt [0 Jq8 — | |uf Dy0 (€ (252) + (1 - &)y )| 0*d,

4

+) lo qt’l| 15 De 0({’( “”2) +(1 —#)u2)|o+d f] (17)
= Ll ar — k) |4 De0 (Gup + (1 - 5) )| 07t

4
1 £ £
+J) o= qt| | 45 D,0 (5“1 + (1 - E) u2)| O+dq£’]
take inside (16), we say (17). Hence proof complete.

Using 4.1, we can add more result with some values of k, g alongwith
g->1".

KO(u1)+00(uz) | 2-k=0 o (pu1+p u
I R0 (UR) T S 00 szt
2

Corollary 4.1: Lets take ¥k = ¢ = 0,0.5,1 with % inside 4.1, using quantum

trapezoid midpoint, and Bullen, and Simpson inequalities: |W—
H2
eI AR
e N(q,l)IuI'ZD O(u2)| + x(a, D)|ui Dy0 ()] ]
+ [+ (q, 1)|u21> O(u)| + x(q, D] ,15D,0 )|
Uitz U2
‘0( 2 ) Hat+iy ful ot )u++u dqt (18)

i [N(q. 0] Dy0 ()| + (0, 0) | DO (w1)| —p,0uz)

|

+ (4, D ;D0 (1) + x(q,0) ?
< |§[0(u1) +20 (M252) + 0G1) | = == [17 0() 11,700 (19)
2
W (03) i P0G + x (0.3) It D0 G|
=R (ko (e;) @)
l |u2_DqO(.u2)| J
%[O(M);O(uz) +20 (u1+uz)] - f:lz 0({,)@%{, Q1)
17 Dy0 (1)
- st ~(a2) N(a3)|+x(a3)| wDO0W)
! 30 [+2 (a.3)
yZ_DqO(#Z)|

with the help (20) and (19), we write [4, in 4.1], respectively.
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Corollary 4.2: Consider if O be differentiable inside [uq, ;] with q —
1" respectively in (30) - (33), so property trapezoid, or midpoint, or Bullen or
Simpson inequalities respectively:

IO(#l) ;‘ O(42) - i” : o@de| < Z=E 10w + 10" w)!]
o (12£2) - "2 0(eyae| < ““mmm+w%m (22)
o+ 20 (52 + 0w -z o] @
< P 10" ()] + 10" ()]
[ s 20 (4] - 2 gt ocoree .

52— '
< 10" ()] + 10" ()]

Theorem 4.2: Suppose continuous map O: [y, ;] € R - R,
+D,0(¢(*22)+ (1 - 0w)  , —D0(¢ (”17”‘2) + (1= )z hold
-

property left quantum integrable inside [0,1], so 0 < k,0 < 1. ]f|

r
and | _D 0| be the convex functions inside [lq, 3], whereas v = 1,

(25)

kO(p1)+00(p2) | 2-Kk-0 Hatuz) U2
2 * 2 0( 2 ) H2—H1 f#l o) quf

< ot [g1——(q,,€)(]\f(q,,€)|ﬂ D0 (u2)|" + (0, 1) |1 DO ()| )_

+¢7m®@mmnu;mmwmﬂwmwlm—mmMWﬂ,
whereas G(q,x),G(q,0),N(q,k),N(q,0), x(q,k) and x(q,0) as perin 3.1

T T
Proof: As we know | #1+Dq0| and | _Dq0| convex functions, using,
2

(26)

KO(u1)+00(H2) | 2-k—0 (#1"’#2)_ K2
2 + 2 0 2 Uz — ulfh ) H%“Edqg

0*d,?

ot [ g8 — | |uf Dy0 (€ (M552) + (1 - o)

= 4

+ 1) lo = q¢| | 45 D40 ({’ ("1;—"2) +(1- f)#2)| O+dq€]

- - o (e (1 e
+ 1) o = q¢| | 45 D,0 (ﬁm + (1 - g) u2)| 0+dq{’]
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1 1

(5 oot ) (5 11| 150 (s (- ) 00ty

e o (D0 [ a8 - KI5 0%dye
<t (1 g8 — k[0%d,2) i o | .
| +ut D0 [ lae -l (1-3) 0%d, ¢
1 1-1 | MEDqO(ﬂl)r fol o — q{’|§0+dq{’
+(Jy 1o - atl0*d.e) 7 - { :
+| D0 [ 1o —atl (1-35) 0*dge)

by applying 3.1 to (24), we have (26). which hold.
We take result from 4.2, by putting some values x,0 and g = 17

Corollary 4.3: Consider k =0 = 1,0,% and % inside 4.2, we use quantum

trapezoid, midpoint, Bullen and Simpson type inequalities,

O(u)+0(u) u
1 2 f#: g) #1 +u d g
2

2 H2—H1

1
(V@@ Dt D0 )| + x(a D] DO )| )"
1’

+(W @D 5D0w)| +x@ )| 5D 0w )
27)

i

Byt “z ()
|O( 12 2) Ry ful ) quf (28)

2

(V' (0,0)|ui D0 ()| + x(a,0)|ui DO ()| )"
+(WV(@0)| 5D0w)| +2@0)| 5DOW)| )
(M572) + 0] -

Lets take (27) with (28), then [4, Theorem 5.2 and Theorem 4.2],

IA

- _1
PG (q,0)

=d,f

H1 +H2

IA

0(f) (29)

Ha—H1 " H1

Theorem  4.3:  SupposeContinuous  function  O:[u;,p;] CR-> R, ,
+ . +
w00 (£ (H552) + (1 - {’)ul) with = De0 (¢(2£2) + (1 - f)uz)

T
be left quantum integrable inside [0,1], and 0 < k,0 < 1. If| and

T . . 1,1
| HED"0| be convex functions inside [y, U,], whereas ;+;= 1 and

r>1,

|K0(H1)+Uo(ll2) 2-Kk-0 Btz K2
2 t— 0( 2 ) o ﬂlf G u{'%u;dq{

(30)
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M2~

<
4

4 4

1 r "y
M%(q, 0 (|ﬂ1+7>q0(p2)|r+3|uf73q0(ul)lr)r i M%(q, 0 <| 4y 2000|435 Da0 (k)| )’]

5. Conclusion

This research work has established integral inequalities within the quantum
calculus. By helping fundamental properties of convex functions and g-identities,
we have developed a approach to quantum integral analysis. This work is the
formulation of a generalized quantum identity from which specific g- trapezoid,
midpoint, Bullen, and Simpson-type inequalities are systematically derived. The
generality of our approach is shows by the fact that selecting specific parameters,
Kk and ¢, within our main results yields these distinct and well-known inequality
types. Furthermore, our quantum extensions are confirmed by the fact that, in the
limit as g — 17, our results successfully reduce to both new findings in classical
calculus and corroborate established classical inequalities.

References

[1] C. Borell, “Inverse Holder inequalities in one and several dimen-
sions,” J. Math. Anal. Appl., vol. 41, no. 2, pp. 300-312 (1973).

[2] D.S. Mitrinovi¢, J. E. Pecari¢, and A. M. Fink, Inequalities for Functions
and Their Integrals and Derivatives. Dordrecht, Netherlands: Kluwer
Acad. Publ. (1994).

[3] H. Gauchman, “Integral inequalities in g-calculus,” Comput. Math.
Appl., vol. 47, pp. 281-300 (2004).

[4] ]. Tariboon and S. K. Ntouyas, “Quantum integral inequalities on fi-
nite intervals,” J. Inequal. Appl., vol. 2014, Art. no. 121 (2014).

[5] J. Tariboon and S. K. Ntouyas, “Quantum calculus on finite intervals
and application to impulsive difference equations,” Adv. Differ. Equ.,
vol. 2013, Art. no. 282 (2013).

[6] S.R.Shinde, “Convergence: Partially ordered soft topological space,”
J. Interdiscip. Math., vol. 27, no. 2, pp. 191-200 (2024).

[7] M. A. Noor, K. I. Noor, and M. U. Awan, “Some quantum estimates
for Hermite-Hadamard inequalities,” Appl. Math. Comput., vol. 251,
pp. 675-679 (2015).

[8] M. A. Noor, K. I. Noor, and M. U. Awan, “Quantum Ostrowski in-

equalities for g-differentiable convex functions,” J. Math. Inequal., vol.
10, no. 4, pp. 1013-1018 (2016).



ADVANCES IN QUANTUM INTEGRAL INEQUALITIES 2461

[9]

(10]

(11]

(12]

B. Pradhan, A. N. Dev, and M. K. Deka, “Nonlinear studies on com-
plex modified trapped Korteweg-de Vries Burgers’ equation,” J. Inter-
discip. Math., vol. 29, no. 6, pp. 1879-1896 (2026), doi: 10.47974/JIM-
2322.

N. Alp and M. Z. Sarikaya, “A new definition and properties of quan-
tum integral which calls g-integral,” Konuralp J. Math., vol. 5, no. 2,
pp. 146-159 (2017).

Sapna, A. Sharma, N. Mani, and R. Shukla, “Vibration control and
optimization using circular non-homogeneity parameters,” Appl.
Math., vol. 6, no. 6, Art. no. 83 (2026).

S. R. Shinde, “Complex valued approach to the system of non-linear
second order boundary value problem and multivalued mapping
via fixed point method,” Chebysheuvskii Sb., vol. 24, no. 3, pp. 212-227
(2024).

Received February, 2026



