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Abstract
Chemical interactions, heart arrhythmias, and morphogenesis processes are intimately 

associated with the development of spiral form and thereafter spiral instability. Periodic 
traveling waves are a possible feature of a dynamical system that can help explain spiral 
instability since from the core of regular spinning spirals, these kinds of waves can be released. 
This study deals with the persistence and stability analysis of periodic traveling waves in the 
diffusive chlorine dioxide-iodine-malonic acid model analytically and numerically. In the 
diffusive model, the emergence and uniqueness of the solution are examined. Additionally, 
we demonstrate that the diffusive model has a Hopf bifurcation, leading to periodic oscillating 
traveling waves. We calculate the stability threshold at which the periodic traveling waves 
become unstable due to the Eckhaus bifurcation. We investigate the spiral wave instability 
phenomena by using the numerical bifurcation analysis, where the spiral waves lead to far-
field breakdown due to the Eckhaus instability of periodic traveling waves.
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1. Introduction 
The periodic traveling wave (PTW) behavior was initially investigated 

with the oscillatory reaction-diffusion (R-D) system [1] and is a crucial one-
dimensional result for many partial differential equations (PDEs). Over time, it 
emerged as a significant area of research for excitable systems. Additionally, 
PTWs have been documented in the fields of chemistry, biology, physical 
systems, and ecological systems [2–14]. Because periodic traveling waves may 
be produced from the core of regular spinning spirals, they are closely linked 
[15]. Biology [16-18] and chemistry [16, 19, 20] have regular rotating spiral 
patterns. The R-D model and chemical reactions are closely intertwined [21-23]. 
The chemical dynamics were studied using revolving spiral oscillations [16, 24]. 
In excitable systems, spinning spiral waves can fragment through core and far-
field disintegration, producing a disorganized wave framework [25-27]. The 
stability analysis of a dynamical model may now be useful in practical settings, 
and a lot of dynamical models that are connected to stability analysis have been 
studied lately [28, 29]. An investigation of spiral disintegration events in the 
chemical Brusselator R-D model was recently conducted by Nazimuddin, Kabir, 
and Gani [30, 31]. Zhabotinsky in 1964 and Belousov in 1958 conducted the 
initial research on the oscillatory type BZ reactions [32, 33]. Chemical 
oscillations can have a very complicated behavior. There are over twenty 
reaction steps in the original BZ process. For additional information about BZ 
reaction, see [34, 35]. Similar to this, Lengyel, Rabai, and Epstein [36] looked at 
another very simple oscillatory chemical reaction involving malonic acid, 
iodine, and chlorine dioxide. An important component of oscillating reactions is 
chloride dioxide and chloride-related chemical oscillations. These studies 
focused on nonlinear characteristics, including processes, bio-stability, 
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oscillations, and space phenomena [37]. The chlorite-iodide-malonic acid 
(CDIMA) oscillation system was studied in an open or batch environment [38–
40]. Lengyel, Rabai, and Epstein [41, 42] investigated and produced a model of 
the reaction mechanism consisting of three functional reactions for the malonic 
acid, iodine, and chlorine dioxide oscillating reaction. Lengyel and Epstein [43] 
and Lengyel, Kadar, and Epstein [44] studied the CDIMA-starch reaction 
system using Turing structure simulation. Riaz and Ray [45] researched the 
CDIMA R-D model using a multiple scale perturbative analysis and shown that 
spiral solutions are admissible. Spiral wave breathing in the CDIMA R-D 
system under global periodic forcing has been demonstrated by Berenstein et al. 
[46]. 

Using the continuation technique and WAVETRAIN, the study 
investigates the role of PTW destabilization in spiral destabilization in the 
diffusive CDIMA system, exposing a unique solution and a Hopf bifurcation in 
the model [47]. In accordance to the model, waves in PTWs break into an 
oscillating wave structure when they experience an Eckhaus-type stability 
modification, which results in the loss of stability. Direct numerical simulations 
are performed in one and two dimensions. The degree of agreement between 
these studies and the continuation result is rather favorable.  

This article uses diffusive CDIMA system, which is illustrated in 2. 
Section 3 discusses the diffusive model's development and uniqueness of 
solution. Section 4 investigates Hopf bifurcation persistence in the diffusive 
model. The stability and persistence results for PTWs are illustrated in 
Subsection 5.1. The findings of direct PDE simulation outcomes are presented in 
Subsection 5.2. To wrap up our investigation, we go over the explanation of the 
results in section 6. 

2. Diffusive Chlorine Dioxide-Iodine-Malonic Acid System 
An exquisite model of an oscillating CDIMA reaction was characterized 

and investigated by Lengyel, Rabai, and Epstein [36, 41, 42]. This experiment 
demonstrates that the following reactions and experimental rate equations are 
suitable for the model: 

  {
                  

                 [    ][  ] 
                              

 

The model produces oscillations corresponding to those observed in the 
experiments, as illustrated by the above numerical integration. Nevertheless, the 
analytical handling of this model is still too challenging owing to its high level 
of complexity. The following form is assumed by the collection of ordinary 
differential equations (ODEs) when appropriate non-dimensionalities is used: 

  {
  
           

     
  
     (   

    )  
  (1) 
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where    and     
  are the dimensionless concentrations, denoted by   and  . 

The parameters       are obtained by combining the experimental rate 
constants with the intentness given for the calm reactants [48-50]. The single 

equilibrium point of (1) is (     )  (     (  )
 
). When         and         

are taken into consideration, fig. 1 shows the nullclines of (1). 
The equation       (      

 ) may be used to determine the Hopf 
bifurcation sites for (1). Fig. 2 denotes the stability curve at which the Hopf 
bifurcation point causes a change in stability.  

 

 
Figure 1 

Nullclines for        and       in model (1). 
 
 

 
Figure 2 

Hopf bifurcation curve of the model (1). 
 
The system is unstable at   2.0, 3.0, and 4.0, but stable at   4.0, as 

shown in fig. 3. The diffusive CDIMA system is obtained by combining the 
reaction system with diffusion terms as: 
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  {
  
               

     
  
          (   

    )  
  (2) 

where       and     , respectively, are constants that represent the activator 
and inhibitor diffusion coefficients [46, 51-53].  

 
 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

 
(f) 

Figure 3 
Limit cycle solution behavior of (1) by considering         and   is a free 

parameter. (a)-(b)     , (c)-(d)     , (e)-(f )    . 
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Table 1 
Typical values for the parameters of (2) 

Parameters           
Values 0.1 0.01 10   

3. Solution’s Presence and Uniqueness in the Diffusive Model 
We will look at the diffusive CDIMA model presented in (2). Equation (2) 

initially produces when the Riemann-Liouville integral operator is implemented. 
   (   )   (   )  
   ∫ (             

      )
 
     (3) 

   (   )   (   )   ∫ (        (   
     ) )

 
     (4)  

Let, 

   (   )               
       (5) 

and  

   (   )           (   
     )  (6) 

If the continuous functions         and    fall under   ((   )  (   )) , 
then      and      occur in such a way that  

  {‖(  )      ‖  ‖    ‖    
‖(  )      ‖  ‖    ‖    

  (7) 

Thus, the Lipschitz condition is satisfied by the sets  (   ) and  (   ). 
Again, 

‖ (    )   (   )‖  ‖             
       (  )        

     
     

‖  
 (               )‖    ‖  

Considering,                     , we write  
  ‖ (    )   (   )‖  ‖    ‖   ,  (8) 

Likewise, we may write  
  ‖ (    )   (   )‖    ‖    ‖,   (9) 
when             .  

Thus,  (   ) and  (   ) are kernels that satisfy the Lipschitz criterion. 

4. Hopf Bifurcation's Emergence in the Diffusive CDIMA Model  
The traveling wave coordinate is defined by the equation       , 

based on our assumption. By adjusting  ( )    (   ) and  ( )    (   ) in 
equation (2), we obtain 
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  {
              

   
     

            (  
 

     )  
  (10) 

One way to rewrite system (10) is as the following set of ODEs: 

  

{
  
 

  
 

  
     

  
   

 
  
(           

    )  
  
      

  
   

 
  
(      (   

    ))  

   (11) 

Considering     
  and        (  )

 
, we obtain only a fixed point, 

namely     (         ) in the system (11). 
The following characteristic matrix occurs in the linearized version of (11) 

at equilibrium point    as: 

  

(

  
 
                                                        
         (     )    

  (     ) 
  
  

   

        

    
  (            (    ))

  (     ) 
     

        

 
 
  
  )

  
 

  (12) 

The related characteristic matrix can be expressed in the explicit manner 
shown below.  
   (   )                     ,   (13) 
where 

     
 (     )
    

 , 

     
  (     )                  

(     )    
 , 

     
 (           )
(     )    

   

     
    

(     )    
. 

Utilizing the Routh-Hurwitz criteria, the stability of (11) may be stated as 
follows: 

   ( )    {
     
     
     

                 
  (14) 

The following simplified form is implied by system (14): 
 ( )     
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{
 
 
 
 
 

 
 
 
 
 

    
(     )    

   
 (           )
(     )    

   
 (     )
    

   
  

(     )       
(    (       )    

   (      )      ((       )  
     )    (      )(              )

  (     )    

  (15) 

It is note that Hopf instability can be found by setting  ( )   , The set 
of all Hopf bifurcation points are indicated by the equations: 
               , 
where 

     
      

(     )      
, 

      
    (        (     )  (     )    (               ))

(     )       
, 

     
  (        )((        )    (     )  (     ))

(     )       
 . 

Theorem 4.1: If         &     , the following requirement must be met 
by the equilibrium point of (11). 

            
   

Proof: Let      be the form of the zeros in equation (13) as follows. Thus, we 
obtain (13), 

 (    )             (  )    (  )  (  )      
After dividing the preceding equation's real and imaginary components, we 

obtain 
                 (16) 
and 
                 (17) 

Now, from equation (17), we get 

                
(      ) (     )

   

The inequality must thus be satisfied by the roots of (13)           
   for 

       .  
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Theorem 4.2: There exists a constant      when     . Now, for each 
parameter value    ( ), The set of periodic solutions   ( ) for equation (11) 
with period      ( ). 

Proof: Verification of the transversality criterion is required. Thus, using 
equation (13), we obtain  

   (      )      &  
   (     )     

For b in the region of   ,  ( ( )  )     , because the function A is 
continuous according to the implicit function theorem. 

    ( )|        (            )  
    (        )           (         (       )       ) 

where 

      
(     )    

, 

               , 
      (      )  , 

      (     )
    

. 

Therefore, 

  (  ( )|    )   
 (                      

        
    

             
             

         
        

         
                               ), 

where 

     (               (         (       )))
 
 

                    (                  )   . 
We obtain,  (  ( )|    )   .  
To get the result, ordinary differential equations are subjected to the Hopf 

bifurcation theorem [54, 55].  

 
(a) 

 
(b) 
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(c) 

Figure 4 
(a) Stability outcome of (2), (b) some PTW branches,  

(c) single PTW branch in close-up view  

5. Numerical Investigation of the Diffusive CDIMA Model 
We use several numerical techniques for diffusive CDIMA system analysis 

discussed in this part to validate these theoretical estimates. Subsection 5.2 
provides the numerical strategies of (2), whereas subsection 5.1 shows the 
consistency and persistence of PTWs in (2). 

5.1 Numerical Investigation through the Method of Continuation 
After determining if PTWs exist, we apply WAVETRAIN [47], which 

makes use of AUTO [56], to analyze the stability of (2). The computations are 
predicated on research by [57,58]. Considering the appropriate parameter values 
stated in Table 1, the stability outcome of (2) are shown in fig. 4(a), which uses 
      grid elements. 

With symbols denoting stable, unstable, or no PTWs, the Eckhaus-class 
stability change is determined. Some PTW branches are depicted in fig. 4(b). 
Also, fig. 4(c) shows the stability variations for       and      . 

 

 
(a) 

 
(b) 

Figure 5 
PTWs of (2); (a) a durable graph of PTWs, and (b) an inconsistent graph of PTWs. 
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Fig. 5(a) displays a stable profile of PTWs with          ,          , 
and a period of 5, whereas A single branch of PTWs verification parts is 
depicted in fig. 5(b), which displays an unstable wave solution profile with 
                   , and a period of 5. 

At       , the dispersion graph of the system (2) is depicted in fig. 6(a). 
We discover that consistency evolve of the Eckhaus class occurs at       
when      . Additionally, we determine that for        and       , the 
minimum stable period is      (roughly). We validate the outcome shown in fig. 
6(a) by utilizing the relevant spectra displayed in figs. 6(b) and 6(c). 

The dispersion graph of system (2) is shown in fig. 7(a) at       , where 
we take into account the period and  . The remaining values of the parameters 
match those in fig. 4(a). We discover that the consistency evolve of the Eckhaus 
class occurs at        for       . The consistent and inconsistent nature of 
the eigenvalue spectrum is depicted in fig. 7(b) and fig. 7(c). 

5.2 Results of Direct Numerical Simulation 
The diffusive model is analyzed in the paper using certain numerical 

techniques, such as an implicit method for one-dimensional analysis and the 
ADI approach for two-dimensional analysis [59]. 

5.2.1 One-Space Dimensional Analysis 
In order to validate a dispersal representation in fig. 6(a), we perform one-

dimensional numerical simulations on (2) by utilizing periodic boundary 
conditions. The following may be used to express the model (2): 

  {
  
               

              
  
          (   

    )           
 

 

 
(a) 
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(b)  

(c) 
Figure 6 

(a) Dispersion curve at       , (b) Nature of eigenvalues of a durable structure, 
(c) Nature of eigenvalues of an inconsistent structure. 

 
(a) 

 
(b) 

 
(c) 

Figure 7 
(a) Dispersion curve at         , (b) Nature of eigenvalues of a durable structure, 

(c) Nature of eigenvalues of an inconsistent structure. 
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(a) (b) 
Figure 8 

Direct PDE simulation in the single dimension; (a) a durable PTWs structure; (b) an 
inconsistent PTWs structure. 

 
Using the formula       , we examine a space domain [    ], with 

p and n denoting the duration and number of periodic pulses, correspondingly. 
          grid components,      time step, and       space step were 
employed in the simulation.  

At the bifurcation point, we find a minimum stable period         
roughly in fig. 6(a). For a system size of 65 with seven periodic pulses, we have 
selected   = 9.29 as the spatial period. Throughout the time span       
   , the numerical simulation of (2) is conducted using the previously given 
parameters. The result is a stable PTWs for (2), as shown in fig. 8(a). With 
seven periodic pulses and a spatial period of 5.71, the system has a size of 40. 
80–180 time periods are used for simulation. The conversion of pulses into 
oscillating pulses is depicted in fig. 8(b), which shows that numerical and 
continuation results agree well. 

5.2.2 Two-Space Dimensional Analysis 
We conducted two-dimensional simulations in the square region of 

   (     )  (     ). Presently we investigate the following: 

{
  
               

          (   )    
  
          (   

    )        (   )    
 

Using Neumann boundary conditions, we build an IBVP for model (2). 
Moreover, PBCs may also be applied here as we have demonstrated the 
development of PTWs in the 1D event. The grid elements are          , the 
time interval is 0.01 and the step size is set to 0.1. 

The simulation indicates that stability evolves at       . For       
and 0.8, a stable spiral pattern is produced, as shown in figs. 9(a) and 9(b); 
nevertheless, the excited state deepens as parameter b lowers. Instability of 
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spirals are shown in fig. 9(c) when       is selected close to the stability 
barrier, and more instability of spirals are shown in fig. 9(d) when      . 
According to our observations, PTW oscillations cause the stable spiral pattern 
to breakup. The self-sustaining oscillation type known as the CDIMA model is 
dependent on the system's characteristics but independent of the starting 
conditions. Numerical simulation confirms that the spiral development and 
breakup are independent of the initial condition. As a result, we are able to 
derive a positive conclusion from both the direct simulation and the outcome 
obtained in section 5.1 for the system (2). 

At      , Figure 10 shows the spiral breakdown of model (2), using all 
parameter values taken from Table 1. Time     is the initial condition, as 
shown in fig. 10(a). Fig. 10(b-d) depicts the spiral pattern breakdown scenario. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 9 
A spiral breakdown issues of (2), where (a)       , (b)       , (c)       , and 

(d)       . 
 

 
(a) 

 
(b) 
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