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Abstract

The present work introduces the k-incomplete second Appell hypergeometric matrix
functions for positive real values of k. It establishes various generalized properties related
to integral representations and differential relations. Furthermore, as an application of the
newly introduced k-incomplete second Appell hypergeometric matrix functions, several new
analytical results associated with fractional kinetic equations are established. Moreover, the
obtained results may serve as a useful foundation for further investigations in fractional
calculus, matrix analysis, and their applications in mathematical physics.
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1. Introduction

Let C5*S denote the vector space of S X S matrices over the complex field.
For any p belonging to the set € and for any matrix £ in C3*5, g(L) represents
the spectrum of the matrix £ and o(L) is defined in [1] as the set of all
eigenvalues of matrix L:

w(L) = max{Re(p): p € o(£)},and 9(L) = min{Re(p):p € 6(L)}, (1)
where the spectral abscissa of matrix £ is denoted by pu(£) and p(—£) =
—9(L). The matrix £ in C3* is called positive stable precisely when 9(£) > 0.

In the space €55, 0 and I represent the null and identity matrix,
respectively. Let matrix £ in C5*5, then by using the established properties of
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matrix functional calculus [2], if in the complex plane, 4 is an open set with
u(L) € Aand if @(p) and B(p) are analytic functions of a complex variable p
on the set 4, it follows that @ (p)0(p) = 6(p)@(p). Again in [3], if the matrix
A in €5, with 6(A) < 4, and if LA = AL, then ¢(L)O(A) = B(A)p(L).

Definition 1.1: For k > 0, Mubeen, Rahman, and Arshad [4] defined the
integral representation of the k-gamma and the k-beta matrix function denoted
by I',(J) and B,(J,G), for any two positive stable matrices J and G in C3*5 as
follows:

_tk
re(@ = J, tI-1e 7k d, )

and

B(3,6) = £ [y (1= 0 dt. ®
Also, the inverse k-gamma function is represented by I',, *(p) is an entire
function of the variable p. According to Mubeen, Arshad, and Rahman [5], for
any matrix J in C3*5, we have
The matrix J + kI remains invertible for all integer £ > 0 and k > 0. (4)
In the framework of matrix functional calculus, T, (J) is an invertible
matrix function defined by

JG+kD (T +2kD .. (J+ &= DKDT,I + kD =T, (D),
where £ > 0 and k > 0.
As stated in [4], let (J) . is expressed in the form:
D =T +kD (I +2kD) .. +E-1DkD); =1 (5)
Also,
(Dex =Ti(J + kDT, "(J), € = 1and k > 0. (6)

Consider commuting positive stable matrices J and G in C3*5. Under these
conditions, the matrices J + €kl,G+ €kl,and J+ G + €kl are invertible
defined in [4]:

B, (3,9) = Tk (D@ (T +6). (7)
When k = 1, the function I, (J) and By (J, G) reduce to the function I'(J)
and B(J, G), respectively as given in [1, 6].

Definition 1.2: [1] Let J,G and Q be matrices in €%, with the property that
Q + ¢kl is invertible for all nonnegative integers ¢ and |p| < 1. Under the
above condition, the Gauss hypergeometric matrix function:
(D@ e@7*
F1(J,G:9;50) = Yiso eg{,f £ pt, (8)
Definition 1.3: [7] With the property that for all # > 0 and let J,G and Q be

matrices in C*5,Q + kI is invertible. Then for k € R*, the generalized k-
hypergeometric matrix function:
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£

(Dek (G)
Fix(3,G6:Q5p) = Zezo%%. 9)
4k .

2. Definitions and Preliminaries
2.1 Incomplete k-Gamma Matrix Function
Let J be a positive stable matrix in C3*% and assume that k € R*. For

y € R*, the function y,(J,y) and its compliment I'y(J,y) are defined as
follows [8]:

ik
V(@ y) = [ t97 ek de (10)
and
[e9) -tk
re(@y) = [, t9™ e dt, (11)
Respectively, satisfy the relation:
Yi(J,y) + T (J,y) = T () (12)

Remark 1: By setting k = 1, y,(J,y) and I',(J,y) in Equations (10) and (11)
simplifies to the function y(J, ¥) and its compliment I'(J, y) as given in [9, 10],
and are expressed as follows:

y(3y) = [ 9 e tdt
and

r(J,y) = [, t9 e tdt,
respectively, satisfy the relation:

v(J,y) +T'(J,y) = T().

2.2 Incomplete k-Pochhammer Matrix Symbols
Let J be a matrix in €35 and suppose that k € R*. Then for y € R*, the
matrix symbols (J; ¥) .y and [J; y], are expressed as [8]:
(T3 Y)ese = vie(J + £kLY)THI) (13)

and

(T5 ¥]ex = Ti(J + €k )T () (14)
respectively, satisfy the following representation given by:

(T Y)ex + [T ¥)er = (Do

2.3 k-Second Appell Hypergeometric Matrix Function
In [11], suppose k € R*, ¢, € N*, w, v € C, and positive stable matrices

in €35 are J,G,G',Q,Q" where Qand Q' are invertible. Therefore, Fyp is

defined as:

, , Cww Derrk @ek (G, wlo”

FZ,k ((7! g’ g ) Q' Q ; W, /U) - Z{’,/}”:O (Q)t”,k (Q’)*V',k il

: (15)
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where |w| < 3, || < ES
K K

Remark 2: For k=1, the function F,,(J,G,G'5Q,Q"; w,v) reduces to
F,(J,6,G";9,9"; w,v) defined in [12, 13] as:

) , w  Derr @0 (6", wfor
FZ(J'Q:Q JQJQ I(l)l/lr) = Z{’/}/’:O s d =

@ (@) ot
where |w| < 1, |v| < 1.

(16)

3. k-Incomplete Second Appell Hypergeometric Matrix Function

Suppose k,y € Rt, ¢, € N*,w,v € C,and positive stable matrices in
CS*S are J,G,G',Q,Q" where Q and Q' are invertible. Therefore k-incomplete
second Appell hypergeometric matrix functions is defined in the form:

, , (T errk Gek (9')4,,,( wlv”
)/Z,k((c(]t Y)' g,g thQ ; W, ) - Z{’mzo @k @i o1’ (17)
IV errk Dk (6", wlo”

@k @4k o’ (18)

Lok ([0:71.6,6% 0, Q' 0,0 ) = Sprmo

where |w| < l, || < Y
K K

We get the following relation by using the equations (15), (17), and (18):

Yor((T33),6.650,95 0,0 ) + Ty ([T371,6.650,Q"; w, )
= Fz,k(J,g;g,; Q' Q,; w, ’U’),

Remark 3: If we take k = 1, it is defined in [14] as:
. ’. I, _ TV o+ Qe (9’),,. wlo”
)/2(((7' y)'g!g IQ!Q ; W, ) - Z{’,/}”ZO @k @i i’

. ’. I, _ [T:¥le+r @e (9’),,. wlo”
FZ([J' y]lg'g IQ!Q ;wlv) - Zf,f?‘ZO @, @0, o1’

We get the following relation by using the equations (16), (19), and (20):

v2((35%).6.650,95 0,0 ) +T,([7;¥).6,65 0,9 w,v)
= Fz(J,g;g,;Q,Ql; ml”) (21)

(19)

(20)

3.1 Integral Expressions

Theorem 3.1: An integral representation for k-incomplete second Appell
hypergeometric matrix functions is given by:

[ ((35%).6.650,9 wv) =

—tk
TP X [0 6T (Fu(Gr Qs ot%) (Fry(Gh 050t de|  (22)

Proof: Using the integral representations in equations (11) and (14) for
[J; Y144k in equation (18), the following result is derived:
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_tk
Tk ([7:91,6.650,Q w,4) = T ) Xi.rs0 (fyw e tg+(e+4~)k1-1dt>

(g)é,k(gl)ﬁk wlv”
@@ L’
Therefore, the above expression reduces to:

Ik ([3;5),6.65 0,9 w,v)

K d ! "
R o 8 g @ ek (wi*) %ﬂ
=T (D) [fy ekt (Zf?o(g)m o! >(Z4"2° (CRPVERES )dt '

l—‘2,1(([(7; y]'g'g,; Q! Q’; (,l),’lf') =

k
[yt e F k(G5 Q5 t*) 1F1 (G5 Q5 vth) dt]

Therefore, the proof is concluded.

It (J) x

Remark 4: Setting y = 0, we obtain the following relation:
FZ,k(J'grg,; Q; Q’; 0);"7)
w -t
=TI () x [fa t97 e 1F 14 (G Qs wt*) 1Fra (G Q50 th) dt]
which is given in [11].
Remark 5: Setting k = 1, we obtain the following relation:
FZ([J! y];g;g’; Ql Q’; (D’/v/)
=T71) x [} 697 €7 (F1(G5 Qs ) 1F4 (65 Q' 0t) dt]
which is given in [12].
Remark 6: By setting y = 0 and k = 1, we obtain the following relation:
FZ(J’Q'QI; Q' Q,; (1),’1)’)
=TI ) x [f, 7" e™ 1F1(G; Qs wt) 1F1(G'; Q' vt) dt].
which is given in [15].

3.2 Differential Formulas

Theorem 3.2: The k-incomplete Second Appell hypergeometric matrix functions
admits the following differential formula:

DS[Fz,k([ﬂi }’]'g'g'iQ;Q';w,U)] = (J)n,k(g)n,k[(g)n,k]_l
[Tox ([T + nkl; ¥],G + 1kl G';Q + nkl, Q'; 0, v)] (23)

DTk ([T 716,650,000 = Dk (G Dnie[(@ D]
[Tox ([T + kI3 ¥],G,G" +1kl;Q,Q" + nkl; o, v)] (24)
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Proof: Applying differentiation with respect to w of equation (18) and by using
the Pochhammer matrix identity [J; Y] o4 r = (Derld + k€1 Y], 1, we deduce

the following expression
[«7;3’]{’+¢,k(g)€,k(g’)¢_k ot 1y

d ’ ’ o
E{Fz'k([‘?; ¥1.6,652,95w, U)} - Zf:lm:o @ ek i #-1)lr!

(I err+16(@ o1,k (G" )¢k wtv”
(D e+1,,(GNrk il
(I+-EV 04k GHED21(G) e o™
_ -1 o) 7,k
- (J)l,k (g)l,k (Q)l,k Zt’:om:o (Q+kD) 1 (QN 1k yival
= D1k (@ 1k (Q)1h [Ton ([T + kLY, G+ k1,G;Q + kI, Qs w,1)]

The above expression yields equation (23) whenn = 1. The general form
is then proved by induction on .

= Z{=0,4~=0

4. Applications
According to Haubold and Mathai [16], the fractional kinetic equations can
be expressed in the following form:

K® — Ko = =" oD “K(O ; #,t € RY, Re(v) > 0, (25)
with (D¢ is defined by
Tlo(t) = ﬁf (t— w)* tp(w)dw; t € RY,Re(u) > 0. (26)
The solution associated with equatlon (25) is obtained as
K(D) = Ko S0 s (pD" = HEu(—p"t"), @7)

where E, (—p¥t") is the Mittag-Leffler function with one parameter u while the
two- parameter form is defined in [17, 18] as:

19)
Eys(®) = X2 OF((H) Re(w) > 0,Re(s) > 0.

In [19] expressed the fractional kinetic equations as follows:
K® = Koh(t) = =p* (D “K(1); Re(u) >0, (28)

where K(t) gives the population density at time t, with K, = K(t = 0). Here p
is the constant.

Theorem 4.1: Let u > 0 and t € C, the following is a solution of the generalized
fractional kinetic matrix equation
KO I — Ko Tk ([J51,6,6: 2,9 t,v) = —B* (D™ K(© (29)
is obtained as
w [ IVerrk @Der(G), 4 v .
I,((t_:) I = I;(O Zf,/}":O (Q)(’,k (Q’)r,k t 1 X Eu{’+1( B t ) (30)
where By, 1 (—B¥t") is expressed as:
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© Eul
Eyre1 (—B¥t) = T2 o(—1D)'B¥ IR

Proof: The Riemann—Liouville fractional integral operator can be expressed as
[20,21]:

g oD ®] () = A7 @ (#) €2y
The Laplace transform corresponding to ¢ (t) is expressed as ¢*(£):
o' (1) = Llp®] (h) = [ e M ¢(0) dt, Re(#) > 0. (32)

Taking the Laplace transform of equation (29) on both sides yields
KON A) = Ko8[l5([7:71,.6,6 0.9t )] () — BUL[ (DTHK (O] (),
[JFY]€+4~,k (g)t’,k (g’)r,k ﬁh_(g_'_l)

Dk QN k 7!

Utilizing the series expansion formula, the following expression is

obtained
i o IVerrk @ek (G, o7, _ 0 4!
K'(W) I =Ko Xgr=0 (D) @) - PR % Tz (1) [(E) ]

Applying the inverse Laplace transform to both sides while using the
identity:

K (W +B“A™] = Ko Zprs0

ifae u-1
‘8 {h u} = i-‘(—u)l

Re(u) > 0.
Thus, we have
LK (A) I =
© [TV o4k (g)l,k (g,)«r,k v
Ko Xr=0 D@k Q) ke !

w Tk @ek (), 07 4 [ tgut

KOT=Ko 20" e @0 7L X {Ero-vE )
o [TY)e+rk @ek (9')”{ "
KO T =Ko X0 @ ek @)k r

Accordingly, the theorem has been proved.

X 2—1{2?10(_1)[8111%—(ul+{’+1)}’

X Ey 41 (—BH1Y).

Corollary 1: Put k = 1 and y = 0, the following result follows
K(E) - KO FZ(JI g! g’! Q! Q,! t_:l U) = —B" ODE_u K(E)
has a solution in the form:
Derr @ (6", v™

KOT=Ko Xbr=0— gy, 0n,  m . X EBuesr (=B,

Theorem 4.2: Let u > 0 and t € C, the following is a solution of the generalized
fractional kinetic matrix equation

KO I =Ko T2k ([T5¥],6,G: 0,9 w,0) = —BY (D" K(D) (33)
is obtained as
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[Tvlesrk @ek (6, 1 wf
@k @)k - %En X By pp1 (=B"tY), (34)

K(E) I= I,(O Efr:O

Corollary 2: Putk = 1 and y = 0, the following result follows
K(E) I - KO FZ(JI gr g’: Q; Q’; w, E) = _BU ODE_u K(t_—')
has a solution of the form:

o  Derrk@er (G, of
KO I =K, Zf,r:O @k (O k ' Ztn

X Eu,r+1(_Bu§u)-

5. Conclusion

The k-incomplete Second Appell hypergeometric matrix functions
generalize the classical hypergeometric functions and possess significant
applications in several areas such as mathematics, physics, and engineering [22,
23, 24]. These functions have significant applications in solving differential
equations, computing integrals, and describing complex processes. In this work,
various generalized properties related to integral representations and differential
relations is established. In addition, new results related to their use in fractional
kinetic equations are derived. The findings presented here are new and are
expected to support further developments and research in this domain.
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