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Abstract

In the present paper we study coincidence point results for three self-mappings in
partially ordered S-metric spaces by using the concept of (6,a,Y)-type contractions. The result
produced, within this more extended setting, unify and generalize several previous works
in fixed point theory applying them to the framework of S-metric structures equipped with
a partial order. A nontrivial example is provided to illustrate the applicability and resilience
of the key theorems, which verifies the uniqueness and shows the theoretical significance of
the results.
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1. Introduction

Over the last several decades, scientists and engineers have devoted
considerable attention to developing analytical approaches for handling complex
mathematical problems. In this direction, Fixed Point Theory has become an
essential branch of nonlinear analysis because it offers effective techniques for
studying the existence and stability behaviour of solutions in many mathematical
models. Owing to its broad applicability, the subject has attracted researchers
from different areas of mathematics, engineering, and applied sciences. In the last
century, most of the work was motivated by the classical work of Geraghty [1],
where researchers attempted to obtain more flexible contractive frameworks and
generalized distance structures [2, 3, 4]. As a consequence, several generalized
metric notions were introduced, including S-metric spaces by Sedghi, Shobe, and
Aliouche [5] and in 2018 derived some common fixed-point theorems for four
self-maps satisfying generalised contractive conditions in the same metric [6].
Later results were established by assuming conditions on maps such as
admissibility, weak compatibility, continuity, and compatibility conditions in
generalized metric spaces [7, 8]. In spite of these developments, research
concerning more than two mapping pairs has remained limited. In 2019, Mlaiki
and Tas [9] proved some fixed-point theorems using the set of simulation
functions on an S-metric space. In 2024, Chauhan, Tyagi, and Mani [10]
investigated rational contraction mappings in F —modular b —metric spaces and
proved fixed-point theorems for such mappings, thereby enriching the theory of
modular metric spaces and broadening the applicability of rational contractive
conditions. Recently in [11] authors have proved common fixed-point theorems
(for mappings not necessarily continuous) in Extended Parametric Sh-Metric
Spaces. Some authors [12, 13, 14] further explored some fixed-point results in
generalized metric type spaces and highlighted their theoretical and practical
significance. Motivated by this gap, various researchers proposed generalized
rational contraction techniques and derived several common fixed-point theorems
together with applications to integral equations and related nonlinear problems.

Motivated by the preceding discussions, this paper aims to extend and refine
the concept of coincidence point theorems for three self-mappings endowed with
a partial order in S-metric spaces through the application of (6,a,Y)- type
contractive conditions.

For the development of the main results, we first introduce several
preliminary definitions and notations that will be used throughout this work. In
particular, we denote D = [0,1),E = [0, ).

Definition 1.1: [1] A function a € F = {a|a: E — D} if it satisfies:
whenever a(dz) — 1 then 6z - 0.

Definition 1.2: [15] For a set (partially ordered), two self-mappings T,R are
referred as weakly increasing if

Rp XTRp aswellas To=<RTp VpeX.
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Definition 1.3: For an S-metric space and given two self-mappings R, T on X,
the pair (R, T) is said to be compatible if

g)im S(RTpg, RTpg, TRpg) = 0,
whenever {pg} is a sequence in X such that

;im Rpp = lgim Tpp =t forsomet € X.

Lemma 1.4: [5] An S-metric space is referred to be symmetric ,if
S.p,n) =S u,p) Vp,u €X.

2. Main Results
Let's begin with our main result.

Theorem 2.1: Let V,R,T:X = X are continuous selfmappings, defined on a
complete-S-metric space X, having elements are closed under partial order <
with the property that TX € VX, RX € VX, and are such that for all comparable
elements p,u,t €X, it satisfies

O(S(Rp, Ry, T1)) < a(S(Vp, Vi, V1)) Y(S(Vp, Vi, V1)), 0]
where a € F,0 € 0 and Y:X - X is a continuous function with condition
6(m) >Y(n) >0vn>0. 2)

Assume further that pairs (T,V) and (R,V) are compatible with T and R are
weakly increasing with respect to V. Moreover, if Vp and Vu are comparable,
then V,R, and T have a coincidence point v € X. Additionally, for (p,u) € X X
X,3 vy € X such that Rp <Rvy and Ru <Rvy, then V,R, and T have a
unique common fixed point.

Proof: Since TX € VX, RX S VX and let p, € X be arbitrary, therefore 3
D1, P2 € X such that

Rpo = Vp, and Tp; = Vp,.
By repeating the above steps, we generate the sequences {pg} and {ug} in
X defined by
Vpagi1 = Rpap = tap, VP2p+2 = TPaps1 = Uap+1, VB EN. (3)
Using condition of weak compatibility, we have
Vp1 = Rpy = Tp; = Vp,,Vp, = Rp; XTp, = Vp;,
and continuing this way, we obtain
Vp1 2Vpy =Vpz =X -+ 2 Vpypiq 2 Vpopin 2oy
which implies
Mo = Hg X pp = o
Suppose that p,p # lyp,q for every integer m. Let us assume zp =
S(ug, g, g+1)-
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Substituting p = p = pyp4, and T = pyp,q in Eq.(1), we get
9(5(#2[3+2'#23+2'.‘123+1)) = B(S(VP2B+3:VP2,8+3,VP2ﬁ+2))
= Q(S(szﬁn’ Rpap+2, TP2ﬁ+1))
= a(s(#zﬁu'#zﬁu'#zﬁ)) Y(S(#2ﬁ+1:.u2,8+1’/"2,8))'
Using Eq.(2) together with properties of 8 (refer Definition from [14]) and
a €F, we get
S(:“Z{HZ' H2B+2, ﬂzﬁ+1) < S(#zﬁﬂ: H2B+1, ﬂzﬁ)- 4
Again substituting p = ft = pyp41 and T = pyp in Eq.(1), we get
O(S(U2p+1s Hap+1H2p)) = a(S(Uaps Uap 2p-1)) Y(S(Uaps Uap, 2p-1))- (5)
By using Eq.(2) together with properties of 8 and a € F, we get
S(#2ﬁ+1' Hz2p+1 ,“2,8) < S(Hz/?: llz/zx.uzﬁ—1)- (6)
Combining Eq.(4) and Eq.(6), we get
S(U2p+2 Hapr2 H2p+1) < S(zp+1 Hapr1 Hap) < S(H2p, Uap, Hop-1)-
Thus, for all § = 2, we can conclude that
S(Up+ar Up+ar hp+1) < S(Up+1,Mp+1,Mp) < S(Up, g, Hp—1)-
Thus {zz} is monotonically decreasing, so 3 n = 0 with limg_ 2z = 7.
If n > 0, taking limit § — oo in Eq. (5) gives
() < a(mY®).
By using properties of a and 8, we get 6(n) < Y(n), which contradicts
Eq. (2). Hence n = 0, i.e.
limz5 = lim (g, i, g 1) = 0. %)

L—co
Claim: {Vpg} is Cauchy Sequence. We prove it by considering {Vp,g} is
not Cauchy Sequence. Then 3 &> 0 and subsequences {B;}, {m,} with
Br > my, > k, where k € N such that
S(Vpka' VPkav szﬁk) > &, S(VPkarVPkarVPzﬁk_l) <e& (8)
From Eq.(8) and using triangle inequality,
e< S(VPka'VPka'VPZBk) < ZS(V:Dka' Vpka' Vpka_l)
+S(Vp2[3k'vp2ﬂki Vpka_l)'
Taking k — oo and using Eq.(7) we obtain
Hm S(Voomy, Voamy, Vhap,) = &. )
Since
S(szﬁk' szﬁkrVPka) < ZS(VPZBkrVPzﬁkerzﬁkH)
+S(Vp23k+1’szﬂkﬂ’vpzmk)
= ZS(VPZBk' szﬁk' szﬁk+1) + S(szﬁk' szﬁk' Tpka_l)'
By taking k — oo, using Eq.(9) along with the continuity of 6 € 0, we
obtain
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6(8) < Ill—l;l;e(S(szﬁk, szﬁk! Tpka_l))' (10)
Now, from Eq.(1), we have
Q(S(RpZﬁk' szﬁk; Tpka_l)) < a(S(VPZﬁk' VpZﬁk' Vpka_l))
Y(S(VpZﬁkl VpZﬁk' Vpka_l))'
Taking limits and using the Definition 1.1, we get
%%Q(S(szﬁk' szﬁk! Tpka_l)) < Y(g) (1 1)
Combining Eq.(10) and Eq.(11), we obtain a contradiction. Indeed:
9(8) < ,lLrgg(S(RPZBk! szﬁk! Tpka_l)) < Y(E)!
a contradiction to Eq.(2) and so the seq. {Vpg} is a Cauchy sequence. Given that
the S-metric is complete, it follows that there exists some v € X with
limV, = limR = lim = limV,
s P2p+1 s P2p B_mllzﬁ P P2p+2
= gim Tpape1 = gim Uaps1 = }im Vpg = v. (12)
We now assert that v act as a coincidence-point for three maps V, T, and R.

Since, V is continuous
[})im V(Vpg) = Vu. (13)

By triangle inequality using twice,
S(Vv,Vu,Rv) < 28(Vu,Vu,V(Vpzp41)) + 25(V(Rpzp), V(Rp2p), R(Vp2p))
+S(R(Vpap), R(Vp2p), R). (14)
By compatibility of (R, V) for any sequence {pg} in X, we know
lim Rpp = émTpﬁ =t forsomet € X,

B0

and thus
1im S(V(Rpzp), V(Rpzg), R(Vpzg)) = 0. (15)

Taking B — oo in Eq.(14) and using Eq.(12)-Eq.(15) we get,
S(Vu,Vu,Rv) <0,

hence, Vv = Ru. Similarly, by the same argument, Vv = Tv. Thus, Vv = Rv =
Tv, so V,T,R has a coincidence point v.

Uniqueness: Suppose k,m € X are coincidence points of V,R, T, i.e.
Vk = Rk = Tk, Vit = R = Tm. We want to show that

Vi = V. (16)

From above assumed condition there exists v, € X such that Rk < Ru,,
Rm < Ru,y. Now, as in the proof mentioned above, we can define a sequence

{Vug} by
VU2B+1 = szﬁ,vvzﬁ_'_z = TU2B+1, Vﬁ € N.

Again, we have
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Rrx = Vi < Vvﬁ,Rn =Vr < Vvﬁ, Vg € N.
Substitute p, 4 = v,5 and T = k in Eq.(1). Then
0(S(Vuap41, VUapy1, VK)) = 0(S(Ruzp, Rugg, Tk))
< a(S(Vuyg, Vg, V)Y (S (Vugg, Vugg, Vi)).

Since a € F, we get

O(S(Vuzps1, Vuzps1, VK)) < Y(S(Vugp, Vg, V). 17)
Similarly, substituting p, 4 = v,54, and T = k in Eq.(1), we obtain
O(S(Vuzps2, VUap42, VK)) S Y(S(VVap41, VU241, VE)). (18)

Combining Eq.(17) and Eq.(18), for all § € N, and using the continuity of
6 and Y, we get

S(Vugy1, Vg, Vi) < S(Vug, Vg, V).
Thus, 31 = 0 such that
}im S(Vug, Vg, Vi) = 1. (19)

Suppose 1 > 0. Then, from Eq.(1),
O0(S(Vuzp41, VUzp41, VK)) < a(S(Vugg, Vag, Vie)) Y(S(Vu,g, Vuyg, Vi)).
As f§ = oo and using Eq.(2), we reach at a contradiction. Therefore n = 0,
hence, from Eq.(19)
ng(Vvﬁ, Vug, Vi) = 0. (20)

Similarly, we can show
[!)im S(VUB, VvB,Vn) =0. 21)

Now, using uniqueness of the limit and Eq.(16)-Eq.(21), we can write

ngvzﬁ =Vk = Vm, ,%i_r,rc}oTvzﬁ“ =Vk =Vm.

Using compatibility of (R,V) we obtain
ﬁllm S(V(R‘Uzﬁ), V(R'Uzﬁ), R(szﬁ)) = 0,

Let T = Vk. Consider
S(Vt,Vt,Rt) < 25(Vt, V1, V(Avyp)) + 25(V(Ru,p), V(Ru,e), R(Vup))
+S(R(VU23), R(szﬁ), RT)

Taking f — oo and using continuity of R, we get VT = Rt. Similarly, on
using Eq.(16), we have

T=Vk =Vr=Rr =Tr.

Let more than one fixed point exists. Then 3 second fixed point o € X
such that 0 = Vk = Vo = Ro = To. But from Eq.(16) we have Vo =Vr.
Hence 0 = Vo = Vt = t,which contradicts our assumption. Hence, uniqueness
is established and the theorem is proved.
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Example 2.2: Define:
1. Ametric S:DXDXxD - E by S(p,u,t) = max{p,u,t},Vp,u,t €D.
2. Maps V,T,R:D = D, by

V(p) = p,T(p) =5 and R(>) = .
Clearly, the space (D,S) constitutes a complete S-metric space, and the
three maps V,T,R are continuous. Further, define the maps a:E —

Dand6,Y:E—>E, ¥n >0 as
9
a(n) =5,and 0(7) =1 > 7= Y(@).

Thus all the conditions of Theorem 2.1 are fulfilled. Moreover, V(0) =
T(0) = R(0) = 0, and is unique.

3. Conclusion

i)  This paper proves the coincidence point theorem (Theorem 2.1) for three
self-mappings in the context of (6, a, Y)-type contractions.

ii) Theorem 2.1 both generalize and unify previously known fixed point
theorems [1, 5, 8], extending their validity to the more comprehensive
setting endowed with a partial order, in sense of S-metric spaces.

iii) To verify and highlight the theoretical significance of the findings, an
example (Example 2.2) is presented to show how the main results can be
applied.
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