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Abstract

This study introduced and studied a new class of sets, called generalized (A, e)-closed
sets. Moreover, some properties of generalized (A, e)-closed sets are investigated. Several
preservation characterizations concerning of e-regular spaces and e-normal spaces have
been obtained and discussed.
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1. Historical background

The notion of generalized closed sets in topological spaces was introduced
by Levine [1] in 1970 in the paper with title "Semi-open sets and semi-continuity
in topological spaces". Moreover, Levine defined a separation axiom called T
between T, and T;. Several authors was extended this principle with many
applications, many low separation axioms are introduced, also in 2021, Al-Omeri,
Kaviyarasu, and Rajeshwari [9] introduced and defined strong and weak sets in
topological spaces. Since then, many variations of generalized closed sets are
introduced and investigated. As a modification of generalized closed sets.

Ozkog et al.[5] gave the definition of A,-Sets and V,-sets which is the
intersection of e-open sets and centered on the basic properties of A, -open sets.
(A, e)-closure and (A, e)-open sets were defined with the use of e-open set and
e-closure exponent defined by Ekici [4]. In this article, we define generalized
(A, e)-closed sets and explore some of their basic properties. Finally, some
characterizations of A,-regular spaces and A,-normal spaces are provided."
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For a subset B of K, the closure, interior as well as complement of B in
(X) are denoted by Cl(B), Int(B) and KX — B, respectively. I denote the
collection of all e-open sets and the collection of all e-closed sets of (K) by
EO(¥X) and EC(¥). The collection of all open neighborhoods surrounding the
point k of K is denoted by U(k) A subset B of a space K is said to be
6-open [3] if B = Int(B), where Ints(B) = {k|(3U € U(k))(Int(CL(V)) S
B)}. The complement of a &-open set is referred to as & -closed [3, 8].
Correspondingly, a subset B of a space K is said to be §-closed [3, 7] if
B = CI(B) , where Ints(B) = {k|(VU € Uk))(Int(CL(U))NB #d)}. A
subset B of a space K is said to be e-open [4] (resp. pre-open [2]) if B C
Cl(Int(B)) N Int(Cl(B)) (resp. B € Int(Cl(B))). The complement of an
e-open (resp. pre-open) set is called e-closed (resp. pre-closed). E. Ekici studied
several fundamental and interesting properties of e-open sets see also [6, 7].

The e-closure of a set B, represented as eCl(B), is defined as the
intersection of all e-closed sets that encompass B. Conversely, the e-interior of a
set B, denoted as eInt(B), is characterized as the union of all e-open sets that
are contained within B. In this paper, the notation (¥,I') or simply K will
consistently refer to a topological space.

Definition 1.1: [4] For a topological space (¥, T"). The union of any collection of
e-open sets is also e-open, while the intersection of an open set with an e-open
set results in an e-open set.

Definition 1.2: [5] Let (X,I") be a topological space and B € XK. I denote the
subsets B and B,, as follows: B =n {V|(B € V)(V € EO(X))}, and

By, =U {U|(U € B)(U € EO(X))}.

Definition 1.3: [5] A subset A of a topological space (K,T) is called an e-set if
B = Bhe.

Lemma 1.4: [5] For a subsets B, A and B;(A € A) of a topological space
(¥, T), the following properties hold:

+ B c B’ and [B%]% = B,

« If B S A, then B c A%,

. B is A,-closed set iff B = B?e.

« [N{BylA € A}]*e =n {B]*|A € A}.

«  [U{Bi|A € A}]* 2U{B}¢|1 € A}.

Remark 1.5: [S]If B € EO(¥), then B isa A,-set.

Lemma 1.6: [5] For a topological space B € EO(X), the following properties
satisfied:

(1) Every union of A,-sets is a A,-set.
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(2) The subsets and K are A,-sets.
(3) Every intersection of A,-sets is a A,-set.

2. Generalized (A, e)-closed sets

In this section, I introduce and studies the notion of generalized
(A, e)-closed sets and some properties concerning of generalized (A, e)-closed
sets have been studded and obtained..

Definition 2.1: A subset B of a topological space (¥,T") is considered to be
(A e)-closed if B=TnNC, where T is a A,-set and C is a e-closed set. The
collection of all (A, e)-closed sets in a topological space (X,I') is represented by
EO(X).

Every A,-set (resp. e-closed set) is (A, e)-closed

Lemma 2.2:

Theorem 2.3: If (X, I') is a topological space and B € K, then the following
properties are equivalent:

(1) B is (A e)-closed.

(2) B=TneCl(B),where T is an A,-set.

(3) B =B’ neCl(B).

Proof: (1) = (2) Let B=TnNC, where T is an A,-set and C is an e-closed
set. Since B € C, we have eCl(B) € C and B=TNC 2T N ECI(B)6B. This
implies that B =T N eCl(B).

(2) = (3) Let B=T NECI(B), where T is an A,-set. Since BC T, we
have B¢ € TAe =T and hence, B € B neCl(B) €T neCl(B) =B This
implies that, we obtain B = B¢ n eCIl(B).

(3) = (1) Since B%¢ is an A,-set, eCl(B) is e-closed and B = B n
eCl(B). Then I get that B is (A, e)-closed.

Definition 2.4: A subset B of a topological space (K,I) is said to be
(A, e)-open if the complement of B is (A, e)-closed. The collection of all
(A, e)-open sets in a topological space (¥,T) is defined by EO(XK,T).

Theorem 2.5: Let By (A € A) be a subset of a topological space (K,I"). Then

the following properties hold:

(1) If By is (A,e) -closed for each A€ A, hence N{By|A €A} is
(A, e)-closed.

(2) If By is (A, e)-open for each A € A, hence U {B;|A € A} is (A, e)-open.

Proof:
(1) Let B, is (A, e)-closed for each A € A. Therefore, for all A there exist an
A, -set T and an e -closed set C; such that Ay =T, NC;. I have
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Naea Br = Naea (Th N C3) = (Naea Ta) N (Npea €3)- By Lemma 1.6,
Nyea Ty is an A, -set and Njep C; is an e-closed. This shows that
Naea By is (A, e)-closed.

(2) Suppose that B, is (A, e)-closed for each 4 € A. Then K — B; is (A, e)
and K — Ujea By = Njea (¢ —B;) . Then by Theorem 2.5(1) X —
Uiea By is (A, e)-closed and therefore, Uecp B, is (A, e)-open.

Definition 2.6: Let B represent a subset of a topological space denoted as
(%, T). A point k belonging to K is defined as a (A, e)-cluster point of B if for
every (A, e)-open set V of K that includes k, the intersection of B and V is
empty. The collection of all (A, e) -cluster points is referred to as the
(A, e)-closure of B, symbolized as BpiZ.eq.

Lemma 2.7: For a topological space (¥, TI"), let Let B and A be subsets of K.
For the (A, e)-closure, then the following properties hold:

(1) B c B®® and [BW|Ae) = ple),

(2) If B € A, then BW®) c A(44®),

(3) B“® =n{G|B S G} and G is (A, e)-closed .
(4) B“® s (A, e)-closed.

(5) B is (A, e)-closed if and only if B = B“®).

Lemma 2.8: For a topological space (¥,I"), let B subsets of K. Then the
following properties hold:

(1) If B is (A, e)-closed, then B = B4 n B4e),

(2) If B is e-closed, then B is (A, e)-closed

Proof: Let B be (A, e)-closed, then there exist a A,-set T and a e-closed set C
such that B=T NC. By BCS T, we have B € BAT% =T, and therefore by
BcC, Bc BWe) c cWe) = (. This implies B € Bhen B c T nC = B.
Then, B € B n B®,

(2) It is enough observability that B = K N B, where the whole set K is an
A,-set.

Let IV be a subset of a topological space (¥,I'), then IV is called
(A, e)-neighbourhood of a point k € K if 3 an (A, e)-open set VV such that
keVcwn.

Lemma 2.9: For a subset of a topological space (K,I') is (A, e)-open in
(&, ) iffitis an (A, e)-neighbourhood of each of its points.

Definition 2.10: For a subset B of a topological space (¥, T"). The union of all
(A, e)-open sets contained in B is said to be (A, e)-interior of B and is denoted

by B(A,e)-
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Lemma 2.11: For a topological space (K,I'), let Let B and A be subsets of K.
For the (A, e)-interior, then the subsequent properties are valid:

(1) B S Baey and [Beaeyliae) = Bae)-

(2) If B S A then Biyey S Aae)-

(3) By =VU{F|F S B} and F is (A, e)-open.

(4) Be is (A e)-open.

(5) B is (A e)-closed if and only if B = B ).

Definition 2.12: For a topological space (¥,I"), let B and A be subsets of X,
then B is called a generalized (A, e)-closed (in short g — (A, e)-closed) set if
B®® whenever B SV and V € A,0(K).

Definition 2.13: For a topological space (¥,I") is called an e-symmetric if for
k,s € K, k € {s}*® therefore s € {k}*®).

Theorem 2.14: A topological space (¥,I') is e-symmetric iff v is g —
(A, e)-closed for every k € K.

Proof: Assume that k € {s}®®® but s & {k}»® . This mean that the
complement of {k}®) contains s. Then the set s is a subset of the complement
of {k}®)_ Therefore, {s}*®) represents a subset of the complement of {k}*).
Furthermore, the complement of the complement of {k}*€) contains k which is
a contradiction.

Conversely, let {k} € U € A,0(K) but {k}*® is can not be a subset of
U. This implies that {k}*€) and the complement of U are not disjoint. Let s
belongs to their intersection. This implies k is a subset of the complement of U
and k & U. But this is a contradiction.

Theorem 2.15: For a topological space (¥,I), let B be g — (A, e)-closed iff
B“e) — B contains no nonempty (A, e)-closed set.

Proof: Let G be an (A, e)-closed subset of B¢ — B, Now B € K — G and
since B is g — (A, e)-closed, we have B&) € KX —G or G € K — B,
Thus G € BAO[K — B@®] = ¢ and G is empty.

Conversely, let B SV and that V is (A, e)-open. If BA® ¢ V| then
B@e) n (K — V) is a nonempty (A, e)-closed subset of B4€) — B,

Corollary 2.16: Let B be a g — (A, e)-closed subset of a topological space
(K, T). Then B is (A, e)-closed if and only if B“4®) — B is (A, e)-closed.

Proof: If B is (A, e)-closed, then BA€) — B = ¢
Conversely, suppose that BA€) — B is (A,e)-closed. But B is g —

(A, e)-closed and BU€) — B isa (A, e)-closed subset of itself. By Theorem 2.15,
B®»e) — B = ¢ so that B€) = B,
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Proposition 2.17: For a subset B and A of a topological space (¥,I).
Consequently, the subsequent properties are valid:

(1) If B is (A, e)-closed, then B is g — (A, e)-closed.

(2) If Bis g — (A e)-closed and (A, e)-open, then B is (A, e)-closed.

(3) If B is g—(Ae) closed and BSACSBW® | then A is g-—
(A, e)-closed.

Proof:

(1) Suppose that B is (A,e)-closed and B<SV € A,O(K,I'). Then, by
Lemma 2.7 B = B c Vtherfore and hence, B is g — (A, e)-closed.

(2) Let B be g — (A, e)-closed and (A, e)-open. Hence B»®) € B so that, B
is (A, e)-closed.

(3) Let A<V and V €A,O(K,T). Hence BSV and B is g-—
(A, e)-closed. Therefore, B&®) € V. By Lemma 2.7, Be) = AWe) this
implies, A®®) € V. Then, A is g — (A, e)-closed.

Definition 2.18: Suppose that B is a subset of a topological space (¥ ,I). Then
the (A, e)-frontier of B, (i.e eFr(B)), is denoted by,

A Fr(B) = BM®) n [K — B]"e)

Proposition 2.19: Suppose that B is a subset of a topological space (¥,I"). Then
if B is g—(Ae)-closed and B < U € A,O(X,T), then A,Fr(B) € [K —
B](A,e)~

Proof: Let B be g — (A, e)-closed and B € U € A,0(%,T). Then B4 c U.
Suppose that k € A Fr(U). Hence U € A,O(X,T), A Fr(U)=UD® —U,
This implies, € U and k ¢ B®®). Therefore k € [K — B](z) and this show,
AeFT(B) c [:K‘ - B](A,e)-

Theorem 2.20: 4 subset B of a topological space (K,I') is g — (A, e)-open iff
G S By forevery G € B and G is (4, e)-closed.

Proof: Suppose that B is g — (A, e)-open. Let G € B and G is (A, e)-closed.
Then X —BCSC K -G € A,O(K,T) and X —B is g — (A e)-closed. Thus,
we obtain K — By ) = [ — B]®® € K — G and therefore G S By ).

Conversely, suppose X —B SV and V € A,O(K,T). Then X —=V <
B(aey and K —V is (A, e)-closed. By using the hypothesis, I have X —V < B
and thus, [} — B]®® =K — B, S V. Hence, X — B is g — (A, e)-closed
and B is g — (A, e)-open.

Proposition 2.21: Let (K, I") be a topological space. For every k € K, either
{k} is (A, e)-closed or k is g — (A, e)-open.
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Proof: Suppose that {k} is not (A, e)-closed. Then is not and the only
(A, e)-open set containing K — k is K itself. This implies, [K — {k}]®) € K
and therefore, K — k is g — (A, e)-closed. Hence, {k} is g — (A, e)-open.

Lemma 2.22: Suppose B be a subset of a topological space (A,e). If NF =
¢, thus B9 NF = ¢ foreach F € A,0(X,T).

Corollary 2.23: Let B, A be subsets of a topological space (¥,I'), the
subsequent properties are equivalent:

(1) If B is (A, e)-open, then B is g — (A, e)-open.

(2) If B is g — (A, e)-open and (A, e)-closed, then B is (A, e)-open.

(3) IfBis g— (A e)-openand Biyey S A S A, then A is g — (A, e)-open.

Proof: The proof follows from Proposition 2.17.

Theorem 2.24: Suppose B be a subset of a topological space (¥,I"), then the
subsequent properties are equivalent:

(1) B is g— (4,e)-closed.

(2) B™e — B not contains a nonempty (A, e)-closed set.

(3) By — B is g — (A, e)-open

Proof: (1) = (2): This follows from Theorem 2.15.

(2) = (3): Let 6 € B™® — B and G be (A, e)-closed. By (2), we have
G=¢ and G € [BD® — B]l(ae)- Then by Theorem 2.20 that By — B is
g — (A, e)-open.

(3) = (1): For a subsets B €V, and V € A,0(K,T). Thus, B»® —V ¢
B®®) — B Then by using (3), B — B is g — (A, e)-open. Hence Be) — v
is (A e)-closed and by Theorem 2.20, this implies B —V c [B(Ae) —
B]l(aey = ¢. Hence, I have BWe) c v and therefore, B is g — (A, e)-closed.
For the proof of this part [B®¢) — Blaey = ¢ is follows as following. Let
[BAe) — B]ae) = ¢. There exists k € [BAe) — B](ae)- Thus, there exists an
F € A,O(X,T) such that k€ G € B®® —B. Since FS X — B, I obtain
FNB=¢ and F€EAO(K,T). By Lemma 222, FNBW® =¢ and
therefore, G € K — B™® | Hence, this implies F € [K — B@|Ae) = ¢
Which this is a contradiction.

Theorem 2.25: Let B be a subset of a topological space (X,I'), then B is
g—(A,e) -closed iff GNBW® =¢ whenever BNG=¢ and G is
(A, e)-closed.

Proof: Let B is (A, e)-closed. Suppose thatB N G = ¢ and G be (A, e)-closed.
Hence BS X —G € A,0(X,T) and B®® € K —G. Then, we got G N
BAe) = ¢ .



2240 W. AL-OMERI

Conversely, suppose that B SV and V € A,O(K,I'). Hence BN (X —
V)=¢ and K —V is (A e)-closed. Then by the hypothesis, (X —V)n
B@®) = ¢ and therefore B¢ € V. Hence, B is (A, e)-closed.

Theorem 2.26: Let B be a subset of a topological space (¥,TI'), then B is
g — (A, e)-closed iff B N {k}4® = ¢ for each k € BA®.

Proof. Let B is g — (A, e)-closed. Suppose that B N {k}*¢) = ¢ for each
k € B®® By Lemma 2.7, {k}*® is (A, e)-closed, then B € K — {k}(*® €
A, O(%X,T). Hence B is g — (A e)-closed, BN € K — {(k}"®) € K — {k}.
This is contradicts k € B,

Conversely, let a subset B isnot g — (A, e)-closed. Hence ¢ # BWe) —
for some V € A,0(K,T) containing B. Then there exists k € B®®) — V. Then
k ¢ V,by Lemma 2.8 V N {k}*®) = ¢, therefore B N {k}*® € V n {k}Ne) =
¢ This implies that B N {k}*¢) = ¢ for some k € B,

Corollary 2.27: Let B be a subset of a topological space (¥,I'), then the
following properties are hold:

(1) B is g— (A, e)-open.

(2) B — B contains no nonempty (4, e)-closed set.
(3) B —Be is g — (A, e)-open.

(4) (K —B)n{k}*® = ¢ foreach k € B — By ).

Proof: The proofis follows from Theorems 2.20, 2.24 and 2.26

Theorem 2.28: Let (K,I") be a topological space, then the following properties
are equivalent:

(1) Every (A, e)-openset V, VA& c V.

(2) For each subset of K is g — (A, e)-closed.

Proof: (1) = (2): For any subset B of X and B €V € A,O(K,T). Then by
(1), VA8 c v also by BN c YA€) c V. Then, B is g — (A, e)-closed.

(2)= (1) LetB<SV €A 0K, T). Then by (2), V is g — (A, e)-closed
this implies V¢ c V.

Theorem 2.29: Let (¥,I") be a topological space and let B be a subset of XK,
then B is g — (A,e)-open iff V.=K whenever V is (A, e)-open and (K —
B)UBe CV.

Proof: Suppose that B is g — (A,e)-open and V € A,O(K,T') such that
(0 —B)UBpue SV . Hence K —V S [K —B] — (K —B). Hence
K —B is g—(Ae)-closed and K —V is (A e)-closed, by Theorem 2.15
K —V = ¢ and then, K = B.
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Conversely, suppose that G € B and G is (A, e)-closed. By Lemma 2.11,
since (K —B)UB@e) S (K —G)UBp,e EAOK,T). Now by the
hypothesis, K = (K —G) UBe). Then, G =GN[(K —G)UBpnl =GN
B(ae) € B(ae)- This follows from Theorem 2.20 that B is g — (A, e)-open

Proposition 2.30; Let (¥, ") be a topological space and let B, A be a subset of
K, then if B is g—(A,e)-open and By, SAS B, then 4 is g-—
(4, e)-open.

Proof: Since X —B S K —ACS K —Bpe = [K —B]*®. I have X — B is
g — (A e) closed, now from the Proposition 2.17(3) we have K —A is
g — (A e)-closed and then, A is g — (A, e)-open.

Definition 2.31: Let B be a subset of a topological space (¥C,I"), then B is said
to be locally (A,e)-closed if B=V NG, where V€ A,0(K, ') and G is
(4, e)-closed.

Theorem 2.32: Let (K,I") be a topological space and let B be a subset of K,
then the following properties are equivalent:

(1) B islocally (A,e)-closed;

(2) B=VnB% forsome V;

(3) B“® — B is (A, e)-closed;

(4) BU[X —B®9] €A 0(K,D);

(5) BCS[AU[X — B®e|Ae),

Proof: (1)=> (2): Let B=VnNG, where VeEAOXK,T) and G is
(A e) closed. Since B € G, we have B c GM€) =G . Since BSV,
BcVnB“® cvnG=B. Hence, I have B=VnB®® for some V €
A O(K,T).

(2) = (3): Suppose that B=V NB®™® for some V €A, 0(X,T) .
Therefore, BA®) — B = (K — [V n B®®]) n BA® = (I — V) n B®9)_ Since
(K — V) nBWe is (A, e)-closed and hence, B"®) — B is (A, e)-closed.

(3) = (4): Suppose K —[BAN®) —B] = [KX —B®®]UB and therefore,
by (3) we have B U [K — B®9] € A,0(K,T).

(4)=(5): I have by (4) BESBU[K —B]=[BU[K —B®)],..
(5)= (1): Suppose that V =[BU [IK - B(A'e)]](A,e). Therefore V €
A0, T) and B=BnV SV NBY) c[AU[K —BAI)]nB®) =Bn
B®® = B . Then, this implies B =V nB®™®  where V € A,0(K,T) and
B@We) is (A, e)-closed. Then B is locally (A, e)-closed.

Theorem 2.33: A subset B of a topological space (K,I') is called
(A, e)-closed iff B is locally (A, e)-closed and g — (A, e)-closed.
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Proof: Suppose B is (A, e)-closed. Then by Proposition 2.17(1), B is g —
(A, e) -closed. Since K €A O0(K,I) and B=KNB , B is locally
(A, e)-closed.

Conversely, let B is locally (A, e)-closed and g — (A, e)-closed. Since B
is locally (A, e)-closed, by Theorem 2.32 this shows

B S [BU[X — B®O] a0
By Lemma 2.11, [BU[K —B®9]]se € A,0(K,T) and B is g—
(A, e)-closed. Then we have
B») ¢ [BU[K — B®]]s. S BU[K — B®)]
and hence, B = B and by Lemma 2.7 B is (A, e)-closed.

Definition 2.34: A subset B of a topological space (K,I) is called a
generalized A e)-set (in short g — Ay ey -set) if Aye(B) B<S G and G is
(4, e)-closed.

Definition 2.35: Suppose B be a subset of a topological space (¥,I'). The
subset (4, e) is denoted as follows:

Lemma 2.36: For subsets B,A of a topological space (¥X,I'), the following
properties hold:

(1) B S Ape(B).

(2) [](B c A, then A(A,e)(B) c A(A,e)(A)
3) Ane[Ane)(B)] = Ape(B).

(4) If B is (A,e)-open, Ao (B) =B.

Definition 2.37: A topological space (¥,I") is said to be a A, — T1-space if
2
every g — Ay ey-closed set of (K, I") is (4, e)-closed.

Definition 2.38: A subset B ofa topological space (K, I") iscalleda (X, I')-set
if B = A (B). The family of all A,y -sets of (¥,I') is denoted by
Aipe) (X, I') (or simply Ape))-

Lemma 2.39: Suppose (K,I') be a topological space. Consequently, the
subsequent properties are equivalent:

(1) For every k € I, the singleton {k} is (A, e)-closed or K —k is g —
Ap,e)- closed.

(2) For every k € K, the singleton {k} is (A,e)-open or KX —k is g—
A(p,e)-set.

Proof:
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(1) Suppose k € K and the singleton {k} be not (A, e)-closed. Hence K € k
isnot (A, e)-openand K isthe only (A, e)-open set containing K — k and
then, K — k is g — Ay e)-closed.

(2) Now, let k — X and the singleton k is not (A, e)-open. Therefore K — k
can not be (A, e)-closed and there is one set only (A, e)-closed set which
contains X — k is K and then, K — k isan g — Ay ¢-set.

Theorem 2.40: For a topological space (¥,TI'), the following properties are
equivalent:

(1) (K, r) isan A, — Ti-space.
2

(2) Forevery k € K, the singleton {k} is (A, e)-open or (A, e)-closed.
(B) Every g — Apey-setis an Ay q-set.

Proof: (1) = (2): By using Lemma 2.39, for every k € X, the singleton {k} is
(A, e)-closed or K — k is g — (A, e)-closed. Hence (K, T’) is a A, — T1-space,
and K — k is (A, e)-closed and therefore, {k} is (A, e)-open in the 1attzer case.
This implies, the singleton {k} is (A, e)-open or (A, e)-closed.

(2) = (3): Let there exists a g — Ay ey-set B which is not a A, e)-set.
Then there exists k € Ay such that k € B. In case the singleton {k} is
(A e)-open, BE XK —k and KX —k is (A e) -closed. Since B is a g —
A e)-set, Apey(B) & K — k. Which mean this represents a contradiction. In
case the singleton {k} is (A, e)-closed, B € K —k and K — k is (A, e)-open.
By Lemma 2.36, Ape)(B) S Aae)(K — k). This represents a contradiction.
Hence, every g — Ay e)-setisa Ay e)-set.

(3) = (1): Suppose that (¥,I') is not a A, — T1-space. Hence, there

2
exists a g — (A, e)-closed set B which is not (A, e)-closed. Since B is not
(A, e)-closed, there exists a point k € B»® such that k € B. By Lemma 2.39,
the singleton {k} is (A, e)-open or K —k is a A ey-set. (I) In case {k} is
(A e) -open, since k € BY®  (k}nB # ¢ and k € B. This represents a
contradiction with (IT) In case K — k is a A qy-set, if k is not (A, e)-closed,
K —k is not (A e)-open and A e)(K —k) =K. Then, K —k is not a
A(ae)-set. This represents a contradiction with (III). If {k} is (A, e)-closed,
BSCK —-keAOX,T) and B is g— (A e) -closed. Therefore we have
BWe) ¢ i — k .This is not true since k € B . Then, (¥,T) is a A, —
T1-space.
2

3. A.-normal spaces and A,-regular spaces

Here, I define and present the concepts of A,-normal spaces and A,-regular
spaces. Some characterizations of A,-normal spaces and A,-regular spaces are
obtained.
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Definition 3.1: If, for each pair of disjoint (4, e)-closed sets G and Q, there
exist disjoint (A,e)-open sets V and U such that G €V and Q € U, then a
topological space (K,I") is A,-normal.

Theorem 3.2: For a subset B of a topological space (¥,I'), then the following

properties are equivalent:

(1) &, I) is Ag-normal.

(2) For every pair of (A, e)-open sets V. and U whose union is K, there exist
(A, e)-closed sets G and Q suchthat G €V, Q €U and GUQ =K.

(3) For each (A, e)-closed set G and each (A,e)-open set F containing G,
there exists a (A, e)-open set V such that G €V € V1€ C F,

Proof: (1) = (2): Suppose that V and U be a pair of (A, e)-open sets in a
Ag-normal space (K,I") such that X =V U U. Therefore X —V and K — U
are disjoint (A, e)-closed sets. Hence (K, T) is A.-normal, there exist disjoint
(A e)-open sets F and N such that X —V S F and X —UCS N. Let G =
K —F and Q =K — N.Then G and Q are (A, e)-closed sets such that G S V,
QCUand GUQ =X.

(2) = (3): Suppose that G be a (A, e)-closed set and F a (A, e)-open set
containing G. So that K — G and F are (A, e)-open sets whose union is K.
Hence by (2), there exist (A, e)-closed sets [ and J suchthat I S K —G, J S F
and IUJ =K. Therefore G S K — I, K —FCK -] and (K)Nn (K —-)]) =
$. Let V=K -1 and U =K —]. So that V and U are disjoint (A, e)-open
sets such that G S VK —U S F. As X — U is (A e)-closed set, this implies
VA e —Uand GSV SVPI CF,

(3)=(1): Let G and Q be two disjoint (A, e) -closed sets. Then
GCSXK—-Q nd KX —Q is (A e)-open and since there exists a (A, e)-open set V
such that G SV EVAOK —Q. Let U=K —VP  Then V and U are
disjoint (A, e)-open sets such that G €V and Q € U. This implies (¥,I") is
A,-normal.

Definition 3.3: A topological space (¥, I') is said to be A,-regular if for every
(4, e)-closed sets G not containing k, there exist disjoint (4, e)-open sets V
and U such that inV and G S U.

Theorem 3.4: Let B be a subset of a topological space (K,I'), then the
subsequent properties are equivalent:

(1) (K,I) is Ag-regular.

(2) For every k € KX and every V € A,O0(X,I') such that k €V, there exists
U€AO0K,T) suchthat k € U S UN®) C V.

(3) Forevery (A, e)-closed set G, N {U(A"")|G CUeAOK T} =aG.

(4) Forevery K and every V € A,O(K,I') such that BNV # ¢ there exists
V € A,0(K,T) suchthat BNU = ¢ and UN) c V.
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(5) For every nonempty subset B of i and each (A,e)-closed set G of K
such that BN G = ¢, there exist U W € A,0(K,I") such that BNU =
b, GEW and UNnW = ¢.

(6) For every (A, e)-closed set G and k € G, there exist V € A,0(K,I") and
a g—(Ae)-openset U suchthat k €V, G S U and VNU = ¢.

(7) For every subset B € X and every (A, e)-closed set G such that BN G =
¢, there exist V€ A,O(K,I') and a g— (A, e)-open set U such that
BNV=¢, GESU and VNnU = ¢.

Proof: (1) = (2): Let FEA,O(K,T) and k€ F. Hence k ¢ X —F, and
there exist disjoint V,U € A,O(K,I') such that X —FCV and keU.
Therefore US K —V andso ke U S UD) c K -V SV,

(2)=> (3): For all GE€ACCK,T), then GCn{UN®|GcUE
A, O(XK,T)} always satisfies. On the other hand, supposeG € A,C(K,I") such
that k € K — G. Hence by (2) there exist U € A,O(X,T) such that kinV C
VA8 c I —G. Therefore G S K —V?P =U € A, 0(K,T)} and VNU =
¢. Hence k € U™®_ This implies G 2 ¢ cn {UM®|G € U € A, 0(X,T)}.

(3) = (4): Suppose B be a subset of K and U € A,O(¥K,TI") such that
BNV #=¢. For ke BNV. Hence kX — V. Then by (3), there exists N €
A, O(X,T) such that X —V S N and k € N®® . Now said U = K — NAe
which is a (A, e)-open set containing k andthen BNU # ¢. Now U €S K — N
and hence V9 c K — N c V.

(4) = (5): Suppose B be a nonempty subset of K and G be a
(A, e)-closed set such that BN G = ¢. Hence K — G € A,O(K,T) such that
BN —-G)#* ¢ and so by (4), there exists U € A,O(K,I") such that
BNU#¢ and UMD S K —G. For N =K —UD® | therefore N is a
(A, e)-open set suchthat G € N and NNU = ¢.

(5) = (1): Suppose B be a (A, e)-closed set not containing k. Hence
G N {k}=¢. So that by (5), there exist U,N € A,O(K,TI") such that k € U
GSNand UNN = ¢.

(1) = (6): Straightforward.

(6) = (7): Suppose B be asubsetof K and G bea (A, e)-closed set such
that BN G = ¢. Hence for k € B and k € G, and then by (6), there exist
VeAOXK,T) and a g — (A e)-open set U such that k €V, G S U and
VNnU=¢¢.So BNV =¢,GSU and VNV =¢.

(7) = (1): Let G be a (A, e)-closed set such that k € G. Put {k} NG =
&, now by(7) there exist V € A,O(XK,T") and a g — (A, e)-open set N such that
keV,G<S N and VNN = ¢. Hence N is g — (A, e)-open, by Theorem 2.20
we gotthat G € Ny ey = U € A,O(J,T) and therefore VN U = ¢.

Theorem 3.5: Let B be a subset of a topological space (¥,I'), then the
subsequent properties are equivalent:

(1) &, I) is A,-normal.
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(2) For each pair of disjoint (A, e)-closed sets G and Q, there exist disjoint
g — (A,e)-open sets V and U such that G €V and Q € U.

(3) For every (A,e)-closed set G and each (A, e)-open set W containing G,
there exists a g — (A, e)-open set V such that G SV S VA€ c F.

(4) Forevery (A, e)-closed set G and each g — (A, e)-open set W containing
G, there exists a (A, e)-open set V such that G €V € V48 ¢ Fiae)-

(5) Forevery (A, e)-closed set G and each g — (A, e)-open set W containing
G, there exists a g — (A, e)-open set V such that G €V € Ve ¢ Fipe)-

(6) Forevery g — (A, e)-closed set G and each (A, e)-open set W containing
G, there exists a (A, e)-open set V such that G cV c V48 c F.

(7) Forevery g — (A, e)-closed set G and each (A, e)-open set W containing
G, there exists a g — (A, e)-open set V such that G cV c v c F.

Proof: (1) = (2): The proof is obvious. (2) = (3): Suppose that G be a
(A, e)-closed set and W be a (A, e)-open set containing G. Therefore G and
K — F are two disjoint (A, e)-closed sets. So that by (2) there exist disjoint
g — (A e)-open sets V and U such that G €V and K — F € U. Hence U is
g — (A e)-openand K — F is (A, e)-closed, by Theorem 2.20, K — F S Uy ¢)-
Since, [5 — U]*® = U p) S F. Then, G -V S UDS CF .

(3) = (1): Suppose G and Q be two disjoint (A, e)-closed sets. Therefore
G is a (A e)-closed set and K — Q is a (A, e)-open set containing G. Since by
(3), there exists a g — (A, e)-open set V such that G €V c UN® c K —Q
Thus by Theorem 2.20, 6 S V®*®), Q € K —V*), where Vi, and K —
V™ are two disjoint (A, e)-open sets. This shows that (A, e) is e-normal.

(4) = (5): Straightforward.

(6) = (7): Straightforward.

(3) = (5): Let G be a (A e)-closed set and W be a g — (A, e)-open set
containing G. Since W is g — (A, e)-open and G is (A, e)-closed, by Theorem
2.20 G S Fpey. Thus by (3), there exists a g — (A, e)-open set V such that
GSVgvyWe cp@e)

(6) = (4): Suppose that G be a (A e)-closed set and W be a g —
(A, e)-open set containing G. Hence by Theorem 2.20, we got G S Fy . Since
G is g—(Ae)-closed and Fi,y is (A e)-open, by (6) there exists a
(A, e)-openset V suchthat G = GA® cy cy®e ¢ Fipe)-

(5) = (6): Suppose that G be a g— (A e)-closed set and W be a
(A e) -open set containing G . Therefore G™® W . Hence W is g—
(A, e) -open, there exists a g — (A, e)-open set V such that G cV c
V@8 c F. Since V is g — (A, e)-open and G is (A, e)-closed, by using
Theorem 2.20 we got G® c Vipe)- Now let U =V, .. This implies U is
(A, e)-open and then, GX® cV c Ve c F = [V(A,e)]m'e) cy@e cF,
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4. Conclusion

Numerous writers are responsible for the ideas of e-open sets, e-continuity,
e-compactness, and related research in topological spaces. The following
advances in intuitionistic fuzzy topological spaces are examined in this paper:
intuitionistic fuzzy e -continuity, intuitionistic fuzzy e -compactness,
intuitionistic fuzzy e”-open sets, intuitionistic fuzzy «-§ -open sets, and
intuitionistic fuzzy e-open sets. We introduce neutrosophic e-compactness sets,
neutrosophic e-irresolute, and other topological concepts related to the results
after introducing the basic ideas of neutrosophic sets and neutrosophic topological
spaces. Numerous features and preservation characterizations pertaining to
neutrosophic locally e-compactness have been studied and acquired.
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