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Abstract

This research study, we explore a family of CV map both univalent and sensepreserve
within Z, and which are expressed in fi(b) = £(b)+(c(5)) whereas ¢(5) with k(5) are analytic
throughout Z.

A central aspect newly introduced class defined through a generalized fractional
differential operator. By setting in this operator, we define the function class as SHP,, (p,,...,0)
belongs to family of HUF. Alongwith we derive sufficient conditions on the coefficients for
functions in this class, and further these conditions become necessary when the coefficients
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are negative. Additionally, we examine key function-theoretic features of this class, including
estimates for distortion and the characterization of its extreme points.
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1. Introduction

Harmonic mappings play an essential role in a variety of scientific and
engineering domains, including operational mathematics research and
interconnected areas of applied part, as discussed in [1, 2, 3, 8, 9, 10, 12, 14]. The
early and influential work by author Clunie and Sheil-Small [4] laid the
groundwork for the theory of harmonic mappings, which has since attracted
considerable interest within the field of geometric function theory for more [5, 6].
A succinct and insightful account of this theory is provided in the work of Ahuja

[13]. Let Z and S, gives the set of harmonic complex-valued map h(b) that are
sense-preserving and fall within the class UF in Z, subject to the normalization

f(0) = 0 and hi;(0) = 1. All map h(b) € Sy,
n(b) =¢(0) + TE) whereas,

VT L v Ng - w 7P
tB)=b+ X5 vpb , k(D) =251 Ypb ,[1] <1
and both £(b) and x(b) both analytic throughout the Z.

2. Different Subclasses

Different classes for class Sy, (see for example, [1, 3,4, 6,7, 8,9, 10, 11]).
For the function A(b) = £(0) + k(h) defined in (1.1), we introduce zZ) 'ﬁlh(E),
be first proposed by Li and Ponnusamy [9]. Operator is formulated using the
Gamma function and applies to i(b) € A, A function A(b) in Z must satisfy the
condition |£(b)| > |k'(b)| in Z. [15, 16] Several significant geometric subclasses
of Sy were subsequently by Clunie and Sheil-Small [4]. Considering functions
a(b) expressed by the series (b)) = b + Yo=2 VK,EKO, the operator 2" 'ﬁlh(g) is
formally defined in the following manner:

Big o T o ~ A
Zg " RO) =0+ T2 Pom(Pr@)Vpd , Py € [0,1) (1

where m € Ny = {0,1,2,...} and [(1 —p; + ) 1" @pm (P, @) = [(1 + a(p —
D)+ D2 = p)Y™

Noor, Malik, and Bukhari [8] have given an fractional differential operator

for the complete linear multiplier Z," P10 harmonic-map h(E) = f(E) + k()
as follow

ZMPp() = 2p=1 Pom(Pr a)(Vgogp + 1[’&05‘@)'"1 € No )
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[A=5 + )" PpmPra) = [A+ale-D)@+ D2 -] ()
whenever the co-analytic fold x(b) = 0, then we obtain fractional differential

operator for the complete linear multiplier 2" ’ﬁlh(B). SHP,(p,,...,$) above
proved coefficient is also necessary for the functions inside class THP,

(ﬁl! ey 80)-
3. The Class SHP,(Py,..., %)

Definition 3.1: Consider 2(b) = £(b) + x(b) is the harmonic function, whereas
£(b) and k(b) are presented in (1.1). Then A(b) € SHP,(p4,...,4) if it holds

D)z P (1-p )+ (1) 1-p)ZaP L) +

4

Re{

(G2 + (~1)" 27 k(D)]pr = B, )
where Z™P11(b) is defined by (2).

Definition 3.2: Consider h(h) = £(b) + % is a harmonic map, whereas b € Z
66) =b =Ty Welh", 10) = =Ty Wpl”, [l < 1. 5)
Then h(b) € THP,(By,...,8), the SHP,(py,..., ), For h(b) = £() +

k(b) given by (1.1), Z;n’ﬁl as

Z8PRG) = $521 Bom(Br )Wph” +Pph”),  meN, ©)
where
[(1 = By + @)™ Bpm(Pr @) = [(1 + a(@ — D) + D! (2 = p)I™
For h(5) = £() + k(b) as
20 G) = 207 e6) + (122 (D), @)
Zp™e(0) = b+ B5; Bpa(m v, 20 k() =
b+ 35y Bon(m )b’ 1] < 1
[(1 = By + )" Bom(Brr @) = [(1 +a( — D)@ + D2 = )" (8)

Theorem 3.1: Suppose h(b) = £(b) + % let
2-0, 2381 Bom(m a)(@py + 1= p1) Vel + [P, 9
where v, =1, a >0, with p; > 0,~ a+p,=210<0,<1. Then h(p) is
harmonic map preserving in L and h(0) € SHP, (D4, ..., #).
Proof: For 1 > |b,| = |by] in (2.1)
|h(1) = RO+ 1901) — g02)I = [R(G1) — ()| (10)
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> (b1 = bzl = Zp—z @Vl 10119720y = bol = Tg-1 b1 = bl Pl 52171
(11)
= (b1 = bal = by = b2 Tz (@ Uvpl + [Ppl) + D11 1b2| < 1
2 by = bal(1 = E5=2 Bon(m, pr)(L = pr + @5 (Ve + [P + [h1])  (12)
> by = bol(1 = [1 =, — [Pu] + [P1]]) = Iby —D,10, = 0

Here h(b) is univalent inside Z. Now To prove h(b) be sense-preserving
inside Z.

10N 2 1= E5-2 oIl D17 > (= 2=z Boa(m, a)(L =y + 9p1)vp]) + 1
(13)
2 Y51 Bpn(m, ) (1Pl — [Wplpr + [Yplp1) + U,
> Y51 Bon(m, @) (1] = 190151 + 1Ppl0p) 2 1KG) (14)

h(b)sense — preserving inside Z. Now we claim A(b) € SHP,(fy,..., )
using Re{w} = 7,

nm, . _ nenm .
W+ 1= 0y = |1 — 5, + 2O KO g _ 5y 4

P23 e0) + (—1)ZE k()] (15)

. . " -1
=11-0; + (1 = p){1 + X5=2 Bpn(m a)vpd  +

_ =H-1 ——
(D" S8 Bon (M @b 3+ (By + p1 X5z Bom(m a)pvh” " +

- ]
(=D Y01 Bon(m,a)@h,b  3b +

_ =H-1
(—D"p1 X5=1 Bpn(m, )b |

= 124 35, Bon(m @b (1 = py + 0py) — 0y + (1)

_ =h-1
2,;000:1 ,Bga,n(m' a)((ml’gob (1= py + 01|

g™ D) +D"2 M k()]
¥

[1-w+0,|=[1-(1-p1)

B2 e(0) + (~ 122K () + B, |

= 1=y + (1= p){1 + X%, Bon(m, a)vys”  +
(~1)" £21 Bpn(m, )P0" '} — iy

{1+ 35, Bon(m, v, + (—1)" 520, Bou(m, PP, )
= 1= 0, + L+ — P — 5e Bpn(m v [1— py + 91
~(~D)" 251 Bonm, @b (1 = By + 01115,
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5522 Bon(m,a)(1 = py + 950 v
~ ~ 7 -1 N _
~(~D"E50 Bpnlm )AL = py + 050" |11 =0 +w| = 1+, — w|

(16)
=12 =0, = [P1] = | X5z - | = |T2] = 1] = [ =z - |
=2 =0y = 1] = |T2] = [l —2|X5=2 |
=2 =20, = 2|y | + 2+ 2P| — 2[T%-; -+ (=1 + [P ])]
=4-2%% ... =20, >0 (17)

Yp=2 |550| + X5=1 lyp| = 1 gives-coefficient-bound SHPa(py, ..., #)
because
Y=t Bon(m, a)(9py + 1= p) (vl + [P
=1+ (1= 0)EP=2 ol + =1 1ypD) =2 -7,

Corollary 3.1: If h(0) € THP,(py, ..., $) then
(1+a)" (1= [P1 N(A+F1) = (2-m)" (1 -V~ P4 ]))
(1+a)™(1+p1)
It follows class THP,(p,--.,4) be the uniformly-bounded function, then
we say normal.

w: |w| < < h(v). (18)

Theorem 3.2: Let h(5) = £(5) + k(D). as £(3) with x(3) written as £(5) = h—
Y2 2 vph k(D) = (1" L5, B8 Then h(B) € THP, (B, .., ) if
h(0) = To-1 (@pty () + pprp()) b € Z.

BN F gy 1-7, ®
where £1(0) =b,£,() =b ﬁp_n(m.a)(1—ﬁ1+gaﬁ1)b L0 =2,3,..

. 1-7, ——p
=5 =123, ..
ko) = b — o Gy P

2p=1(@p+tpy)=1a, >0p, >0
with, extreme value of THP,(Py,...,§) be {£,} and {K,}.

Proof: Let h(0) = T5-1 [aplp () + Ppkp()]

r o r 1-7, NZ 1-7, T
= = - +
h() = Zp=n [apC B@,n(m.a)(l—ﬁﬁsvﬁﬂb ) pﬂ“(ﬁp,n(m,a)u—ﬁmoﬁl)b )]
N — oo R o1~ 1-7U, ~§
M) = Zoms (@ +Pp) = Xoea 5o e %

1-,
a)(1-p1+6D1)

-1ty
D" 2o 5

~ _ =P . ~
h(0) = (mD)"X5=1 Yl +0—X5-s vpb
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where a; = 1.
1-T,

v = 1-7,
# 7 Bpn(ma)(@a+1-p;

Bpn(ma)(fa+1-p1)

S %o and Y, = Pp

since,

[Vl + Epey PRI i |
= Yo=1 (ap+pp)—a1 1-a,<1

* Xp=1 Pon(m, a)(@P1 + 1 = p1) - vl +

551 Bon(m ) (@p1 + 1~ p1) =5 o]

yeo Bpn(ma)(©p1+1-p1)
H=2 1-7,

Bopn(ma)(1- P1+80P1) 1-Uy+1

~ Xp=1 (lvé| + o) o <

p) 1—'172
= Tpzr (vl + PoDBpn(m @)1 - p1) < 2 =, = =+ h(0) € THR(py, ..., ).
Conversely, let A(b) € THP,(py, ..., ).

(Bpn(ma)—Bpn(Ma)pi+Bpn(ma)pa)

ay, === S lvol, (@ =23,..) (19)
Bpn(ma)—Bpn(Ma)pi+Bpn(ma)pa) | +

pp = e el (0 =123,..) (20)

a =1=Y5- ap = X5=1 Dp-
using Theorem 3.1, 0 <a, <1, (§=23,..), 0<p, <1, (p=12..),
and a; = 0.

We say h(b) = Yo=1 (ap{’g,(g) + ppicp(l;)) as required.
Theorem 3.3: Each member of THP,(py,...,8#) (p1 =20,a+p, =1, 0, €
[0,1) maps Z to the starlike-domain.
Proof: lets take h(b) € THP,(py,..., ) then,
5e1(5)=brr ()
£0)+x ()
with Re(w) > 0 iff [1 + w| — |1 — w]
Consider,
- — < o~ .~ . oy~ - =P
16(5) + (5) =5 (5) = b i’ O)I1p — X2z vpb” + ()" X, b
51 = Ty vph” )]
r ) - 1 T e} X4 e} = of
—b((-D)" Zp:1 Sm/),gob [12b — Zgo:z 1+ Jf))lvgolb - Zgo:1 (% — 1)|1/)50|b |
Consider [bx’ (%) + () + k() = 5¢' (%],
252 (@ = DIvplp” = T [Wel5” (90 + DI
Using above two inequality,

125 = 3%, A+ @) velb” — 2o, (0 — DI,

Re{
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—132- (@ = DIvlt” =322, (9 + DIyl
> 25| = 158, (L+ @) vl + 322, (9 — DIP,H"|
—13%= (@ — DIl + 352, (@ + DIl
> 2511 — (T8, 21l + 250, o1l ) > 2P|
{1 - o=z Bon(m a)(1 — p1 + £p1) vl +
Xp=1 Bpn(m, a)(1 — p; + p1)bgo|)
> 2bI{1 — (£8=1 Bpn(m, ) (1 = By + 951Vl
+2p=1 dpn(m a)(1 — py + £p1) b))}
> 2D|{1 = (-1 + T Bon(m,a)(1 = 1 + 0P (lve] + b))}
=2b{1 = (1 = 5,)} > |bl{—27,}

4. Conclusion

In our research study notion from the class SHP,(py,...,£) HUF with the
help of a fractional differential operator studied. We added some properties for
the extreme points, distortions bounds, covering theorems for this subclass.
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