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1. Introduction

The Zakharov-Kuznetsov equation is a fundamental mathematical model
that describes various physical phenomena, such as Rossby waves in rotating
atmospheres and drift vortices in three-dimensional plasmas [16]. The classical
ZK equation is given by:

ou u a
E+u£+a(Au) =0,

where A represents the Laplacian operator.

In recent years, the FZKE equation has attracted significant attention due to
its ability to model complex systems with memory effects and non-local
interactions [3, 15, 6]. Fractional derivatives, particularly the Caputo fractional
derivative [14], provide a robust mathematical framework for analyzing such
phenomena.

The primary objective of this work is to apply the (G'/G)-expansion
method to obtain new traveling wave solutions for the FZKE equation, which is
expressed as:

Dfu + aluVDfllu + azD;flu + a3Dfll(D;fzu + D;f3u) + a4D§flu =0,

where 0 < a,; <1, DPi denotes the Caputo fractional derivative, y is a
positive constant, and a; are real constants.

When a = f; =y = 1, this equation is reduced to the well known ZKE
equation:

Ut + A1 UUy + A Uxxx + as (uxyy + uxzz) + AaUxxxxx = 0.

Significant progress has been done in solving the FZKE equation using
various methods, such as the modified Adomian decomposition method [15], the
undetermined coefficients method [9], Lie symmetry method [8], the
&-homotopy perturbation transform method and q-homotopy analysis transform
method [1], the multiple exp-function method [11], and the projected differential
transform method [10], there remains a need for more efficient and versatile
analytical techniques. The (G'/G) -expansion method has proven to be a
powerful tool for solving nonlinear partial differential equations [2, 4, 5], but its
application to the fractional ZK equation has not been fully explored.

Several recent studies have addressed new aspects of the FZKE equation;
For instance, Alam and Tunc [3] investigated optical soliton solutions for a
conformable version of the equation, while Rashid, Kubra and Guirao [15]
proposed approximate analytical solutions using the Adomian decomposition
method. Other studies, such as those by Ganie, Mofarreh, and Khan [6] and
Mohammed et al. [12], explored solutions for stochastic and quantum versions of
the equation. However, these methods often face limitations in terms of
computational complexity or generality. This work aims to fill the gap of these
limitations by extending the (G'/G)-expansion method to the FZKE equation and
deriving new exact solutions. The proposed method is not only computationally
efficient but also provides deeper insights into the wave dynamics governed by
the FZKE equation.
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2. Preliminaries

In this part, we present some basic definitions and properties, of Caputo
derivatives, that will be used later. Fore more details, see [14, 13].

Definition 1: The RL-integral operator of order A > 0, for a continuous function
on [0,a],a > 0 is defined by

PO =55 ] 6= 07 @O > 0550,

(2.1
J°f(s) = f(s).
Definition 2: The Caputo derivative f € C™ on [0, a] in given by
N
1
[ (=M A fMEdEm—1<A<mme N,
DAf(s) ="M 2.2)
ds—mf(S), A=m.
We need the properties:
JRJRf(s) = JMtRf(s) = JP2JM f(s) (23)
DMK =0,JM(K) = F(Alf+1) s™ K isa constant, (2.4)
I(A;2+1) ) _
phish = fip-nen® - he> A1 2.5)
0, A’Z S Al - 1
and
Mz — _F@2+1)  a,42
J 1(5 2) T TitatD e (2.6)

3. Description of the (G'/G)-expansion method

In this section, we present the main steps of the proposed extension for the
(G'/G)-expansion method. Fore more details on this important approach, see [2,
4, 5]

We first consider the equation:
‘(D) Dy, Djf‘iu,...) =0ij€{l,...,n}, (3.1)

F (w, Dfu, Du, D
where u is an unknown function of x4, x,,...,x, and t, F is a polynomial of u
and its partial fractional derivatives and DtB u, D,'fi"u (i=1.2,...,n) are partial
fractional derivatives of u, with 0 < S, a; < 1.

To aply the (G'/G) -method for the above equation, we use the
transformation:

U(f) = u(t,xl,xz,.. .xn),f =

such k; and c are constants.
Thanks to [7], Corollary 4.1, we can write

Dy (f (u(x))) = fuDy ().

Fyxs koxy? knxp™  cth (3.2)
F(i+a;)  T@A+ay) 7 TA+ap) TA+B)’ ’
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So (3.1) can be converted to the following ODE:
HU, U, U",U",...)=0, (3.3)

where, H is a function of U and its derivatives.
The main steps of the proposed method are given as follows:

Step one: We put for the solutions of (3. 3) like:
G'(® G'(§)
= 3.4
v = Z: A"(c(a) +k2=1 (G(f)) (34)
where, Ay, By, are constants to be determined later, m is a positive integer to be
determined, and G is a solution of the linear second order differential equation
G'"+2G'+uG =0,u R, (3.5)
where A and p are constants determined as well.
The general solution of (3.5) is a combination of sinh and cosh or of sin
and cos functions if A = A2 — 4y > 0 or A = 22 — 4u < 0, respectively.
In the present work, we consider only the first case and so,

G =e /12 <®1smh( f) + 0,cosh (\/Z—Zf)>, (3.6)

where 01,02 are arbitrary constants.
So, we can find

& _ VB Glsinh(%f)ﬂazcosh(‘gf) 2 3.7)
G 2 G)lcosh(‘/z—zf)+®zsinh(‘/7z€) 2 .

Step two: Determining m, we balancing concept using (3.3).

Step three: We replace (3.4) and (3.5) in (3.3) and using Maple, we find A, y, 4
and By. On the other hand, depending on the sign of the discriminant A = 1% —
4u the solutions of (3.5) are well known. So, we obtain exact solutions of (3.1).

Step four: We replace the obtained values into (3.4), we find the solutions of

3.1).

4. Applications

In this part, we apply the proposed method to search wave solutions for the
FZKE equation.
We begin by considering the following equation

DPu + a, (WD u + a; D u + as Dt (D252 u + Dyu) + a, Dy u = 0
“4.1)

We consider

_ _ klx;ll kzx;xz k3x§¥3 _ cth
ult,x1,2,23) = U(§),§ = r(1+a;) + T(1+ap) + I(l+as) TA+B)’ (42)
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so, we have

Dfu(t, X1, X2, %3) = —cUg

D;:llu(t, X1,X2, X3) = kIUf
“4.3)
2a, _ 2
DXZ u(t’x1’x2’x3) - (kZ) Uff
D§f3U(t,X1,x2,x3) = (ks)szg’
Substituting (4.3) in (4.1), we get
—CU§ + alkl(U)VUg + (az(k1)3 + a3k1((k2)2 + (k3)2))U§§'§ +
a4 (k1)*Uggeee = 0,
so, it yields

—cU + ﬁalkl U + (ay(ky)? + asky ((kp)? + (k3)?)) Uge

K Kz
+a4(k1)® Ugggg = 0. (4.4)
K3

where
Ky = o ayky, Ky = ay(ky)* + aghy (k) + (k))

K3 = a,(k)*
When a, # 0, balancing the nonlinear term Uggs , that has exponent
m + 4, with the highest order derivative term U”*!, that has the exponent
(y + 1)m, this gives m = ;i/. To obtain closed-form solutions, m must be an

integer, therefore, we choose y = 1,2 and 4.
In the same way, when a, = 0 and (a; # 0 or a, # 0), we obtain m = %

and we choose y = 1 and 2.

4.1 Solutions for a, # 0 and y = 4
For y = 4, we have m = 1, then the (G'/G)-expansion method admits the
use of the finite expansion
G’ ¢\ *
UE) = Ay + A, (%g) +B (2 (f))) . (4.5)
Substituting (4.5) into (4.4), setting coefficients of to zero, we obtain the
following under determined system of algebraic equations:
—cAg + (442B2 A3 + 25A,A2B? + 20A43A,B,)K; + (AuA, + AB,)K,
+(AB3uA, + 8AucA; + B 23 + 8udB,)K;
((4A?)A1 + 3042A4%B, + 4A3B?A% + 6A3B3)K, ) (G_'>
+(A%A; + 2A,10)K, + (A*A; + 2242 pA; + 16u2A)Ks — cA,) \G
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N2
+((10434% + 2040A3B,)K, + 3K,04; + (152°4, + 6044,)K,) (£)

N3
+((104343 + 5A1B,)K, + 2K, A; + (50224, + 40uA,)Ks) (%)

G/ 4 G/ 5
+(5K AgAL + 60K;A41) (L) + (K, A5 + 24K,4,) (£)
<(4A;§B1 +30A24,B? + 6A2B3 + 4A2B3 ADK, + (1B, A2 + 2,131)1(2> (G_')—l
+(Bll4 + 22#}.231 + 16B1H2)K3 - CBl G
+((1043 B2 + 20A,A,B)K, + (2uB, A + 1By )K,

¢\~
+(15B,2% + 604AB)Ky) ()
N—3
+((10A3B3 + 5ABK; + 2K, By + (S0B, 222 + 40By®)K; ) ()

4 3 G' -4 5 4 ¢ -5
+(5K,BX Ay + 60K;B, 4 1) (Z) + (K,BS + 24K;B, )(?) =0.

This will allow us to write
—cAg + (4A2B? A3 + 25A0A%B? + 20A3A,B,)K, + (AuA, + AB))K,
+(A3uA; + 8AuA; + B A% + 8ulB,)K; =0
(4A%A; + 30A2A2%B, + 4A3B2A% + 6A3B?)K, + (124, + 2A, WK,
+(A*A; + 222%uA; + 16u%A)K; —cA; =0
(104342 + 204,43B,)K, + 3K, A, + (15434, + 60AuA)K; = 0
(104343 + 5A1B))K; + 2K,A; + (50224, + 40uA)K; =0
5K AgAT + 60K;14, =0
K, A3 + 24K;A, =0
(4A%B; + 3043A,B? + 6A2B3 + 4A2B3A8)K; + (AB, A + 2uB;)K,
+(ByA* + 22uA%B; + 16B,u*)K; —cB; =0
(1043B? + 20A,A,B3)K, + (2uB;A + AB;p)K,
+(15B,23u + 60u?AB,)K; = 0
(1043B3 + 5A4,B})K; + 2K, B;u? + (50B;u?2% + 40B,u®)K; = 0
5K,BfA, + 60K;Bu3A =0
K,B} + 24K;B,u* = 0

Solving this system by Maple, we obtain

1

_ V15 9aict + 18a,a5c2c2 + 18a,a5c2c2 + 9ascs \*

0=
3000cfascveras \ +18a3cics + 9aicy + 150ca,c?

—12a, * ¢ — 12a3c2 — 12a5¢2 .

120a4(cl)3)Z
ay

18a,ascics + 18ayascics + 9aics (
+18a3czcs + 9a5cy + 150ca,c?
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R S GRS 18a,a5c?cs + 18a,ascc? + 9a3cy + 18aicic?
SaxCi t5asc; +5aszcs + -
2 2 2 6 |+9a5c; + 150ca,c?

1

) .B =0,

120a4(c1)3

az

=

1
o 9a%ct + 18a,ascics + 18ayasc?cs + 9ascs + 18a5cscs \*
c1y/15c1as \ +9acs + 150ca,c? ’

—12a,c? — 12a3¢2 — 12a5¢2

1

_ 2.2 2.2 2.4 2.2.2
240,03 | +4 18a,aszcics + 18azazcicy + 9asc; + 18asc5¢5 |,

+9aZc; + 150ca,c?

‘L[':

Consequently, we obtain the traveling wave solutions

a a a
04sinh ﬂ( kaxgt ksxg®  ctB ))
2

T(1+a1) T(+ay) T(1+az) T(A+B)

a a: a:
k1x11 ) kzxz2 ) k3x33 cth
F(1+aq) T(1+ap) T(A+ag) T[(1+p)

+0,cosh g(
A
u(t,xl,xz,X3) =A0 +A1 _E - )

o h VA klx(lll . kzxgz . k3x‘313 cth
1COSMY A F v ay) T T(1tay) T+az) T(+B)

a a a
+0,sinh V& kixgl | kpxy? | kaxg® o
2 2 \T(1+aq) T(1+ay) T(1+az) T(A+pB)

(4.6)

Figure 1 represents the solution (4.6) of Eq. (4.1) when x3 = x, =0,c =

1,k1 = _1,k2 = 1,k3 = 1,(11 = _%,az = _E,ag = 5,(14 = _1,(':')1 =1 and
@2 = 2

Figure 1
3D plot of the solution (4.6) withx; = x, =0
in(a):a; =B =1andin (b):a; =0.98,8=0,75
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4.2 Solutions for a, = 0,a, # 0,a;3 # 0 and y =2
Fora, =0,a, # 0,a; # 0 and y =2, we have m = 1, then the (G'/
G)-expansion method admits the use of the finite expansion
_ ¢'© ¢\
U(f)—A0+A1(G(§))+Bl(6(€)) : (4.7)
Putting (4.7) in equation (4.4),we have

_CAO + KlA?(; + 6K1AOAlBl + }{'”KZAI + }{'KZBI

(—cA; + (3A2A, + 3A2B)K, + (24, + 2uA)K,) (%)
3

N2 I
+(3K, A A2 + 31K, A;) (%) + (K A3 + 2K,A,) (%)
~—1
+(—cB, + (342B, + 34,B2)K, + (A*B; + 2uB))K,) (%)
N —2 N —3
+(3K,A,B? + 3AuK,B,) (%) + (K,B3 + 2u%K,B;) (%) =0
This allows us to write
—CcAy + Ky A3 + 6K, AgA By + AuK,A; + AK,By = 0
—cA;, + (3A3A; + 3A2B)K; + (A2A; + 2uA)K, =0
3K1AOA% + 3AK2A1 = 0
KA+ 2K,A; =0
—cB, + (3A4%B, + 34,B2)K, + (AB, + 2uB,)K, = 0
3K AyB? + 3AuK,B; = 0
K.B3 + 2u*K,B, = 0
Solving this system by Maple, we obtain the following solutions.

Case 1:
5c
A= A,u = [.l,AO = ’E,Al = Bl = 0,
5
u(t, xq, x5, x3) = alil (4.8)
Case 2:
c
A=0pu= ch(azc%+a3c§+a3c§)"40 =0,

10
A = \/—a—l(azclz + azcZ + azcs), B, =0,
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o b f kix] a1 ‘ kzxzz k3x3 ctﬁ
1sin F(1+aq1) T(A+ap) T(1+az) I‘(1+B)

0.cosh JZ kqx . kpxg 2 . k3xg3 B
7 +0zc0s Ta+ap) ' Taray) T(iraz) T+p)

A
u(t, xq, %3, %3) = — A (4.9)
2 N \/’ kyxt . kpx§ 2 . k3xg CtB
©;c0s F(1+aq) C(A+az) T(1+az) I‘(1+B)
VA, klx k2x22 k3x3 ctﬁ
+®251nh< <I‘(1+a1) T(1+ap) T(1+az) T(1+pB)
Case 3:
-2c —5(azc?+azci+asc?
/1= 2,.“. 0,A0= (21 3¢2 33)’
a, C1 +asz clcz +azcics az
(4.10)

10
A = \/—a—l(ach + azcZ + azc?),B; =0,

ar a3
VA kixy' koxy 2 . k3x3 cth
G)lsmh( (F(1+a1) "TQ+ay) T(1+az) TA+B)

h \f k1xy o1 . kox, %2 k3x ctB
2 VA +03c0s ra+aq)’ F(1+a2) T(1+a3) T(1+B)
u(t,xl,xz,X3) = AO _EAI +7A1
o h r klxl Ikzxzz k3x3 ctﬁ’
1€0s F(A+aq) T(+az) T(1+az) F(1+[5‘)
VE( kix{l kpxl? . k3xg® B
+®25mh< (F(1+a1) "T(+az) T(1+az) T(1+p)
Case 4:
A=0,pu= : A=A, =0,B, =< =
=0h= 2¢1(agc?+agcd+agc?)’ 0 T 1 T 1= 2a4(azc?+azci+azc?)’
VB[ k1x§t  kpx)? . k3xg® B
01C°Sh< (F(1+a1) "T(1+az) T(+az) T(A+p)
ay az
VA kixyt | kaxy Ik3x ctB
+®25mh< (I‘(1+a1) T+az) Ta+az) TA+H)
_ 2By
u(t, xq, %, x3) = T o po» (4.11)
o h \/— k1x1 + kzxz + k3x3 ctB
1sin F(1+aq) T(1+az) T(A+az) F(1+B)
an a3
VA, k1x1 Ikzx2 Ik3x3 ctﬁ
+®2C05h< <I‘(1+a1) "T(1+az) T+az) T(A+p)
Case 5:
1= 4uc1(ach+a3c§+a3c§)—20’” = A, = —5A(azc?+asci+azcs)

2 2 2 :
c1(azc?+azci+azcy) _10 2 2 2
a; al(az c?+azci+azc?)
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10
A;=0,B; = M\/—a—l(ach +asc; + ascd),

-1
VB[ kgl kaag? ‘ k3xg? ctli’
Olsmh( (F(1+u1) T(1+az) T(1+a3) F(1+B)
+0,cosh ‘/—(rklel , gy 2 , ksxg®  ctf )
(1+a1) T(1+apz) T(+az) T(+p)
VA yl
u(t, xl, xz, x3) = AO + Bl - - =
2 " r g 2L ‘ k2 . k3 Ct,B 2
01c0s T(1+aq) T(1+az) T(1+az) F(1+B)
VA k1x 1 k2x22 k3x3 ctﬁ
+@251nh< (F(1+a1) T(1+az) T(1+az) T(1+B)
(4.12)
Case 6:
A=0,u= — Ag =04, = |- (ayc? + asc? + asc?),
’ 4ci(azc?+azci+azc?)’ r a; 1 2 3
5
Bl = <

2a101\/——(a261+a3c2 +a3c3)
VA kixq! k2x22 k3x3 ctB
Olsmh< (r‘(1+a1) T(1+az) T(1+az) F(1+ﬁ)
+0 h \F klx1 . kzxgz . k3x? cthB
AVE 2€0s F(1+aq1) T(A+ap) T(A+az) T(A+B)

2 ay az
val k kax
(:)1cosh< ( 1, 2%

k3x3 ctﬁ
F(1+aq) T'(Q+ay) T(1+az) F(1+[3)

VB[ kaxyl | kpay? . k3xg3  ciB
+®251nh< (r‘(1+a1) T(1+az) T(1+az) T(1+p)
VA kixit kz;vcz2 k3x3 cth
®1C°Sh< <r‘(1+a1) F(1+az) T(1+a3z) F@+p)

az az
VA kixy ' | kaxy Ik3x3 cth
- +G)251nh< (r‘(1+a1) "T(1+az) T(+az) [(A+p)
1

v 0 smh<\r( klxll ; kax, 2 k3x3 CfB
1

u(t, xq, X3, X3) =

(4.13)

T(1+aq) T(A+az) " F(1+a3) I‘(1+B)

VB[ k1xil  kpxf? . k3xgd  ciB
+®2C05h< (r‘(1+a1) "T(1+az) T(+az) TA+p)

Case 7:

c

A=0,u=

8cy(azc?+azci+azc?)’

— — 10 2 2 2
0=04, = J—a—(azcl + azcs + azcs),
1
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5c
Bl - 10 2 2 2y’
4a101J—a—1(a2c1+a3cz +azc?)
a
-sinh VA klx(;l ) kzxgz  kaxg® B
18 2 \T(1+a1) T(A+az) T(A+az) T(A+p)
a
+0,cosh JZ( klel . kzxgz . kaxz® B
2 2 \T(+ay) T(+az) T+az) T+
AVE (1+a1) 'T(1+az) T(1+az) TA+B)

u(t, xq, X3, X3) =

2 \T(1+a1) T(A+az) T(1+az) TA+p)

a a a
+ezsinh<ﬂ< kixit | kpxp? | ksxzd ot ))

a a
? (':)ﬂosh(@( klel ) kaxy? ) kgxg® cth ))

2 r(1+a1)'r(1+a2)=1"(1+a3) r(1+p)
o h VA klel . kzxlez . k3xg3 ctB
1608 A Fatay Tatan) ' Tataz) TA+H)
vousinn| VB(Jxit |, kaxg? | ksxg® o
- 2SInh| = F(+aq) T(1+az) T(A+az) T(A+B)
1

" @lsmh<@( e o af ))

(4.14)

2 \T(@+aq) T(A+ap) F(A+az) T'A+p)

VB kixSl  kpx5?  kgxgd B
+®2COSh(T(ré;"lﬁF(i+f12)+r‘(i+23) F(Clt+B))>
Figure 2 concerns the solution (4.9) of Eq. (4.1) when x; = x, =0,c =
—Lky =1Lk, =1Lks=10a,=-1a,=1a3=10a,=0,0;, =2 and 0, = 1.

(b)

Figure 2
3D plot of the solution (4.9) with x; = x, = 0

in (a):a; =B =1andin (b):a; =0.98,=0,75

Figure 3 is the solution (4.13) of Eq. (4.1) when x; = x, =0,c =3,k =
1,k2 = 1,k3 = 1,a1 = —1,(12 = 1,a3 = 5,(14_ = 0,@1 =2 and @2 = 1.
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(a) (b)

Figure 3

3D plot of the solution (4.13) withx; = x, =0
in(a):a; =B =1andin (b):a; =0.98,=0,75

4.3 Solutions for a, = 0,a, # 0,a3 # 0 and y =1
Fora, =0,a, # 0,a; # 0 and y =1, we have m = 2, then the (G'/
G)-expansion method admits the use of the finite expansion

_ ¢'® ¢'®)° ¢'@\ " ¢'@©\
U(f)_A°+A1(G(f))+‘42(a(f)) +Bl(a(e)) +BZ(G(§)) @.15)
Putting (4.15) in equation (4.4),we have

_CAO + (A% + ZAlBl + ZAsz)Kl
Gl
+(—cAy + (2AgA; + 24,B))K; — (AA; + 2450K;) (%)

é"\?
+(—cAy + (A3 + 24042)K; — (A + 24,DK7) (%)

é"\3 a"\*
+(24,4,K, — 24,K,) (F) + A2K, (E)
-1
+(—cBy + (240B; + 24,B,)K, + (AB; + 2B,)K,) (%)
=2
+(=cBy + (2408, + BDK; + (1B, + 2B,1)K;) (£)
a3 e\t
+(2B,B,K, + 2B,uK,) (F) + B2K, (?) =0
_CAO + (A(z) + 2AlBl + 2A232)K1 = 0
_CAl + (2AOA1 + 2A231)K1 - (A.Al + ZAZH)KZ = 0
_CAZ + (A% + 2AOA2)K1 - (Al + 2A2/1)K2 = 0
+2A1A2Kl - 2A2K2 = 0
A%Kl = 0
—cBy + (2AyB; + 2A4,B,)K; + (AB; + 2B,)K, = 0
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ZBleKl + 282#1{2 =0
B2K; =0
Solving this system by Maple, we obtain the following solutions.
Case 1:
A=Au=wAy=—-,A,=A, =B, =B, =0,

acy
5¢

u(t, xq,x5,%3) = "

Case 2:

l=;),u=u,Ao=A1 =4,=0,B

c1(azc?+azci+asc?

5
= —a—(a2012 + azc? + asc?), B, = 0,
1

G'(®)
u(t, xq, x5, x3) = By (c(f))

Case 3:
A=

—-Cc 5c¢
):ll =Wl = E'Al =4,=0,

c1(azc?+azci+azc?
5 2 2 2
B, = —a—l(azc1 + ascs +ascs), B, =0,

’ -1
G'(§)
u(t, x1, xZ, X3) = AO + Bl (_G(f))

Case 4:

A=‘—C),u=u,Ao=Az=o,

c1(azc?+azct+asc?

5
A = a—l(azcl2 + asc? + asc?),B, =B, =0,

G'(®
u(t, xq, x5, x3) = Ay (Té’))

Case 5:

A= u = Ay =4, =0,

c1(azc?+azct+azc?)
5 2 2 2
A= a_l(a2C1 + asc; +azc3),B; =B, =0,

)

u(t, xq, %z, %3) = Ay (G(f)

Case 6:
A=0,u=

—c2

8cZ(a3ct+2azazcici++2azazc?ci+adcy+2a3cici+ascy)
5c 5 2 2 2

Ay = 5—, A1 = — (a1 + azc; + azcs),
1€1 ai
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(4.16)

(4.17)

(4.17)

(4.18)

(4.19)
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A, =0,B, = 5¢* B, =0
2= 5 8a;c?(azc?+azci+azc?)’ 2=
¢'® ¢'@©\*
u(t, x1, xZ, X3) = AO + A1 (_G(f)) + Bl (G(f))
Figure 4 presents the solution (4.17) of Eq. (4.1) when x, = x5 = 0,c
15,k1 = 1,k2 = 1,k3 = 1,(11 = —1,(12 = 1,a3 = 2,(14 = 0,@1 =2 and @2

(4.20)

I
=

e
S
e

=
St

S
ot

Figure 4
3D plot of the solution (4.17) withx, = x3 =0
in(a):a; =B =1andin (b):a; =0.98,=0,75

Figure 5 presents the solution (4.21) of Eq. (4.1) when x, = x3 =0,c =
3,k1 = 1,k2 = 1,k3 = 1,a1 = _1,a2 = 1,a3 = 2,(14 = 0,@1 =2 al’ld @2 =1.
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Figure 5
3D plot of the solution (4.21) withx, = x3 =0

in(a):a; =B =1andin (b):a; =0.98,=0,75
5. Conclusion

The (G'/G)-expansion method was used to solve the FZKE equation. By
applying this method, we have, in fact, derived new traveling wave solutions,
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which enrich the set of known solutions for this important nonlinear fractional
equation. The proposed extension demonstrates its efficiency to handle fractional
differential equations, providing a systematic approach to obtaining exact
solutions. Several cases have been presented to illustrate the applicability and
effectiveness of the method, showcasing its potential for solving other nonlinear
fractional models in mathematical physics. The results obtained highlight the
broader utility of the (G'/G)-expansion method in the study of fractional
dynamical systems.

Future work could explore further generalizations of this method and its
application to other complex nonlinear fractional equations.
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