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Abstract

We study a class of three parameters-sequential integro-differential problem of Lane-
Emden type with anti periodic conditions. We begin by presenting some results of existence
and uniqueness, by application of BCP of Banach theorem. Then, by using Schaefer fixed
point theorem, we prove an existence result. Some illustrative examples are also discussed.
In another part of this paper, we apply the Adomian decomposition method for our problem
under some initial conditions to obtain new solutions. Some graphs of the ADM method
obtained solutions are plotted to show the behaviour of the solutions.

Subject Classification (2020): 30C45, 39A72, 39B85.

Keywords: Lane-emden integro differential equation, Caputo derivative, Existence and uniqueness,
fixed point.

1. Introduction
There are many applications of fractional differential equations on physics
and engineering science, see for instance the papers [1, 2, 3, 4, 5]. In order
understand the complex nonlinear physical phenomena, most research has
focused on study of nonlinear FDE problems, see the articles to nonlinear FDEs,
see papers [6, 7, 8,9, 10, 11, 12, 13, 14, 15]. One of the applications of FDEs is on
the Lane-Emden differential problems. The classical problem was first studied by
Lane in 1870 [16] and then more detailed by Emden [17]. The Lane-Emden
problem is a problem that describes phenomena in mathematical physics, see [18,
19, 20].
The Lane-Emden equation is given by [21]:
2"(0) + 22/ (1) + H(t, 2(0) = G(©), t € [0,1], (1.1)
with
z(0) = Ay,2'(0) = A,, (1.2)
and such that H,G are some given functions.
The examples of the application of this theory.To cite afew, [22, 23, 24, 25,
26].
The idea of this article in the first part, is to study the class of problems of
three sequential FDEs of Lane Emden type:
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DEDFDYz(t) + 23 Dz(t) + ayF (t, 2(t), D' z(t), JPz(t)) +
a,G(t,z(t),DYz(t)) + azH(t, z(t)) = L(¢). (1.3)
with the conditions:
z(0)+2z(1) =0, DFz(0)+DFz(1)=0, Dz(0)+ D¥z(1) =0,
k>0p>0 0<1A<10<ap,y<1 ,te€]01]
In Eq. (1.8), we shall take into account that the derivatives of Caputo and
the Riemann-Liouville integral, F:I X R3® > R, G:I XxR? > R, H:IXxR-> R
and L:] — R are four given functions and / = [0,1].
In the second part, we introduce the ADM method [27, 28, 29, 30, 31, 32]

for solving the three sequential FDEs of Lane Emden type under some initial
condition:

(DEDFDYz(t) + 53 Dz(t) + ayF(t, 2(), D z(t), JPz(t)) +

a,G(t,z(t),DYz(t)) + azH(t, z(t)) = f(t). as,a,,a3 € R, (1.4)
k>0p>0 0<A<10<aBv<l1l<a+f+y=<2,
Lt €]0,1].

2. Preliminaries
The following lemmas are to be recalled.

Lemma 1: For a > 0 and n = [a] + 1, we have
JE[D%z(t)] = z(t) + co + 1t + cpt2+.. .+t L E
forsome c; ER,i =0,1,--,n— 1.
Lemma 2: Let ¢ > p > 0, f € L(I). Then, it yields that
DPJI[f()] = JTPIf (D]
By the following lemma, we give the integral representation for (1.3):
Lemma 3; Let L; € C(I), t €1, 0 < a,B,y < 1. Then the solution of
D*(DP[DYz(t)]) = Ly (t), 2.1
such as
Li(t) = L(t) — a, F(t, 2(8), D" z(8), JPy (1)) — a, G (¢, z(t), DV 2(t)) —
aH(t, 2(t)) — 5 D*z(t)
with the conditions:
z(0) +z(1) =0, DPz(0) + DFz(1) =0, DYz(0)+D"z(1) =0  (2.2)

ot =)7L s s—w)f Tl u (u-v)@t
z(t) = |, ) N ) Js @ L, (v)dvduds
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1.1 (a-s¥t fs (s—w)P1 fu (u-v)*1
270 T(y) Y0 1 0 I

L, (v)dvduds

_[ B tBtY B3ty +B ]fl (1-s)Y—1 s (s—u)®~1

TBr+D T oD iy Jo Tt La@duds

By tFtY BytY 1 (1-s)F1 s (s—w)*~
[F(ﬁ+y+1) T(y+1) +B ]f r'p) 0 I'(a) Ll(u)duds,
such that
B. — 2l(y+)r(B+1(y—-L+1) B, — r(g+1)
17 ory-B+1r(B+1)-r(y+1)’ 2 7 r(y+1)-2T(y-B+DT(B+1)
B. = ry-B+1)Ir'(y+1) _ 2I(y=B+1)r(f+1)-T(y+1)+1
3 7 ry+n-2r(y-p+ur(g+1)’ * 7 2[2r(y-p+DI(B+1)-T(y+1)]

B. = [OHB+DIG—p+D)-2M G+ DI =p+DI(B+1)
5 T T+B+D[2M(y—B+DI(B+1)-T(+1)]

B — [(B+1)[T(y+1)=-2T (B+y+ DI (y—F+1D)]-T(y+DI(F+y+1)-T(B+y+1)
6 2M(y+B+ DIy +1)[2T (¥ -+ DT (B+1)-T(y+1)]

Proof: In view of Lemma 1, relation (2.1) is equivalent to:

ot =)7L s (s—whfL cu (u-v)*t
z(t) = [, ) Js ) Js ) L, (v)dvduds

tB+y tY
—C, — C — Cy.
Or(g+y+1) rp+1 2

By (2.2) and taking
Ay plf(®)] = f (1-s)F 1f (s —w)* f (w)duds

and

Do, If®)] = f01 (L=t f; (s —wh [ (w—v)*"'f' (u)dvduds,
we get:
Co = I‘(fg;(}/) ay[ 1( )] (@ )F(B) oc[)’[ 1(t)]

“a= F(a)r(y) BaylL (t)]+r( or g daplLa(®)],

% = sy Sesr O+ Tt Bay I (O] + 78 B gl ()]

Therefore,

et =)L s (smwfl u (u-n)*t
z(t) = |, ) N ) N ) L, (v)dvduds
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1
- _Aa By [Ll(t)]
B tBtY
[F(b’+y+1) l"(y+1) + BS] A‘“’[Ll ®)]
thﬁﬂ’
- [F(B+y+1) F(y+1) + B6] AO{ B [Ll (t)]

3. Results
We begin by introducing the space

Z:={z,D%z,DYz € C(I,R)},
with:

Iyllz = max{l|ylle, IDYllco, [IDY ¥l o},

where, llx|leo = sup|x(E)].
tel
And we define the nonlinear operator ®:Z — Z:

_ -1 _.\B-1 _ana—1
Dy (t) = [i L s G e (e) [Ll(v)]dvduds

) rp 0  rI(a
S [ ButPtY Bst
rar@re tepr @] [F(ﬁ+y+1) + oy + Bs| Aay L ()]
B tF+Y Byt
[F(B+y+1) T(y+1) + B6] Dap 3.D

We impose the conditions:

(H1): For i =1,2,3,4,5,6 There are positive constants Wi, such that for all
(ay,a,,a3), (by, by, b3) € Z, such that:

* |F(t,ay,az,a3) — F(t, by, by, b3))| < Wila; — by| + Wyla, — by| +
Wslas — bs|

* |G(t ay,a3) = G(t, by, by))| < Wylag — by| + Ws|ay — by|.
* |H(t,a1) = H(t, by)| < Wslay — bq|.
(H2): The functions F, G, H and L are continuous.

(H3): For i = 1,2,3 there exist constants E; > 0,such that for each t € I and
all a;,a,,a; € R, we have:

|[F(t,ar,az,a3)| < Ey, |G(t ay,a)| < B, |H(E ay)| < Es.
(H4): Weput ||L||e: = E,.

Then,we set the following quantities:

T _ 1 T _ 1 _ 1 _ 1
17 r@+’ 27 r@+n 3T rp+1)’ Tt T Lla+p+n)’
1 1 1 1
Ts = T(a+y+1)’ Te = r(B+y+1)’ Ty = T(a+p+y+1)’ Tg = r(B+y-a+1)’
1 1 1 1
Ty =

TG’ 9 T Tomarn’ 10 = 1o Tay 11 = T
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1 1 1 1
Tz = r(B+y+p)’ T3 = [(y+p+1)’ Ty = r(B+p+1)’ s = [(a+B+y-1+1)’
1 1 1 1
Tie = T(a+f-1+1)’ Iy = T(a+y-1+1)’ Tig = r(B+y-1+1)’ To = (y-1+1)’
1 1 1 1
To0 = r(g-1+1)’ T2 = [(a—y+1)’ To2 = I‘(a+,8—2y+1)'T23 T I(a+B+p+1)’
1 1 1 1
T2a = [(a+p+1)’ T2s = [(a+B-y+p+1)’ T26 = r(g-2y+1)’ Ty7 = r(a-A+1)’
1 1 1 1
TZS - C(a+B+y+p)’ T29 - C(a+y+p+1)’ T30 - C(a+B-y)’ T31 - Ta+B-y—-A+1)
and
S = |B1|T6 + |B3|T3 + |Bs|; S, = |BZ|T6 + |B4|T3 + |Be|.
S3 = |B1|T8 + |Bz|T9; Sy = |31|T2 + |Bs|,
S5 = |B,|T, + |Byl, S¢ = |B;|Tg + |By|Ts.
also

My:= (@, Wy + W, + asWe) [ET, + TSy + 1,8, | +
(@ W, + a;W5) 2T, + 745, + TS,

+(a, Ws) B Tip +Ti35; + T1452] +

KIT(L = 2) [3 Ty + TysS, + T3eS5

My:= (asWi + @, W, + asWe) [T + 7355 + T35, | +
(@ Wy + @ Ws) [3T; + S5 + Ty,

(@ Ws) [Ty + TiaSs + TiaSy | +

|kIT(1—2) ETm + T1953 + Tzosz],

My:= (a,W; + asWe) 3T, + TuS, + Ty, S| +
(@, Wy) [2Toy + T5aSy + TpaSs]

+(@Ws) 5Tz + TpaSy + TosSs

+(a,Wy) 3Ty + TyS, + ToSs]

+(azWs) [ETyy + ToaSy + TS5

+IKIT(L = 2) [ETy6 + Ty S + TiaSs. |

M:= max(Ml, Mz, M3)
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3.1 Application of BCP of Banach

We apply BCP, the contraction principle of Banach to obtain the existence
of a unique solution of our problem. So,we prove the following theorem:

Theorem 1: Assume that (HI) holds and 0 < M < 1.
Then, there will be a unique solution of (1.3) on 1.

Proof A: Let x,y € Z, Thanks to (H1), we have:
Py — Pxllo, < (@, W) + a; W, + azWe) (3717 +Ts5; + T452) lly — xll,
+(a, W; + a; Ws) (3714 + 1,5 + T1132) ly — xllz
+(a, Ws) GTZB + Tpo5; + T2352) lly — xll,
HIKIT = 2) (3Tus + 1Sy + TugS2) ly = xlz-

Consequently:
Py — ®xllo < Mylly — xll2.

B: Let x,y € Z, then we have:
ID“®y — D*®x|lo < (a; Wy + a; W, + asWe) (%Té + T35 + Tzsz) ly — xllz
+(a, W, + a; W) GTZ + 53+ T952) ly — x|l
+(a, Ws) GTQ + T1353 + T1452) ly — x|l
+lkIT(1 - 2) (%Tw + T19S3 + Tzosz) ly — x|z

Thus,
ID*®y — DY®x|l < My|ly — x|l

C: Also, if x,y € Z, then we have:
IDY @y — DY ®x||o, < (a;W; + azWe) (§T4 + TS, + T1155) lly — xllz
+(a, Ws) GTM + 1215, + Tzzss) ly — x|l
+(a, Ws) (§T23 + 12454 + Tzsss) ly — x|l
+(a,W,) (§T4 + TS, + T955) ly —xllz
+(a;Ws) (g Tie + T2784 + Tzsss) ly — x|l
+[kIT(1 =) GTm + T84 + TIGSS) ly — x|l
Therefore,

IDY @y — DY ®x||, < Mslly — x|z
So, we can conclude that
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|Px — @yll; < Mllx = yll.

According of BCP of Banach, ® has a unique fixed point. Then (1.3). has a
unique solution

3.2 Application of Schaefer Fixed Point Theorem

We apply the Schaefer fixed point theorem to show that the solution set of
(1.3) is not empty. So,we prove the following theorem:

Theorem 2: If (H2), (H3) and (H4) are verified. Then, the solution set of (1.3)
is not empty.

Proof: To apply Schaefer's fixed point theorem, we proceed as follows:
Step 1: It is clear that @ is a continuous operator on Z:

Step 2: Suppose that r > 0 and consider
Bri={x € Z;|x|l; <r}
Let y € Br, we can observe that:

3
lPylle < (B, + a1E; + azE; + a3Es) <5T7 + 155, + T452)

+IKIT(1 = 2) (3Tys + Tyr Sy + Ty, ) < +oo (3.2)
and we have
ID DYl < (Ey + ayEy + azE; + a5Ey) (STg + ToS5 + TS ) +
|k[T(1 = 2) (3 Tyg + TioS3 + T5S5) < +oo. (3.3)
On the other hand, one can prove that:
DY @Ylloy < (B, + @By + 2B, + agEs) (3T, + TyS, + TyoSs ) +
[k|rT(1 = 2) (g Tie + TarSs + T3155) < +oo, (3.4)

From (3.2), (3.3) and (3.4), we have ||®y||; < +oo.
Hence, the operator @ is uniformly bounded on B,.

Step 3: Let B, be any bounded set of Z. So by considering y € Br, we can state
that for each t;,t, € [0,1],t; # t,,
(EL+(11E1+(12E2+(13E3)

_ <
|y (L) — Py (t)] < T(@) (BT ()

fotl (ty =) = (t, —s)r? fos (s —u)ft f; (u — v)* tdvduds

+ fttlz (t, —s)r* fos (s — u)B_l fou (u — v)* tdvduds
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Lt =) = (=) [T (s —w)Pt [ (u - v)* dvduds
[k

INCAINCE)INGD)
f:lz (t, —s)? fos (s —u)f fou (u — v)* ‘dvduds

/IB ||t6+y tﬁ+‘y|\ /(EL+a1E1+a2E2+a3E3)J~ (1 s)-y 1J‘ (s u)a 1dudS
r(B+y+1) F(@)r'(y)

\
\ o /\r(alfrl(y)f A= [y =0 H y(u)ld s /l
3

riy+1)
(

+

.5)
So we notice that:

|D®@y(t;) — D Dy (t)] <

(Ep+a E1+azEx+azE3)
F(BIr)

[t =) = (6 — s [ (s — )P duds

+ f: (t; =) [; (s —w)P'duds

i =5yt = (6 = s (s — w2 duds

Ld]
TN o 5 G 229 g
(ﬁ| e g % ;- tV—“D
(EL+a1E11:r((11/2)EZ+a3E3) fol 1- S)y_lds + l“lécyl)f 1- )y_l W ds
(EL+“151:(‘;2)52+H3E3) fol (1—-s)f"tds + rl(kﬁl)f 1- )y_l IDas#ds.
On the other hand,we have: (3.6)
IDY dy(t,) — DYy (ty)| < (EL+a1le:)¢;2(ZZ)+a3E3)

fotl (t; — )Pt = (t, — 5)F fos (s —w)* duds

+ 17 (b= )71 f) (s —w)* duds

a
= )P = (6, = ) [ (s — w22 quds
[kl
INCN(:)]

t 1 (S —1 ID%y )|
+ [0 (¢ - (s —w)* 1%duds
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1 (1-5)%71
I'(a)

(E, + a4E; + a,E, + a3E3)f

1Bil | B _ B
“L(r(ﬁﬂ)'t1 g |) fl 1=-9%"1 D%y (s)]
+]k| —x ds

I'(a) st

(EL‘HZlEl +azE, +(13E3)

1 s B
T(@T(B-7) Jy =)= [ (s —u)* *duds

|B | B

+ |ef — ¢
(F(ﬁ‘i’l) ) k| 1 1 fey—1 s a1 |Da’y(u)|d d
T(@r@-y) fy @=s) Iy s—w A duas:

(3.7)
We observe that in (3.5), (3.6) and (3.7) the right hand sides tend to zero, if
t; = t,.
Therefore, taking into account stepl, step2 and to step3 and thanks to
Arzela-Ascoli theorem, we notice that @ is a completely continuous operator.

Step 4: Let the set V:i={x € Z:x =n®x,0<n <1} and let y € V and for
some 0 <7 <1, then y = n®(y). So, we have:

3
Iylles < 71 (S By + @By + 4By + a3E3) 3Ty + TS, + T,S, ) + krT(1 -
3
/‘{) (ET]_S + T1751 + T1652) )
In the same manner, we can prove that:
3
ID*®yllo <1 (IID“d)yIIoo < (E, + 1By + a;E; + a3E3) (ETe + 1555 +
3
T,Ss) + IkIrT(1 = 2) (3Tyg + TioS; + 755 .
Also, we have:
IDY @yl <

3/2 s s
IDY ®ylles < By + @ Ex + @B, + a3E3) (romrys + 1y + i)

_ 3/2 S Ss
lk[rT'(1 = 2) [F(a+ﬁ—/1+1) + [(a—1+1) + Fa+[i’—y—l+1)']

From (3.2), (3.3) and (3.4), we can deduce that ||y||; < o. This shows that
V' is bounded.

It follows that @ has at least one fixed point.

Example 1: In this example we have the following parameters and initial
conditions:

a = 097, =098 y=0.007,

k = 006, p=21 A1=05,

a;, = 0.003, a, =0.002, a;=0.001.
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Bounded Nonlinear Functions:
sin(1+t) | 1 5 91

F(t,xl,xZ,X3) = —,—12+t2 + 8x1 + IOOOxZ + mxg,
1 V-1 2
G(t,xl,xZ) = 100+t5+Tx1 +§x2,
cos(1+t?) 3 19
H(t, xl) W + gxl, L(t) = ?exp(—t)cot(t).

Example 2: Let us now, the second parameters and initial conditions:
a =096, =097 y=0.011,
k=0.07 p=19, 1=0.,
a,; = 0.001, a, =0.0003, a; =0.0002.
Bounded Nonlinear Functions:

F(t, X1, %, X3) _ sin(xq)—cos(2+x,x3)

2+et? ’
cos(x1+x3)
G(t,xl,xz) = 1—:_’:2,
et 3t+2
H(t,xl) = rtxl' L(t) = T

2121

These two examples satisfy the conditions of the above existence theorem.

4. ADM Methodology
To use the ADM method to the problem (1.4):

DEDPDYz(t) + 3 D z(t) + a,F(t, z(£), D z(t), JPz(t)) +

a,G(t,z(t),DYz(t)) + azH(t, z(t)) = f(t),

under some initial conditions that will be specified later.

We consider the following problem:

Ly®) +Ry®) + N(y®) = @),

where:

4.1

. L: the linear fractional differential operator of higher order which is easily

invertible,
. N: the nonlinear operator,
. R: the linear operator of order less than L,
. f: a given function,
. y: the function to be determined.

Applying L™? to the members of Eq.(4.1) we find:
y(®) = o = L7(f) = L (RD)) = LT (ND)),

4.2)

where 1, is presented from the initial conditions or from the boundary

conditions and satisfies Ly, = 0.
The ADM method admits the decomposition:
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y(@) = Eoyn(t), (4.3)
n=
and the nonlinear term N will be decomposed by:
NQy) = X Ap, (4.4)
n=0
where A,, are the Adomian polynomials [27] given by
_1av . _
The first three term of A4,, are
Ag = N(yo)
Ay = y:1N'(yo) (4.6)

1 n !
Ay = ;J’12N o) + y2N' (o).

Substituting the decomposition series equations (4.3) and (4.4) into equation
(4.2), gives:
T V=% + L) -LE RO LT X A, 4.7)
n=0 n=0 n=0
we can obtain the solution algorithm as follows:
Vo) = o + L7 (f)
Ynr1(t) = =LY (R(p)) —L7'(4,), n=012,...

4.1 The Studied Problem
Consider the following equation:

k
DeDEDYy(t) + D%y () + a.F(t,y(©), D y(6),JPy(1)) +
a;G(t,y(t), DYy (1)) + azH(t,¥(0)) = f (1)
0<A1<1L,k>0p>0 0<a<10<B<10<y<1,
l<a+pB+y<2tel, 4.9)

(4.8)

with the conditions
y(0)=a,y'(0) =b,y"(0) =c, a,b,c € R (4.10)
Applying the inverse of L = D*DFDY in Eq. (4.9) and using the condition
(4.10), yields:
2
Y(£) = ¥(0) + ty'(0) + =" (0) + J¥ (DY y(0)) +J*#(DF DYy (0)) +

JUHBRE(e) — B (£ Dy (6)) — (R () — )TN (1)),

where N is the nonlinear operator of a,F + a,G + azH, R is a linear fractional
differential operator of a,F + a,G + azH.
So, we get the following recursive formula:

Yo(x) = a+bt +>¢* + ] (DYa) + J*F(DFDYa) + VY (6) = a +
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bt + % + J7HEraf(r)

Yner (6) = =Y+ (5 DAy (8)) = B+ (R(y(6))) = )7+ (N (v (1))
4.11)

4.2 [llustrative examples
We present two examples

4.2.1 Example 1
We consider the following first problem:
2
D*DEDYy(t) + D%y (®) +2y(®D"y() - y3(t)=0,t €[0,1] (4.12)
with

y(0) =1,y'(0) =0,y’(0) = 0. (4.13)

Then

F(t,y(®),DYy(6),JPy(®)) = y(©)D'y(t) G(t,y(t),D¥y(t)) =0

H(t,y(t) = y*(t) f(®)=0.
Let

y=2X v yD'y=3X A, , y*= X By
n=0 n=0 n=0

The A, and B, are given as:

Ay =yoDVyy, By = yg'

Ay =y,D¥y; +y, D"y, By = 2y,y4,

Ay =y,D"yo + y1DVy; + yoDVy,, B, = 2y,y, + )’12.

A3 =y3DVyo + ¥, D"y, + y1 DYy, + yoDYy3p By = 2y,y3 + 2y1Y3,

To estimate the numerical solution of Eq.(4.12), we get the Adomian
solution.

yo(t) =1+J7(D'1) +Jv*F(DFDY1)
Yura(6) = =2J7 B+ (D%, (8)) = 27 BHE(A,) + VP4 (B,)
The first terms of the series are given by:
yo(t) =1+J7(DY1) + J¥*F(DFDY1) = 1,
Yi(£) = =2]7HP* (S D%y (6)) = 2]7 P4 (Ag) + JYHFHE(By)
= 278+ (L D%y, (6)) = 27D yo) + JT (7))

= JY+B+a —_ 1 y+B+a
] (1) rly+p+a+1) t

’
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Ya(£) = =2J7 8+ (5 D%y; (£)) — 2J7 B+ (4y) + JYHFH(By)

1
= —2J7 B+ (L D%y, () — 27 (yo DY yy + y1DVyo) + )7 2yy,)

__ 2I(B+y—2+1) 2y+2B+a-A _ 2 y+2B+2a+1 4
r(B+y+1)T(a+2p+2y—21+1) T(y+2p+2a+1)
2 t2v+2p+2a
F(2a+2f+2y+1) !

Ya(0) = =27 (L D%y, (0)) = 270+ (4y) + JTF(By),
_2]}/+B+a (t%D“yz(t)) - 2]y+‘8+a(J’2Dy3’0 +y1D¥y; + yoDVy,) +

JYHE 2y, + (11)%)
_ 4T (B+y—A+1T(y+2-21+1) 3y+3B+a-24 4
r(B+y+1Lry+2p-A+1)ry+3p+a—21+1)
AT(y+2B+2a+2)T(y+2B+a—A+2) 2y+3B+2a—A+1 _
T(y+2B+2a+1)T(y+2B+a+2)(2y+3B+2a—21+2)
41"(2y+2ﬁ+2a—l) 3Y+3ﬁ+3a_}- _
r2y+2B8+a+1)T(3y+3B+3a—-21)
2 C(y+2B+2a+1) 2v+38+3a
r(2y+3p+3a+1) (F(ﬁ+a+1)1‘(y+ﬁ+a+1) + 2) t g T
AT (B+y-2+1) £2r+3p+2a-2 4
F(B+y+1)TRy+3B+2a—21+1)
4T (y+2B+2a+2) y+3B8+3a+1 _
ry+2p+2a+1)r'(y+3B8+3a+2)
AT(B+y—A+1TQy+2f+a—21+1) 3y +3B+2a-1 _
F(B+y+1)T(a+2B+2y—-2+1)I(By+3B+2a—-1+1)
4F(y+2ﬁ+2a+1) t27+3ﬁ+3“+1
T(y+2p+2a+1)T(2y+3B+3a+1)
( 4 1 )F(2y+zﬁ+2a+1) £3v+3p+3a
F2a+2p+2y+1) ([‘(y+ﬁ+a+1))2 F(3y+3B+3a+1)

Then a numerical solution of equation (4.12) is given in series form:

— 1 y+B+a _ 2r(B+y-2+1) 2y+2f+a-1
y(t) 1+ ry+B+a+1) t T(B+y+1T(a+2B+2y—-21+1) t (4 14)
_;ty+zﬂ+2a+1 +;t2y+2ﬁ+2a+ ’
T(y+2B+2a+1) F(2a+2B+2y+1) e

The figures Fig 1 (a) and Fig 1 (b) show the solution curve (4.14) for some
particular values.
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0 02 04 06 08 1

Fig 1(a)
Graph of solution (4.14) with

a=1=3y=74=2(red),
a=098(=3y=74=2(blue),
@ =095F =3,y =1,4=2(green).

2’
4

o 02 04, 06 08 1
Fig 1(b)
Graph of solution (4.14) with
a=1=3y=7;4=-2(red),
a =098, =3y =7,4=—2(blue),

a=095fF= %,y =-,1 = —2(green).

p
1
4
4.2.2 Example 2

The second fractional differential problem:

DEDEDYy(t) + = Dy(t) — y(t) + 2/Py(t) = y*(t) = t,t € [0,1]

with the conditions
y(0) =0,y'(0) =0,y'(0) = 0.

2125

(4.15)

(4.16)
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Let

iMs

y=2X ¥u ¥’ =X Cp
n=0 0
The C, are given as:

Co = ¥5,C1 = 3¥6y1,C; = 3y5y2 + 3y0¥7, G
=3y2y; + 6YoY1 V2 + Vi, eeennn

To estimate the numerical solution of equation.(4.15), we get the Adomian
solution.

yo(t) = JYHE*e(¢)
— _qr+B+a (L pa y+B+a _
() = =7+ (LD, () + )74 (3, (1)
27D (3, (6)) + JYHEH(C,)
We introduce the first few terms of series:

1
yo(t) =]y+,8+a(t) — Wty+ﬁ+a+1’

$1(©) = =7 (LD () + 17 (30(©) = 27 (3, (0) +
JrHe(cy)

= VB (2 DAyo(6)) + TV (e (£) — 207 (3o (6)) + ()

= Fy+p+2-4) t2v+2fta+i-a 1 £2v+2B+2a+1
T(y+B+2)r2y+2p+a+2-2) FQy+2p+2a+2)
2 Loy+2B+2a+p+l T(3y+3B+3a+4) AV HABHAa+3
TQ2y+2B+2a+p+2) (T(y+B+a+2)) T (4y+4f+aa+4)

Ya(£) = =]V B+ (L D%y, (6)) + JrHPH(yy (6)) — 27+ (3 (6)) +
JrHEE(Cy)
= e (D%, (6)) + Ty () — 27 PP (y (1) +

+B+a (4,2
37tk Yoy1)
Ty+B+2-1)TQ2y+2p+2-22) t3y+3ﬁ+a+1_u
T(y+B+2)TRy+2B+2-)T'By+3p+a+2-21)
ry+2B+a+2-2) £3V+3B+2a+1-2
TQ2y+2B8+a+2)L(3y+3B+2a+2-1)
2Ty +2B+a+p+2-1) t3Y+3ﬁ+206+p+1—1 _
rQ2y+2B+a+p+2)f(3y+3B+2a+p+2-1)
Iry+3B+3a+4)r(4y+4p+3a+4—21) tSY+5ﬁ+4“+3_}“
r(4y+4/3+3a+4)r(5y+53+3a+4—,1)(r(y+/3+a+2))3
_ Ty+B+2-21) 3y+3B+2a+1-1 1 3y+38+3a+1
Fy+B+2)L(3y+3p+2a+1-1) r3y+3p+3a+2)
2 3V +3B43a+p+1 4 IBy+3B+3a+4) £SY+5B+5a+3

 T(3y+3B+3a+p+2) r(5y+53+5a+4)(r(y+ﬁ+a+2))3
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2T (y+B+2-)T2y+2p+a+2—-21+p) 3y+3f+2a+1-A+p _
Fy+B+2)ry+2p+a+2-A)rQBy+3p+2a+1-1+p)
2F(2y+2[)’+2a+2+p) t3y+3ﬁ+3a+p+1
TFQy+2B+2a+2)F(3y+3B+3a+2+p)
4T (2y+2p+2a+2p+2) 3y+3B8+3a+2p+1 _
rQ2y+2B+2a+p+2)L(3y+3p+3a+2p+2)
2I(3y+3B+3a+4)T(4y+4+4a+p+4) £5V+5B+5a+p+3
(F(y+ﬁ+a+2))3F(4y+4ﬁ+4a+4)1“(5y+5ﬁ+5a+p+4)
_ 3T (y+B+2-A)Tr@By+3p+2a+3-1) t4y+4ﬁ+3a+2_,1
(r(y+ﬁ+a+2))2r(y+,8+2)1“(2y+2,8+a+2—/1)1“(4y+4ﬁ+3a+3—ﬂ)
3r(3y+3B+3a+3) t4y+4ﬁ+4a+2
(l“(y+ﬁ+a+2))2F(2y+2ﬁ+2a+2)1“(4y+4ﬁ+4a+3)
_ 6r'(3y+3B+3a+p+3) {4y +AB+HAa+D+2
(Ty+B+a+2))° T2y +2f+2a+p+2)[ (4y+4f+4a+p+3)
+ 3r(3y+3B+3a+4)r'(5y+58+5a+5) t6},+6ﬁ+6a+4
(F(y+ﬁ+a+2))2(F(y+[§+zx+2))3F(4y+4ﬁ+4a+4)1“(6y+6[?+6a+5)

Then, we give a numerical solution of equation (4.15) in series form:

1 T'(y+B+2-21) _
- y+B+a+1 _ 2y+2B+a+1-1
y(t) rly+B+a+2) t Ty+B+2)T2y+2p+a+2-1) t +
1 gvi2pzatl _ 2 goy+2f+2a+pl 4
rQy+2B+2a+2) rQ2y+2B+2a+p+2)
I'(3y+3B+3a+4) pArHapraats (4.17)

(T(y+B+a+2)) T (4y+4f+4a+4)

The figures Fig 2 (a) and Fig 2 (b) show the solution curve (4.17) for some
particular values.

. 02 04, 06 08 1

Fig 2(a)
Graph of solution (4.17) with

a=1p =%,y =%,/1 = 3,p = 1(red),
a=098,f=5y=7;4=3p=1(blue),
a=095fF= %,y = %,/1 = 3,p = 1(green).
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0.2

0.15

0.1

0.05-

-

0 02 04 x 06 08

Fig 2 (b)
Graph of solution (4.17) with

a=1 =%,y =i,/1 = —3,p = 1(red),
a=098p == ,A=—3,p = 1(blue),
a=095p8= A

Y =

NN

VY = = —3,p = 1(green).
5. Conclusion

In the first part of this work, we have studied a class of three
parameter-sequential integro-differential problems of Lane-Emden type with anti
periodic conditions. We have proved a first result, using the BCP theorem. Then,
by the application of the Schaefer fixed point theorem we have proved the second
result. Two examples have also been presented. In another part of this paper, we
have applied the ADM method to obtain new solutions for our problem under
some initial conditions. Some graphs of the ADM method obtained solutions have
been plotted.
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