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Abstract
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1. Introduction 
The Zakharov-Kuznetsov equation is a fundamental mathematical model 

that describes various physical phenomena, such as Rossby waves in rotating 
atmospheres and drift vortices in three-dimensional plasmas [16]. The classical 
ZK equation is given by: 

    
      

    
          

where   represents the Laplacian operator. 
In recent years, the FZKE equation has attracted significant attention due to 

its ability to model complex systems with memory effects and non-local 
interactions [3, 15, 6]. Fractional derivatives, particularly the Caputo fractional 
derivative [14], provide a robust mathematical framework for analyzing such 
phenomena. 

The primary objective of this work is to apply the       -expansion 
method to obtain new traveling wave solutions for the FZKE equation, which is 
expressed as: 

   
          

         
          

  (   
        

    )       
        

where         ,     denotes the Caputo fractional derivative,   is a 
positive constant, and    are real constants. 

When         , this equation is reduced to the well known ZKE 
equation: 

                                          
Significant progress has been done in solving the FZKE equation using 

various methods, such as the modified Adomian decomposition method [15], the 
undetermined coefficients method [9], Lie symmetry method [8], the 
 -homotopy perturbation transform method and q-homotopy analysis transform 
method [1], the multiple exp-function method [11], and the projected differential 
transform method [10], there remains a need for more efficient and versatile 
analytical techniques. The       -expansion method has proven to be a 
powerful tool for solving nonlinear partial differential equations [2, 4, 5], but its 
application to the fractional ZK equation has not been fully explored. 

Several recent studies have addressed new aspects of the FZKE equation; 
For instance, Alam and Tunc [3] investigated optical soliton solutions for a 
conformable version of the equation, while Rashid, Kubra and Guirao [15] 
proposed approximate analytical solutions using the Adomian decomposition 
method. Other studies, such as those by Ganie, Mofarreh, and Khan [6] and 
Mohammed et al. [12], explored solutions for stochastic and quantum versions of 
the equation. However, these methods often face limitations in terms of 
computational complexity or generality. This work aims to fill the gap of these 
limitations by extending the       -expansion method to the FZKE equation and 
deriving new exact solutions. The proposed method is not only computationally 
efficient but also provides deeper insights into the wave dynamics governed by 
the FZKE equation. 
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2. Preliminaries 
In this part, we present some basic definitions and properties, of Caputo 

derivatives, that will be used later. Fore more details, see [14, 13]. 

Definition 1: The RL-integral operator of order    , for a continuous function 
on           is defined by 

  
        

    ∫  
 

 
                       

            
 (2.1) 

Definition 2: The Caputo derivative      on       in given by 

        {
 

      ∫  
 

 
                                 

  

            
 (2.2) 

We need the properties:  
                                   (2.3) 

                 
        

                    (2.4) 

         {
       

           
              

         
 (2.5) 

and  

     (   )         
           

      (2.6) 

3. Description of the       -expansion method 
In this section, we present the main steps of the proposed extension for the 

      -expansion method. Fore more details on this important approach, see [2, 
4, 5] 

We first consider the equation: 

   (    
      

       
      

        
        

        )                   (3.1) 

where   is an unknown function of              and  ,   is a polynomial of   
and its partial fractional derivatives and   

      
                  are partial 

fractional derivatives of  , with         . 
To aply the       -method for the above equation, we use the 

transformation:  

                             
  

            
  

                
  

           

        (3.2) 

such    and   are constants. 
Thanks to [7], Corollary 4.1, we can write  
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So (3.1) can be converted to the following ODE:  
                          (3.3) 
where,   is a function of   and its derivatives. 

The main steps of the proposed method are given as follows: 

Step one: We put for the solutions of (3.3) like:  

       ∑  
 

   
  (     

    )
 
 ∑  

 

   
  (     

    )
  

 (3.4) 

where,       are constants to be determined later,   is a positive integer to be 
determined, and   is a solution of the linear second order differential equation  
                    (3.5) 
where   and   are constants determined as well. 

The general solution of (3.5) is a combination of      and      or of     
and     functions if           or          , respectively. 

In the present work, we consider only the first case and so, 

           
 (      (√ 

  )        (√ 
  ))   (3.6) 

where       are arbitrary constants. 
So, we can find 

       
     √ 

 (
      (√

 
  )       (√

 
  )

      (√
 
  )       (√

 
  )

)   
  (3.7) 

Step two: Determining  , we balancing concept using (3.3). 

Step three: We replace (3.4) and (3.5) in (3.3) and using Maple, we find        
and   . On the other hand, depending on the sign of the discriminant      
   the solutions of (3.5) are well known. So, we obtain exact solutions of (3.1). 

Step four: We replace the obtained values into (3.4), we find the solutions of 
(3.1). 

4. Applications 
In this part, we apply the proposed method to search wave solutions for the 

FZKE equation. 
We begin by considering the following equation  

  
            

         
          

  (   
        

    )       
        

(4.1) 
We consider  

                               
  

       
     

  

       
     

  

       
    

        (4.2) 
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so, we have  

  

  
                   

   
                    

   
                         

   
                         

 (4.3) 

Substituting (4.3) in (4.1), we get  
                (                         )      

                    
so, it yields 

       
       ⏟    

  

     (                         )⏟                      
  

     

          ⏟    
  

         (4.4) 

where 

  
    

                                    
          

 

When       balancing the nonlinear term       , that has exponent 
   , with the highest order derivative term     , that has the exponent 
      , this gives    

   To obtain closed-form solutions,   must be an 
integer, therefore, we choose       and  . 

In the same way, when      and (     or     )  we obtain    
  

and we choose     and  . 

4.1 Solutions for      and     
For    , we have    , then the       -expansion method admits the 

use of the finite expansion  

            (     
    )    (     

    )
  

  (4.5) 

Substituting (4.5) into (4.4), setting coefficients of to zero, we obtain the 
following under determined system of algebraic equations: 
          

   
   

        
   

      
                      

                              

  (    
        

   
       

   
   

     
   

    
                                          

) (  

 ) 
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This will allow us to write 

   

         
   

   
        

   
      

                     
                              
    

        
   

       
   

   
     

   
                  

                              
     

   
        

                                 
     

   
     

                               
       

           
    

          
    

        
     

     
   

     
   

   
                   

                              
     

   
          

                   
                      
     

   
       

                                  
     

               
    

            

 

Solving this system by Maple, we obtain 

    √  
          √    
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  √                             
    

     
           

              )
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( 
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Consequently, we obtain the traveling wave solutions 
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 (1) 

(4.6) 
Figure 1 represents the solution (4.6) of Eq. (4.1) when           

                       
       

                  and 
      

 

  
(a) (b) 

         
                           (   )             
   ( )               ( )                
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4.2 Solutions for                and     
For               and    , we have    , then the     

  -expansion method admits the use of the finite expansion  

            (     
    )    (     

    )
  

  (4.7) 

Putting (4.7) in equation (4.4),we have 
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 )
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        (
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          (

  

 )
  

      
          (

  

 )
  

  

 

This allows us to write  

  

         
                          

         
       

                      
       

          
    

         
         

         
                    

       
           

    
           

 

Solving this system by Maple, we obtain the following solutions. 

Case 1: 

             √   
    

          

                √   
    

 (4.8) 

Case 2: 

         
   (                 )

       

     √   
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Case 3: 
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Case 4: 
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Case 5: 
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Case 6: 
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Case 7: 
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Figure 2 concerns the solution (4.9) of Eq. (4.1) when           
                                            and       

  

 
 

(a) (b) 
         

                           (   )             
   ( )               ( )                

 
Figure 3 is the solution (4.13) of Eq. (4.1) when                

                                      and       
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(a) (b) 

         
                          (    )             
   ( )               ( )                

4.3 Solutions for                and     
For               and    , we have    , then the (   

 )-expansion method admits the use of the finite expansion 

   ( )       (
  ( )
 ( ) )    (

  ( )
 ( ) )
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Putting (4.15) in equation (4.4),we have  
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Solving this system by Maple, we obtain the following solutions. 

Case 1: 

               
    

                

                  
    

 (4.16) 

Case 2: 

     
  (                 )

                   

     
  

                          

                  (     
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 (4.17) 

Case 3: 
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Case 4: 
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Case 5: 
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Case 6: 
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      (                 )
       

   (          )       (
  ( )
 ( ) )    (

  ( )
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 (4.20) 

Figure 4 presents the solution (4.17) of Eq. (4.1) when           
                                            and       

 

  
(a) (b) 

         
                          (    )             
   ( )               ( )                

 
Figure 5 presents the solution (4.21) of Eq. (4.1) when           

                                           and       
 

  
(a) (b) 

         
                           (    )             
   ( )               ( )                

5. Conclusion 
The (    )-expansion method was used to solve the FZKE equation. By 

applying this method, we have, in fact, derived new traveling wave solutions, 
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which enrich the set of known solutions for this important nonlinear fractional 
equation. The proposed extension demonstrates its efficiency to handle fractional 
differential equations, providing a systematic approach to obtaining exact 
solutions. Several cases have been presented to illustrate the applicability and 
effectiveness of the method, showcasing its potential for solving other nonlinear 
fractional models in mathematical physics. The results obtained highlight the 
broader utility of the       -expansion method in the study of fractional 
dynamical systems. 

Future work could explore further generalizations of this method and its 
application to other complex nonlinear fractional equations. 
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