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Abstract

In this paper, we are concerned with a system of hybrid fractional differential
equations. We begin by establishing the existence and uniqueness results using the Banach
contraction principle. Then, we derive sufficient conditions for proving an existence results
by using of Leray-Schauder fixed point theorem. Also, we discuss the Ulam-Hyres stability
for the mentioned hybrid system. At the end, we present an example to illustrate one of our
main results.
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1. Introduction

Differential problems with fractional calculus arise in many scientific
disciplines, see [10, 13, 14, 15, 26]. By applying some fractional derivative
operators, many authors have established uniqueness and existence results for
some types of problems with arbitrary order, for instance see [5, 12, 23, 24, 25,
30]. Several scholars have studied the existence, uniqueness,of solutions of
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fractional systems. For more details, one can consult [1, 4, 8, 20, 21, 22] and the
references cited therein. Also, fractional hybrid differential problems have been
studied by many researchers, see for instance [6, 7,9, 17, 18, 31]. Recently, some
scholars have discussed the stability of solutions of hybrid differential equations
involving fractional calculus [2, 3, 16, 27] and the references cited therein. The
standard form of hybrid differential problem [11] is given by the following
differential equation

1] @ | _
b [f(t,q(r))] = h(1,q(1)), 7T €A,

q(t0) = 40,90 € R,
where A=[0,T],f € CAXRR—-{0}) and heC(AXR,R). Several
scholars have studied fractional types of the above hybrid differential equation.
For example in [31], the authors considered a the hybrid fractional differential
equations with Riemann-Liouville differential operators

al 4@ | _
P [f(rrq(r))] =h(r,q(0),T€A0<a<]1,

q(0) =0,
where f:AX R - R— {0} and h: A X R = R. In [19], the authors considered a
fractional coupled hybrid problems of the forme

(™)
D |80 | = (.40, p(@),

a p(0) _
D |20 | = hy(r. a0, p(®)
q(0) =q(1) =0,p(0) =p(1) =0,
ted:=[01],1<ay,a, <2,
where fi, f,: ® X R > R — {0} and hy, h,: ® X R - R. In the current work, we

study the existence, uniqueness and stability of solutions for the following
system:

p* ( q1(0) ) = hl(-[, ql(‘r),qz(‘r),...,qk(‘r)),

Daz ( q2 (1) > = hz('[, ‘h(T)' qZ(T),.._,qk(‘[))’

D%k ( qx (@ > = hk(r, ql(‘r),qz(‘r),...,qk(‘r)),

q:(0) = 0; foﬁi @i(r)q;(r)dr,
ted,0<aq;<1,0<p;,<1,0,eR,i€f1,2,...,k}
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where, D% is the derivative in the sense of Caputo, ¢; € C([0,85;]), fi: ® %
R - R—{0} and h;: ® x R* - R,i € {1,2,..., k}.

We describe some basic notations of fractional integrals and derivatives in
this section 2. Section 3 is devoted to discuss the uniqueness result for (1) using
the Banach contraction principle. We also prove an existence result by means of
Leray Schauder alternative in this section. In Section 4, we present the
Hyers-Ulam stability of system. In last section, an example is given.

2. Preliminaries
We present some useful definitions and lemmas [28, 29]. As notation, we
put: ¢ = (q1,92,---, @) and q(7) = (q1(7), q2(7), ..., qi (7). We have:

Definition 1: The Riemann-Liouville fractional integral operator of order ¥ = 0,
for Y € C([a, b]) is defined as:

P[] = % J7 (@ =) 1y(s)ds, 9 > 0,

Py@] =9,

e ¥y 1duy.

where T(9):= [~

0

Definition 2: Let Y € C"([a,b]),n—1<9 <n,n€N*. The Caputo
fractional derivative for i is given by:

DY[P(0)] = —— [ (r — )" 1P (s)ds.

r(n—9)
Furthermore, we recall the following lemmas [25]:

Lemma 3: Suppose that 9 >0 and n—1<9 <n,n € N*. Thus, general
solution of D°x(t) = 0 is given by
w(t) = eg + e;T + ;12 +.. . te,_ TV,

such that e; € R, i = m
Lemma 4: Let 9 > 0. Then

1° [DB[W(T)]] =w(1) +ey+ e +e,t3+... te, T8,
for some e; € R,i = m

Lemma 5: For i =1,...,k, let f; € C(®@ x RF,R —{0}) and g; € C(®,R).
Then, the solution of the problem

a; qi(t) ) — ‘
b l(fi(T'E(T)) =60 Te®0<a <1, ©)
with
q:(0) = 0, foﬂi 9i(s)qi(s)ds, 0 < B; < 1L,i=12,...,k, 3)

with 6; foﬁi fi(r,ﬁ(r))(pi(r)dr * fi(O,ﬁ(O)), is given by q(t), such that
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a® = fi(tTD) x (== [ = )% gi(s)ds

F(O{i)
0 .
+ £
[fi(Oﬁ(O))—Hi ff’fi(rﬁ(r))%(r)dr] “4)
1 r

X AAO) 0@ [y =0 g @] ar).

Proof: Let q; i € {1,2,...,k} be a solution for the system. By using Lemma 4,
we have

1) _
fi(‘:;(r)) = 1%1g;(7) + e, (%)

where e, € R.
Alternatively, we have

;@) = fi(r,q@)U%[g;(D] + o), T EA T =1.2,..., k. (6)
Multiplying (6) by 6;¢;(r), we can write
00 (X (r) = 0,£,(r,q(1)) @i (M1%[g;(N] + eob:fi(r, a ()i (). (7)
Integrating (7) with respect to r over (0, 8;), yields
6, [P 9 (1) q;(r)dr @®)

= 6.J7 fi(r a)eiI%[gi)dr + eob [1* fi(r, a(r))py(r)dr.
Using (3) and (5), we can obtain

co (0. W(0) = 6; [ f:(r, 7)) @i(r)dr)

. _ )
= 0,7 £:.(r, 7)) ei()1 gy () dr.
This implies that
0;
© T Trloa)-oifirram)eirar) (10)

x [P £(r, @)@ (19D ] dr.
Taking into account the value of e, (6), we obtain (4).

3. Existence and uniqueness results
For i € {1,2,..., k}, we introduce the spaces

Wi = {ql(t)' i = 1,2, . k: qi € C(CD,R)}
endowed the norm defined by
lgillw, = supflq;(®)]: T € ®}.

It is clear that for each i € {1,2,...,k}, (Wi, [l ”Wi) is a Banach space. The
product space (H{-‘zl Wi, |l ”ng_1 Wi) is also a Banach space with norm
1l s, = 195 lwy + 192, +l el

Now, we define ¢: [[, W; - [T, W; by:
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$q(@) = (617(0), b2 (D), ..., b7 (D),

where,
$a@ = fi(2.70) (i Jy @ = 9“7 hi(5,7())ds
91
oo i am)mdr] (an

x [y R A0 [ Jy = )% hi(s,q(s))ds] dr),

for i € {1,2,...,k}.

I'(a;) ~0

Now, we consider the following conditions.
(A;): There exist nonnegative constants qijL,j = 1,2,...,k, such that for all
TE® and q,p € R¥, we have
|h (T, ) — hi (2, D)| < Tk wijla; — -
(4,): fii®xRF > R— R —{0} are continuous and there exist constants
N; > 0 which 7 € A and W € R¥, |f;(t, W)I < N,i€ef{1.2,...,k}.
(A3): Let for 0; >0 and 6;; =0 (i,j =1,2,...,k) such that, [h;(z,w)| <
g; + Zj=1 6l]|W]| forall T € (D,W € Rk.

Then, we set the following quantities:
5 N; NiB{ 0 Isupltpl(r)l
ERCTEY |fl(°q(°)) 6ify Lfils, q(r))<PL(T)dr|F(a +2)

where [ € {1,2,...,k}.

(12)

Theorem 6: Let h;:® X R* > R,i € {1,2,...,k} be continuous functions
satisfying the hypotheses (A;) and (4,).

If
(AR w) <1, (13)
then, (1) admits only one solution on ®.
Proof: Put L;: = sup,eq|hi(7,0,0,...,0)] < o,i =1,2,...,k and then define r,
such that
T AL
1_Z€€=1Ai 25_621 wij.

We first show that ¢pB, < B,, where B, = {ﬁ €1k, w;: ||§||n1;

<
=1Wi

u=

u}. So thanks to (4;), for g € B,, we observe that

|hi(r,ﬁ(r))| < |hi(‘r,§(‘r)) — hi(z, 0,0,...,O)| + |h;(7,0,0,...,0)|

(14)
< Z?:;{ (A)U,U. + Li'
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Hence, we get

6@, < Nox sup{(5 fy (= 937 (s, a(5))ds
|9 |
|fl(o 70)-6; [F1£i(rG()) i (rar|

<[ 10 [ fy = )% (s, q(s)|ds ] ar) .

Using (14), we obtain
i (@ llw,
M, N0 suploi(r)|
M@t |£(07(0)=6; [F1£i(r @) @i(r)ar|r(a;+2)

x (Zk.y wip+Ly)

= AN ot L) i=12,.. k.
This implies that

i @Dllw, < A;(They wijp+ L), i =1,2,..., k.
Consequently,

q <
”d)qllni‘::lwl — .u'l

which implies that ¢B, C B,.
Next, for q,p € W and, for all T € A, we get
l$: (@) — : (@) llw,

< Noxsup{(s g @ = 9% (s, 3(9)) — hils,B(s))lds

il Bi
r
|f1(0q(0)) 0; fOLfl(rq(T))(Pl(T)d |f |(pl( )]

[r(a,-) fo (r — )% h(s,q(s)) — hi(s,ﬁ(s))|ds] dr)}.
Thanks to (4;), we can write
lld: (@) — d:@lw,
< Zle w;;jN; X sup {(%ai)for (r — )%t 25?:1 ||Clj - pj”ds

|9 l Bi
i\
|fl(0 q(0))-6; fo Lfi(r (I(T))<pl(r)dr|f li ()]

%[y =97 2 llay ~ ] ar))
< ¥, w”[ N

l"(ai+1)
NiB{ 10y Isuplo(r)]
+ v red
|ri(0.@©@)-6; f i £i(r@a®)ei(rar|rai+2)

= Y oy x (X lla; = »;l).

(51 llay = will)

(15)

(16)

amn

(18)

(19)

(20)
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fori=1,2,...,k.
This implies that

b (q) — ¢(5)||H§=1Wi <¥E, (A i w;j) % (Zfﬂ la; —oil)- @D
Since ¥, (Al- Z;‘-‘zl wij) < 1, by the given assumption, therefore ¢ is a

contractive. Hence it follows, by Banach's fixed point theorem ¢ has a unique
fixed point, which is a solution of system (1).

The following existence result for system (1) is based on Lemma of [15].

Theorem 7: Let hi:AXRF > R,i=1.2,....,k be continuous functions
satisfying the hypotheses (A,) and (A3) and also

L (M2 65) <1,
then (1) admits one solution at least defined on ®.

Proof: We begin by showing that ¢ is completely continuous. The application ¢
is continuous.

Let Q < [[%, W; be bounded. Then we can find M; (M; > 0), such that
|hl'(T,a(T))| < Mi' Va € O.

Then for any q € Q and for i = 1,2,...,k, we have

edllw, < N x (s Jy (¢ =) 1|h (s,a(s))ds

16

|fl(0 a(0)-6; [, L fi(ram)eirar| 22)
Bi -
X [P ol [y 0= 9 (5,76 ds] ar),
Hence, forall i = 1,2,...,k, we obtain
”(bla”Wl
. HHY: suple;(1)|
< Mx|-—X (23)
T(ag+1) |fl(0q<o)) 6 1) fl(rq(r))<pl(r)ar|r<a +2)
= M;A;,
and so
gl w, < Xisa Midi:= M. 24)

Thus, it follows from (24), that ||(1)ﬁ||nr’c_1 w; < 00,

Next, we demonstrate that ¢ is equicontinuous. Let 74,7, €Y with
T, < T5. Then

l$iq(z2) — dw(z)| < T’)fﬁ (2 = )4 (zy — )4 | hy(s,W(s))|ds

r?:zl ) frrlz |(zz — $)¥7 |hi(S.W(s))|ds.

(25)
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for i =1,2,..., k. Hence, we have
16:@(z2) = ()| < iy 5 [ =) + [ =i = 12,k (26)
Thus,
9q(t2) = dqD ey, S Tics 1oy [Tz — % + | =] @)

The right hand side of (27) tend to zero independently of q as 1, = ;.
Therefore, the operator ¢ is completely continuous.
Finally, we show the set Y = {ﬁ eMF, W,g=1dq,0< A< 1} is
bounded. Let x € Y. Then, for each T € ®, we have
q;(t) =Ad;q,i =1,2,... k. (28)
Then, for i = 1,2,..., k, we obtain

lg:(©)] SANix(F( 5 Iy @ =9 hy(s,7(5))ds
16l

F(a +1)

T ror) e f riram) o] (29)
Bi r - —
X [ 10O [ fy 0= 9% (s, 3(5) |ds] dr).
Thanks to (A43), we can write
O <N L 108" suplpi(r)|
(L) < N; X
q: L I(a;+1) |f (0,9(0))-0; fOB‘fl(r q(s))(pl(r)dr|r‘(a +2) (30)
x (01 + =1 85l a;11)-
Hence, we have
lgillw, < Aoy + A 2y Sijllasll i = 1.2, k. 31)
This implies that
1 ”ql”Wl < Z =1 Moy + Z 1 2;21 (YL-]-”qj”, (32)
and so
— TE 0o
[ (33)

where I = min; ¢j<p, (1 -y, (AL- Z?zl Sij)). This shows that Y is bounded.

Consequently, system (1) admits a solution.

4. Stability results

In this part, we will define and study the Ulam-Hyers stability (UH-stability)
of the fractional hybrid system (1). For 7 € ®, we have:
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D (it ) = (6. (D, @@, 04 D)| < v,

D% (O ) (6,0, 2, D) S v (G

:Dak ( qx(7) ) — hk(r, ql(r),qz(r),...,qk(‘[))| < v,

where v;,i = 1,2..., k. are positive real numbers.

Definition 8: Fractional hybrid system (1) is UH-stable if V v > 0 which
v =max{v;,i = 1,2...,k} > 0 and for each solution p € [[¥., W; of (34), there
exists a solution g € [[¥.; W; of the system (1) and 3 Nfoh; > 0 with

15 = Ty, < Myl = 1.2,k

Definition 9: Fractional hybrid system (1) is generalized UH-stable if there exists
Yron, € C(Ry, R, Pp, 0, (0) =0,i =1,2...,k such that for each solution
D € [1%., W; of (34) there exists a solution g € [[¥_; W; of the system (1) with

15 = Gl x, < Wron@),i = 12..., k.

Theorem 10: Assume that hypotheses (Aj), j =12 hold. If
k Ni 1
=1 Tarn) i wif

(35)

then the fractional hybrid system (1) is UH-stable and consequently, generalized
UH-stable.

Proof: Let p € [1¥., W; is a solution of the inequality (34) and let g € [[., W;
represent the unique solution of the problem

(e q:(7) )
b :hl » Y1 {42 . ,
<f1(T: 0:(0),42(0), ..., 4 (D) (7. 0:(0), 42 (D), .., q (D)

a; < q(7)
D
f2 (T' q:1(1), q2(v),..., qx (T))

) = h2 (T! q1 (T), 'p) (T)' R qk(T)),

| 0, () )
Da = h r Y1 yY2 yrray )
(fk(T' 0:(0), 42 (1), ..., g, (D) 1(7,41(2), 42(7) (1))

ql(o) = pl(o)! i= 152! e -;k;
Applying Lemma 5, we can write

q:(0) = fi(r, @) (%[ g (@] + o), i = 1,2,....,k,
where gf"(r) = hi(t, ql(r),qz(r),...,qk(r)),i =12,...,k
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By integration of the (34), we obtain
(&) = fi(m.a@)(1%[g!' @] + do)| < = < ———,i=12,..., k.

F(a +1) = I(ai+1)’
Thanks to (Aj),j = 1,2, we can write

(D) — ;DI < |pi(@) ~ fi(2,7@) (1% [g{ (D] + do)|

+Hiwa@)l(lgi" @ - g/ @Il

v
raD T @ +1)Z] 1 a)U|p](s) q](s)|ds i=12,...,k,

This implies that

k Vi k Ni k
Zi:l ”pL ql”WL l 1 [‘(a L+1) + i=1 [‘(aifi-l) j=1 wl]”pl - qJ”W

Consequently, we obtain

k 1
D)

"5_6"1_[{(:1W1 < v =:77fi,hiv-

- i, s a1 @11
Hence, (1) is UH-stable.
If we put Yr p,(0) =15, 5,0,¥5,,(0) =0, then hybrid system (1) is
generalized UH-stable.

5. Application
Consider the following hybrid fractional system:
q.(t) _ coswq, (1) +sin(q; (t)+45 (1)) 2
Da (cosq1(r)+smqlzs(‘r)|+|cosq3(‘r)|+3> - - neT+1; = + 11'1(1 +7 );T € (D;
-12(p=la1 (@)l i
« NG) e (e +cosq2(r)+sm(2nq2(1))) 2
D (\sinq1(r)\+\005(q2(t)+qs(r))|) 197 +e™ +cosh(2 +7%), 7€,
13
q5(1) _ sin(anl(T)) tan_l(QZ(T))‘*%(T) 2 2
D% (\costh(r)\+\Sm(42(1)+qs(r))|+2) - 321 + 16 teos“t+17+3,7€Q,
13
q;:(0) = 6, foﬁi el q;(r)dr,i = 1,2,3.
(36)
1 1 2 4
Here a; 25,612=§,a3=§,91=5,92=7’93— BL E'(

1,2,3), ¢;(t) = e*,7 € ® = [0,1] and

|cosqq ()| +|singy (7)|+|cosqz(T)|+3

1T, 41,92, 93) 5 ’
|singq (7)|+|cos(q2 (1) +q3(T)
f2(1.q1,92,.q3) = : | 1§ : > )|
|cosqq () |+|sin(q2 (1) +q3())|+2
f3(T, 91,92, 43) : | 532 o)
hl (T, q1, 92, CI3) C05q1(7)+5in(q2(T)+q3(7)) + ln(1 + TZ)J

mTeT+15
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e'TZ(e'lql(f)l+cosw2(r)+sin(271:q2(r)))
19m+e?
sin(2mq4(7) tan~1(q,(1))+q5(7)
hs3(7, 41,92, 3) (32n1 ) + ( 216 J+as
For (41,42, 93), (01,2, p3) € R® and 7 € [0,1]

6 2 4
If1(t, 41,42, q3)| < o 12(T, 41,92, g3)| < = Ifs(t, 41,92, q3)| < e

and

+ cosh(2 + 72),

h, (7,41, 92, q3)

+ cos’t + 1%+ 3.

1
|hi(z, 01,02, 03) — hi (T, P12, 03)] < Py (lg1 = p1l + laz = p2| + las — p3l),
1
|h2(T,q1, 42, q3) = ho (T, P, 02, 03)] < TomT1 (lg1 = p1l + 12 = P21 + 15 — p3)),
1
|hs(T, 41, 42, q3) — h3 (T, p1, P2, 03)| < E(lql = p1l +1q2 = 2l + lg3 — p3D.

We found A4;1.1923,A,;0.97127,A5;1.1315 and we take wq; =
1 1 1

W1y = W13 = Wy = W33 = Wy3 = W31 = W3y = W33 = —

m+15’ 19n+1’ 16’

Hence, we obtain
Ly (MY w;);045733< 1,
and
sk 1

=1T(a;+1)

=4.477 0.

-3, —F((Zi—l) Dy
Thanks to Theorem 6, the problem (36) admits a unique solution on [0,1].
By Theorem 11, problem (36) is UH-stable with
llp — a”l’[?:lwi <4.4776,v>0.
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