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Abstract

This research investigates how surface waves propagate within a hygro-thermoelastic
medium under the influenced by rotation, magnetic field and hydrostatic initial stress.
The wave equations, which are coupled are solved which involve displacement, moisture
concentration and temperature and obtain the penetration depth of different waves against
frequency through graphical analysis. In this, the deformation of the medium is analyzed
when a mechanical force is applied along the free surface of a hygro-thermoelastic solid,
considering rotation, magnetic field and hydrostatic initial stress effects. The displacement
components, moisture concentration, mechanical stresses, and temperature distribution
within the medium are evaluated and graphically illustrated to demonstrate the impact of
rotation, hydrostatic initial stress, and magnetic field. Overall, the research article presents
analytical solutions and graphical representations of surface wave propagation and the
resulting deformation in the hygro-thermoelastic medium. The impact of rotation, initial
stress, and the magnetic field on various physical quantities are discussed and providing
valuable insights into the behavior of the system.
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1. Introduction

Diffusion pertains to the movement of atoms as well as particles from one
place to another. In a solid state, particles stay in a fixed position until they reach
steady state. However, when these are disturbed, they have a tendency to move
toward areas with lower concentration of themselves coming from those with
higher concentration. This is aided by imperfections in the material’s structure
and inner stresses. With significant increase in temperature, the distance
between the atoms widens leading to possible melting of the solid. Similarly,
uneven distribution of wetness creates a gradient of concentrations which
results in transfer of moisture. Both heat and moisture levels change with time
and space inside any given substance thereby making heat transfer theories
virtually interchangeable with those for moisture also. Moreover, mechanical
tensions can greatly modify how temperatures or even moistures are spread out.

Moisture and temperature have combined effects on materials typical of
polymers, porous composites, asphalt concrete, and geo-materials among others.
Several scholars have tried to come up with models that would show how
polymers and their composites behave under these conditions. For example, Sih,
Shih, and Chou [1], Sih, Michopoulos, and Chou [2] conducted a numerical
study on hygrothermal stresses in composites with the coupled theory of heat
and moisture using experimental results. To study transient responses of
structures (including infinitely long hollow cylinders and solid cylinders),
Chang, Chen, and Weng [3], Chang [4] applied the linear theory of heat and
moisture under hygrothermal loading. Composite materials, which are preferred
due to their mechanical properties and flexibility in design, find wide
application as construction elements where performance is significantly affected
by hydrothermal environment. The theory for free vibration and transient’s
responses of multiple delaminated doubly curved composite shells under
hygrothermal conditions was developed by Parhi, Bhattacharyya, and Sinha [5].

Jin and Yao [6] proposed an improved global-local model to investigate
the hygrothermal behavior of utilizing thick cross-ply laminated composite
plates. Lee et al. [7] employed the classical laminated plate theory combined
with Von Karman’s large deflection theory, investigated the cylindrical bending
behavior of angle-ply plates subjected to uniformly distributed transverse
loading under various support conditions by considering hygrothermal effects.
Meanwhile, Shen [8] employed a micro-to-macro mechanical analytical
approach to look into how hygrothermal states affect shear deformable
cylindrical panels’ buckling and post-buckling performance subjected to axial
compression. Because of various layers have different coefficients of thermal
expansions and wet expansion coefficient among materials so complex internal
stresses or strains will be induced within composites when exposed in humid/hot
environments leading to remarkable changes in their physical and mechanical
properties after moisture absorption, the analysis of elastic problems under
hygrothermal conditions is of significant importance. In their study, Gasch,
Malm, and Ansell [9] formulated a coupled hygro-thermo-mechanical
framework for hardened concrete; they utilized the micro-prestress solidification
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theory. A coupled hygro-thermo-mechanical damage model for concrete at
elevated temperatures was proposed by Li and Liu [10], Gawin and Pesavento
[11] formulated a mathematical approach to examine the hygrothermal response
of concrete exposed to elevated temperatures. This model treats concrete as a
multiphase porous medium while considering material degradation. Moreover,
Benes and Stefan [12] came up with a mathematical model that makes it possible
to study mechanical and hygrothermal effects concurrently leading to spalling in
concrete walls when they are exposed to high temperatures. Such environmental
conditions present bigger challenges to different structures than usual mechanical
loads do thus emphasizing the importance of investigating isotropic hygro-
thermoelastic materials. A mathematical framework for investigating coupled
hygro-thermo-mechanical spalling in concrete walls at elevated temperatures
was introduced by Bene§ and Stefan [12]. These effects challenge many
structures more than the conventional mechanical loads do, which emphasizes
the importance of investigating isotropic hygro-thermoelastic materials. On an
experimental way, Benkhedda, Tounsi, and Addabedia [13] established an
approximate model to evaluate the hygro-thermoelastic stresses in laminated
composite plates. They were evaluating the desorption phase stresses without
considering the moisture concentration specifically.

An experiment was carried out by Zenkour [14] which involved analyzing
the deformation behavior of a functionally graded plate supported on an elastic
base in hygrothermal environment. Similarly, Zenkour [15] derived a solution
for the hygrothermal responses of non-homogeneous piezoelectric hollow
cylinders subjected to mechanical and electrical loading. The authors Chiba and
Sugano [16] studied moisture and transient heat transfer processes to derive the
stress field arising from these conditions in layered plates subjecting one
dimensional unsteady-state diffusion as unidirectional coupled problem while
ignoring heat transfer effects induced by moisture content. The hygrothermal
field within porous media has been investigated by Ishihara, Ootao, and Kameo
[17] taking into account nonlinear coupling between moisture and heat.

A coupled piezoelectric finite element formulation considering
hygrothermal strain effects was proposed by Raja et al. [18] using the virtual
work approach and a nine-noded field-consistent Lagrangian element. A
micromechanical approach for analyzing the response of multiphase composites
was developed by Aboudi and Williams [19]. The effects of thermal and
moisture conditions on the free vibration and transient response of
multidirectional composites were analyzed by Rao and Sinha [20]. Zhao et al.
[21] presented a steady-state general solution for three-dimensional hygro-
thermoelastic media based on potential theory. Tong et al. [22] have found five
2D steady-state general solutions for isotropic hygro-thermoelastic media. The
initial stress parameter is used in many fields including engineering structures,
geophysics, biological tissues among others as it helps to evaluate different
materials mechanical responses.

Initial stress effects in isotropic thermoelasticity were considered by
Montanaro [23], and the work was later investigated and implemented by
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Othman and Song [24], Singh, Kumar, and Singh [25], and Singh [26, 27]. Abo-
Dahab [28] looked at the amplitude attenuation and speed of Rayleigh waves.
He also examined reflection coefficients under different influences such as
initial stress and magnetic fields. The propagation of plane waves in anisotropic
fiber-reinforced media was analyzed by Abbas and Othman [29], while Othman
and Atwa [30] explored the governing equations of generalized thermoelasticity
for isotropic media with initial stress. The reflection of plane waves in a
micropolar orthotropic magneto-thermoelastic half-space under impedance
boundary conditions and nonlocal elasticity was investigated by Yadav et al.
[31]. The use of fractional order calculus is widely used in porous and biological
materials which as moisture diffusion often deviates from classical Fick’s law
with help of fractional order calculus diffusion equations models accurately.
Kapila, Nagar, and Sharma [32] defined broader scope of fractional integration
and differentiation by incorporating the Modified Bessel function with the MSM
operator.

Ailawalia, Gupta, and Sharma [35] reviewed the surface waves
propagation in a hygro-thermoelastic medium in the presence of hydrostatic
initial stress and obtained analytical solution for displacement, stresses, thermal,
and moisture content, illustrating the influence of hydrostatic initial stress
through graphical results. Zhao et al. [36] developed the generalized steady-state
solution for three-dimensional hygro-thermoelastic medium using the method of
potential theory and applied it to boundary value problems involving moisture
and thermal effects. Kumar, Nagar, and Kumari [37, 41] evaluated propagation
of wave in hygro-thermoelastic media, including the reflection of plane waves at
an interface and the behavior of coupled longitudinal and transverse waves in a
micropolar hygro-thermoelastic medium. Ailawalia et al. [38] investigated two-
dimensional distortion in a non-homogeneous hygro-thermoelastic layer with
hydrostatic initial stress and obtained analytical expressions for displacement,
stresses, temperature, and moisture concentration using the normal mode
technique. Kumari, Bharti, and Singh [39] studied surface wave propagation in a
two-temperature generalized magneto-thermoelastic medium with hydrostatic
initial stress and derived the frequency equation of Rayleigh waves, illustrating
the effects of different parameters through numerical results. Rayleigh wave
propagation in a generalized thermoelastic half-space subjected to magnetic
field, rotational effects, initial stress, and two-temperature parameter was
investigated by Sharma and Kumari [40], with velocity and attenuation
behaviors illustrated graphically.

2. Basic Equations
(i) The stress tensor equation defined as,

0ij; = plRA+ 1), + QX QX u)] — Gy, (D
(ii) The heat conduction equation as,

T
BijTo

Dr'm,;+ DTy T e w,;—T =0, (2)
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(iii) Coupled moisture diffusion equation is given as

. BljmoDm .

Dpymyi+ DT, i— m — jTom u,, =0, (3)

where,

.35 = Préij, fr = ar(31+ 2u), 4)

ﬂlrjn = ﬁmaij: Bm = an (31 + 2p), Q)

0ij = —P(8ij + @ij) + Cijta € — Biym — BT, (6)

26

Cijl = j&‘jam + G6ybj; + G6y6jy, @)
u-i+ui_- _ Uji—Ujj

€ = ,,2 L@y = }2 L, (®

AX E =-S5 Ax h=j,A- h=0,A- E =0, )

Where H = Hy+ hand h = VX (u X Hy)

H denotes the disturbed magnetic field superimposed on the initial field
H,, j denotes the density of electric current, where the parameter p, signifies
magnetic permeability.

3. Problem Formulation

Let us consider 3D cartesian coordinate system, in which z-axis taken in
vertically downward direction. Assuming that wave propagation takes place in
the x-z plane, the hygro-thermoelastic medium is expressed in the form of
displacement vector as U = (u,0,w), with u = u(x,z,t) and w = w(x, z,t).
Under these assumptions, the governing equations of motion, together with the
generalized coupled heat and moisture transfer equations (1)-(3) and the
constitutive relations eq. (6), are simplified to a two-dimensional case without
body forces given below.

a? P a? P\ 8* i
@u+ A+ Hu) S5+ (2u+ 2+ L4 Haue) 52 + (0 = 2) 55— Bn e

axdz 2) 922

—Br o= = p(it — Q2u + 2Q) (11)

2, 2w P2, )0 _P\w _ 5 om

(Z‘M +ta+ HO,U.e) 0z2 + (Z‘M +a+ 2 + HOME) 0x0z + (‘u 2) 0z2 ﬁm 0z
—Br S = p(iv — Q%w + 2011) (12)

2 _ pmpzy, _ 9T _ BrTo 0 (ou | ow) _
DTA T DT A*m at pc ot (6x + 62) =0 (13)
2.0 _ NT A2 _ 9m _ BmmeDm 9 (0u | dw) _

DpA*m — D A°T at km Ot (ax + Bz) =0 (14)

Gux = =P+ 2155+ (A +20) 2 — frum — fr T (15)
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= (e +3)a+ (e D)5 (16)
sz=(# ~Dat (e +I)% an
2o =—P+ 2%+ (A+20) 2 = frm — BrT (18)

Where, A and p are Lame’s constant, D,,, denotes Diffusion coefficient of
moisture, Dy denotes temperature diffusivity, Br, B, denotes the coupled
diffusivity, m, is the reference moisture, p denotes the density of the medium,
temperature denotes by T, P denotes initial stress, and oj;; corresponds to the
stress vector.

To facilitate numerical analysis, the following dimensionless parameters

are employed:
Dyt
IE

T ; _ Oij

,t’— m’ _mT’ ,O'ij =T, (19)

X z u w
x'==z'==u =-w ==
! ! 1 1
Here, the parameter [ possesses the dimension of length.

Using eq. (19) ineq. (11)-(14)

2 9%u w _P °u B_m_
(A+2M+”3HO) (){+2M+ +#EH0)6xaz+(‘u' )622 Bm ax
a_T _ Dmau 212
BrTo s = p (2223 — 021%u + 20D, 2) (20)
(/1+2u+uH2)—+(u—E)i+(/1+2u+ +MH) -B
e’0/ 552 2/ ax? €0 ) axaz maz
oT D 02w
brTyg; = p (55 — 00w + 200, 30) @l
m A2 _ 2 BTTODma u awy _
DFAPm — Dy TyA?T + Dy To 20 + o Z(Z+29)=0 22)
2 T A2 om _ BmmoDi 0 (0w , dw) _
Dy &?m — DL,Ty AT — Dy, 5 — P Z(Z2+2) =0 23)

According to the “Helmholtz representation”, the displacement variables u
and w can be written as the potential variables g and 1.
=% _® _0% % (24)

) W )
ox 0z ox 0z
Using eq. (24) in eq. (20) - (23), we obtain

a
(A + 2u + p H§) (axz azq) Bmm — BrToT = p( G —Q*%q+
20D,,9), (25)
P D3 .
(0 =22 = p (224 - Q1% + 20Dd), (26)
DY &%m — Dy ToM2T + DTy 5+ E02202 (a2g) = 0, @7)
Dy’ + DRT,AT — Dy 22 — ﬁ’"}’?—"D’" %(Azq) =0, (28)
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4. Equation of frequency along with Solution
Assuming waves propagation in x-z plane then solution of eq. (25) - (28)
taken as:

my,T,q = (M), T,q)ed*+kze), (29)
Where the ratio v =§ gives phase velocity, k represents the wave

penetration depth and w is frequency.
Using eq. (29) in eq. (25)-(28), the equations obtained are as follows,

(a1:(1 + k?) — ay; + 13)q — By — BrToT + ay49 = 0, (30)

(a1 + ar3 — az (@ + k)P — (a14)7 = 0, (31)

az;(1+ kDG + (1 + kDagym + ((1 + k?ass — azTo)T =0,  (32)

(1 + kD aug+ (1 +kDayy, — azg)m+ (1 + k¥ aysT =0, (33)
Where,

2

2
Q1 =—5 0z =A+2u+ teH§, a3 = Q*1%p, ay4 = 2ipwQDyy,

_ P\ .2 __ 182 wPrToDm _ Ame2 _ 2
a21—(#_;)fra31——pc a3z = D7'€%, a3z = DrpéTy,

_ _ 2 2 _ z2 _ 2T
A34 = WD, 4y = iWPBmMoE kD, Quy = §°Dpy, aug = §°Dp Ty

After obtaining the solution of coupled eq. (30)-(33), we obtain eight-
degree equation as follows,

A k® + AkS + Azk* + Ak + A =0. (34)
Where,
Ay =1,
Ay =4n, + 1y,

Az =6n, + 31, + 13,
Ay =4n, + 31, + 213 + 14,
As =N+ 10+ 13+ 10, + 15,

M1 = A11A21033043,

N2 = —0F1033047 — Q1013033047 — (11021037043 — Q1021 03404,Ty
—Q11021033034 — (12021033047 + 1305103304, — Q1032041 P7T
+az1a31BrTo + A21033041

N3 = a34(A34 — A33)Aap + AF1032Q43 + A11013032043 + a5103404,T

01101303404, Ty + 051034033 + 011013033034 + 01101203304,
12013033047 — G171 01303304, — Q3033047 + Q11032041 Br,

+a13032041 7Ty — A1103104287To — Q13031 a2 87Ty — Q11033041 Bm
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—Q13033041 P + A11021034034T) + Q12051032043 + Q12021034045
+012051A33034 + 013021037043 + A1305103404,Tg + Q13051033034
—031031043Pm — A21031034P7To — Q21034041 BmTo
Ns = To(A13034041Pm + A5403404, — af1a5, — 01101305,
—QA11092034042 — A12A13034047 — A11A13034047 — a%3a34a42
011031347 + 4130310347 + Q11034041 B — a12a21a§4
+a51013054) — 0f4037034074033034 — Q11012037043
—QA12093032043 — A11A12033034 — A12013033034 — A11013032043
—af3a32a43 — Q110413033034 — af3a33a34 + 4110310430
+a13031043m

_ 2 .2 2 2 2 2 .2
N5 = =347, Ty + 12034011 Ty + 1303401, Ty — A11a3,013T — a3,a73Ty

Subject to the radiation condition u,w,T,m — Oas z = oo, the solution of
Egs. (30)—(34) is obtained in the form:

[q' m,T, l;b] = (Z?L:l P, Qny Ry, Sp exp{—i§kyz})exp{i§ (x — vt)} (35)
Where k2 (n=1, 2, 3, 4) are the roots of the Equ. (34) and using Equ. (35),
we get

P, =F*S, (36)
Qn =F"S, (37)
R, = F™S, (38)

5. Boundary Conditions
To evaluate unknown parameters, considering S, is the boundary
conditions imposed at the surface z = 0 are expressed as follows:

0., = —Fexp{if(x —vt)}, 0, = 0,2 = 0,22 = 0. (39)
Where (n = 1,2,3,4),
Using eq. (6), (24), (35) respectively in boundary conditions eq. (39), The
governing expressions for mechanical stress and displacement components for
hygro-thermoelastic medium under the influence of hydrostatic initial stress are

given below:

u= iE(Z;ﬁ:l(F* +k,)S, exp(—ifk,z) exp(if(x - vt))), (40)

w= if(Zflzl(l — k, F*)S,, exp(—ifk, z) exp(if(x - vt))), 41)

0,y = (—g— E2(F* + k) — &%k, (1 + 2%) (1 +F)—Empe - @F***)
exp(—ifk,z) exp(i& (x — vt)), (42)

0 = (1= ) a4 k) + (=) £2Cen* = D)
exp(—iék,z) exp(ig‘(x - vt)). (43)
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Making use of the solutions eq. (37) to eq. (39) in boundary conditions eq.
(38), A non-zero solution is expressed as:

1
A= B [(N30, — N,O3)(H; M, — HyM;) + (N0, — O,N,)(HsM; — H; M5)

+(H M, — HyM;) (03N, — N303) + (M3Hy — H3M;)(04Ny — N4O4)
+(HyM; — HyM,)(03Ny — N30,) + (MyHs — HyM3)(0;N; — N,0,)]

6. Numerical Result and Discussions

For validating the analytical findings presented earlier, an illustrative
numerical example involving a wood slab considered as a porous medium. The
required physical quantities are taken from Chang and Weng [33] and Yang et
al. [34].

A =4692 % 10°Nm=2,p = 370 kgm™3,v = 0.33,my = 10%,

u=2417 x 10°Nm™2, a™ = 2.68 x 10~ 3cm /cm (%H,0),T, = 283K,
k=0.65w/m, a” = 31.3 X 10~%cm/cm, ¢ = 2500J/Kg, k,, = 2.2 x 1078 %,
D,, = 2.16 x 10~¢ m?/sec, Dy = %,DL = 0.648 x 10~° m2(%H,0)/s(K),
DT = 0.648 x 10~ m?(K)/s(%H,0)

Variation of Displacement U with Horizontal distance x

H0=0
H =20

Displacement U
o

0 10 20 30 40 50 60 70 80 90 100
Horizontal distance x

Figure 1
Variation of Displacements U along the horizontal distance x
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Variation of Displacement W1 with Horizontal distance x
8 . B . ' . ! v i '

— H =0

HO:ZD 4

Displacement W‘

0 10 20 30 40 50 60 70 80 90 100
Horizontal distance x
Figure 2
Variation of Displacements W, along the horizontal distance x

Figure 1-2 shows that the variation of displacements W, and U along the
horizontal distance x. In Figure 1, for Hy = 0, & = 20 the displacement initially
decreases with an increase in horizontal distance then instantly increase and
finally decreases again. For H, = 20,¢ = 20the displacement initially
decreases, followed by a slight increase, and subsequently decreases again. In
Figure 2, for Hy = 0,¢ = 20 the displacement decreases initially then slightly
increases, and finally decreases. Whereas H, = 20,¢ = 20 the displacement
first decrease, then instantly increases and finally decreases with increasing
horizontal distance.

Variation of Stress (. with Horizontal distance x

z

Stress o

0 10 20 30 40 50 60 70 80 920 100
Horizontal distance x
Figures 3
Variation of Stresses ¢,, along the horizontal distance x
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Variation of Stress . with Horizontal distance x

-1
15F
Ho=0
o5 Ho=20
X
T
& 25}
£
(]
-3F
35}F
0 10 20 3 40 50 60 70 8 90 100

Horizontal distance x

Figures 4
Variation of Stresses o,, along the horizontal distance x

Figure 3-4 shows that the variation between Stresses ¢,, and g,, along the
horizontal distance. In Figure 3 for Hy, = 0,& = 20, the stress initially decreases
with increasing horizontal distance, then instantly increases, and finally
decreases again. For Hy = 20,& = 20 the stress first decreases, then increases,
and finally decreases. In Figure 4 for Hy, = 0, = 20 and H, = 20,¢& = 20, the
stress 0, remains constant with increasing horizontal distance.

Variation of Displacement U with Horizontal distance x

2=0.0
=10 | |

Displacement U

0 10 20 30 40 50 60 70 80 90 100
Horizontal distance x

Figures S

Variation of Displacements U along the Horizontal distance x



2060 S. KUMAR, H. NAGAR AND S. KUMARI

Variation of Displacement W‘ with Horizontal distance x

Displacement W,

-8 L L "
0 10 20 30 40 50 60 70 80 90 100

Horizontal distance x

Figures 6
Variation of Displacements W, along the Horizontal distance x

Variation of Stress o, with Horizontal distance x

z

Stress o

) 10 20 30 40 50 60 70 80 90 100
Horizontal distance x

Figures 7
Variation of stress o,, along the Horizontal distance x

Variation of Penetration depth k‘ with Frequency w

0.5
-1
&
£
g 15
o
c
S
w
3 2
c
o
a
25
-3
[ 2 4 6 8 10 12 14 16 18 20
Frequency w
Figures 8

Penetration depth k, along with frequency w.
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Variation of Penetration depth k2 with Frequency w
30 ! ! ) :

25+

n
(=]

Penetration depth k2

0 2 4 6 8 10 12 14 16 18 20
Frequency w
Figures 9
Penetration depth k, along with frequency w.

Figures 5-7 shows that the variation of displacements U, W, and stress g,
along the x horizontal distance for distinct values of the () (rotation). For
Q =0,¢& = 20, the displacement initially decreases with increasing horizontal
distance, then increases, followed by another decrease and increase, while the
stress 0,, show sharp oscillatory behavior. For Q =10, ¢ = 20 both
displacement and stress comparatively smoother variations, with an initial
decrease followed by a slight or sharp increase and subsequent decrease. The
results indicate that the rotation parameter (1 significantly influences the
behavior of displacement and stress distributions.

Figures 89 show the variation of penetration depths k;and k,with
frequency w in the influence of rotation and magnetic field. Figure 8 indicates
that k; decreases with increasing frequency w, with a more significant decrease
for smaller values of &, while larger values of & produce a smoother variation. In
contrast, Figure 9 shows that k, increases with increasing frequency w. The
increase is steeper for smaller values of &, whereas higher values of ¢ reduce the
rate of variation.

7. Conclusion

The theory provides a realistic model for materials ranging from aerospace
manufacturing, polymer manufacturing to biological tissues. The wave
penetration depth and the corresponding displacement, stress, moisture, and
thermal components in the medium have been analyzed, and the major findings
are presented as follows:

i.  The displacement wave will more sharply be decreasing when the

magnetic field is present and without magnetic field the displacement wave
gradually decreases than increases.
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ii. When a magnetic field is present, the stress will be gradually decreasing
then increasing whereas, without the presence of a magnetic field, the
stress will be sharply increasing.

Likewise, different combinations of parameters have been analyzed and
presented through graphical representations. The obtained results indicate a
significant influence of initial hydrostatic stress, rotation and magnetic field on
the displacement, moisture concentration, stress and temperature distributions.
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