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Abstract
A new class of zipper rational quintic fractal interpolation function (ZRQFIF) 

characterized by two shape parameters has been introduced. Further, we discuss the 
convergence of this function and to ensure the shape preservation, the constraints imposed 
on scaling factor as well as on shape parameter are studied. Examples have been provided to 
support the theoretical part. The proposed function represents a significant development in 
the shape preservation field by offering a powerful tool for visualizing the data.  
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1.  Introduction

The interpolation techniques are plays an important role in 
visualization of the discrete data. The functions with irregular data sets 
can be approximated using classical interpolation as the derivative of 
these interpolants are smooth globally and some of them are smooth 
piecewise, but the hidden shape preserving properties cannot be preserved 
using this interpolation. But the fractal interpolation is the ideal method 
for irregularity. The word fractal was coined by the mathematician 
Mandelbrot in 1975 and the fractal interpolation function was given by 
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Barnsley [1] in 1986. Fractal interpolation is used widely in many real 
world applications, like: biology, finance and others. The k-times 
differentiable FIF was introduced by Barnsley and Harrington [2] and 
Navascués and Sebastian [3] gave smooth FIF  in 2006. The shape preserving 
properties of FIFs are the growing interest in this field of research, as it can 
be used in many scientific and economic applications. The rational splines 
are more flexible as compared to others and this property makes them 
more usable, for detailed review see [4]–[7]. The local non-affine -FIF is 
introduced by Banerjee, Akhtar, and Navascués [8]. In the past two to 
three decades, many researchers have worked on fractal dimension, fractal 
surface and their applications, see [9]–[16].     

The flexible method to construct a fractal is using the iterated function 
system known as Zipper [17], [18] and this flexibility is provided by the 
presence of signature. 

The purpose of this paper is to construct a ZRQFIF and to discuss it 
positivity property. The construction of ZRQFIF is given in this paper and 
the paper is organized as follow: a short review zipper-FIF is given in the 
second section, the construction of ZRQFIF is given, here we have consider 

the rational function ,

,

( )
( ) ,l

l

U q
V q

e

e
 here , ( )lQ qe  a linear polynomial having two 

shape parameters. In the fourth section, the convergence of ZRQFIF is 
discussed and in the fifth section, the positivity conditions of ZRQFIF are 
given.

2.  Basics of Zipper Fractal Interpolation Functions 

Definition: Consider a non-surjective map ;lm  l∈∧  =  1, 2, ...,  1M −  on a 
complete metric space X. Then the system { , ; }lX lmℑ = ∈∧  is known as the 
zipper iterated function system with the vertices 1 2( , , , )Mv v v  and 
signature is a binary-valued parameter defined as e = 1 2 1( , , , )Me e e − ∈

1{0,1} ,M−  where each le  takes value either 0 or 1, if 1( ) ,
ll lv v em +=

1( )
ll M lv v em + −= ∀ .l∈∧  And A X⊂  is the compact set which satisfies 

1

1
( )M

jj
A Am−

=
=


and is known as an attractor associated with the zipper .ℑ  The review of 
zipper FIF is based on [1], [18] yi.

Consider the dataset 2{( , )m mq z R∈ : *m∈∧ = 1, 2, ..., }M  with 1y < 2y
< < .My  Consider 1[ , ]Mq q= & 1[ , ]l l lq q += ∀ .l∈∧   Let :l lL →   be 
an affine map such that
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1 1( ) , ( ) (1)
l ll l l M lL q q L q qe e+ + −= =

For ,l∈∧  let the function *: : [ , ]lF K c d R= × →  of the form
( , ) ( )l l lF q z z Q qd= +

ld  is the V.S.F. and :lQ R→  be the continuous function, so as | |ld =
max{| |ld : } 1l∈∧ <   &  following condition holds:

1 1 1( , ) , ( , ) , . (2)
l ll l l M M lF q z z F q z z le e+ + −= = ∈∧

Define the map *:l lK Rm → ×  by
*( , ) ( ( ), ( , )) ( , )l l lq z L q F q z q z Km = ∀ ∈

The system *{ ; : }lK lmℑ = ∈∧  is the zipper IFS with signature 
1 2 1{ , , , }Me e e e −∈   and vertices {( , ), *}.m mq z m∈∧  The following result can 

be seen in [18].

 Theorem 1: For the IFS *{ ; : },lK lm× ∈∧  the following conditions hold: 
•• There exist a compact set * ,H K⊂ ×  which is unique, so as 

1
1 ( ).M

l lH Hm−
==



•• H be the graph of : ,g Rd
e →  which interpolates the data 2{( , )m mq z R∈ :

*}m∈∧  and that is {( , ( ))H q g qd
e= : }q∈ & ( ) .l lg q zd

e =

3.  Construction of Zipper RQFIF

Consider zipper rational IFS, where the rational function is 
,

,

( )
, ( )( ) ,l

l

U q
l V qQ q e

ee =  
5 4 3 2 2 3

, , , , ,
4 5

, ,

( ) (1 ) (1 ) (1 ) (1 )
(1 ) , ( ) (1 )

l l l l l

l l l l l

U q A B C D
E F V q s t

e e e e e

e e

q q q q q q q

q q q q q

= − + − + − + −

+ − + = − +

for 1

1
0 1,

M

q q
q qq −

−≤ = ≤  &l ls t  are the non-negative shape parameters. Consider 
a subspace *( )C  = { : ,g R→ 1 1( ) ,g q z= ( ) }M Mg q z=  of ( )C   and is 
complete w.r.t uniform norm. Let 1{0,1}M

le −∈  is fixed then R-B operator is 
defined as * *: ( ) ( ) :T C Cd

e → 

( ( )) ( , ( ))l lT L q F q g qd
e =

5 4 3 2
, , ,

2 3 4 5
, , ,

(1 ) (1 ) (1 )1( )
(1 ) (1 ) (1 )

l l l
l

l l l l l

A B C
g q

s t D E F
e e e

e e e

q q q q q
d

q q q q q q q

 − + − + −
 = +
 − + + − + − + 
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Td
e  be a contraction on *( ( ), . ),C ∞    then according to the theorem 

given by Banach for fixed points , Td
e  will possess fixed point Sd

e which 
satisfy:

,( ( )) ( ) ( ) (3)l l lS L q S q Q qd d
e e ed= +

5 4 3 2
, , ,

2 3 4 5
, , ,

(1 ) (1 ) (1 )1( )
(1 ) (1 ) (1 )

l l l
l

l l l l l

A B C
S q

s t D E F
e e ed

e
e e e

q q q q q
d

q q q q q q q

 − + − + −
 = +
 − + + − + − + 

The conditions given in equation (2) can be used for calculating the 
coefficients in above expression and it is similar to derive it from 

( )
ll lS q qd

e e+= & 1 1( ) .
ll lS q qd

e e+ + −=  As stated in [2] the scaling factor is selected 
as 2| |l lad < ∀ l∈∧  for a differentiable FIF. The following conditions are 
needed for constructing the C2 ZRQFIF:

1 1( ( )) , ( ( )) ,
l ll l j M lS L q z S L q zd d

e e e e+ + −= =

1 1( ) ( )
1 1,( ) ( ( )) ( ) ( ( ))

l ll l l M lS L q d S L q dd d
e e e e+ + −= =

(2) (2)
1 1&( ) ( ( )) ,( ) ( ( )) .

l ll l l M lS L q D S L q Dd d
e e e e+ + −= =

All the constants in ,lU e  are calculated by using the above conditions:

, 1 , 1( )& ( )
l ll l l l l l l l MA s z z F t z ze e e ed d+ + −= − = −

, 1 1(4 )( ) ( ( ))
l ll l l l l l l l l MB s t z z s h d q qe e ed d+ += + − + − −

,
where, 1 l ll l lh q qe e+ − += −

 
, 1 1 1( 4 )( ) ( ( ) )

l ll l l l l M l l l l M ME s t z z t h d q q de e ed d+ − + −= + − − − −

2

, 2
1 1 1 1 1

1(6 4 ) (3 )
2( ) ( )

l l ll l l l l
l l l l l l

l l M l M

z h d h D
C s t s t s

z q q d q q D
e e e

e d d d
+ + +

    
 = + + + +        − − − − −     

2
1 1 1

, 2
1 1

1(4 6 ) ( 3 )
2( ) ( )

l l ll l l l l l l
l l l l l l

l M M M M M

z h d h D
D s t s t t

z q q d q q D
e e e

e

d d

d
+ − + − + −

    − −
 = + − + +        − − −      .

Hence we get the required Zipper RQFIF.
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Remark: If 0 ,l le d= =  then the ZRQFIF reduces to the RQ interpolant [19], 
and can be written as

1

1

( )
( ) , , . (5)

( )
l

l M

u q q
P q q

v q q
q

q
q

−
= = ∈

−


5 4

2 3 2 2 2 3
1 1

4 5
1 1 1

( ) (1 ) (4 ) (1 ) (6 4 ) (3 )
1 1(1 ) (4 6 ) ( 3 ) (1 )
2 2
( 4 ) .(1 ) & ( ) (1 ) .

l l l l l l l l l l l l l l l l

l l l l l l l l l l l l l

l l l l l l l l l l l

u s z s t z s d s t z s t d

s D s t z s t d t D

s t z s d t z v s t

q q q q

q q q q

q q q q q q

+ +

+ + +

= − + + + − + + + +

+ − + + − + + −

+ + − − + = − +

 

  



4.  Convergence 

Theorem 2: [19] Let 3
1[ , ]Mf C q q∈  and 2{( , ) : *}m mq z R m∈ ∈∧  be the data set. 

Let P is the classical quintic rational spline associated with f, then the error 
between f & P in every subinterval 1[ , ]l lq q +  is,

            

3 (3)| ( ) ( )| ( ) (6)lf q P q e f q− ≤   

where, 

1 1 0 1
max , max ( , , )l l ll M

e e s t
q

s q
≤ ≤ − ≤ ≤

= =

1

2

2
max ( , , ) for 0

3( )
( , , ) .

2
max ( , , ) for 1

3( )

l l
l l

l l
l l

l l
l l

l l

s t
s t

s t
s t

s t
s t

s t

s q q
s q

s q q

 +
≤ ≤ + =  
+ ≤ ≤ + 

Theorem 3: Let 3
1[ , ]Mf C q q∈  and 1 2{ , , ..., }Mq q qD =  be the partition   

satisfying the condition 1 2 ... .Mq q q< < <  Let Sd
 be the RQFIF, interpolating the 

values of f on the points of ,D  then 

3 (3) | |
{ ( ) ( )}

1 | |lf S e fd d
d

X X∗∞
∞ ∞

∞

− ≤ + +
−

      

where,

2 2 2 2 21( ) { (1 ) (1 ) }| | ( (1 ) )| |
2l lf d Dq q q q q qX ∞ ∞ ∞= + − + − + −    



1810� S. SHARMA AND K. KATIYAR

2 2 2 2 2
1, 1, 1,

1( ) { (1 ) (1 ) }| | ( (1 ) )| |
2l l l l lz d Dq q q q q qX∗ = + − + − + −    

and 

0 1
max ( , , );0 1,| | max{| |;1 },l l l le s t d d l M

q
s q q ∞≤ ≤

= ≤ ≤ = ≤ ≤

1, 1 1, 1| | max{| | ;1 },| | max{| | ,| | ,}| | max{| | ,| | }.m M M M MD D m M d d d D D D∞= ≤ ≤ = =

Proof: Now 1 1( ) ( ( )) ( ( ), )l l l lS q S L q P L qd dd d− −= +  for all .l∈∧  The R-B operator 
defined on ( )C   w.r.t. the scaling vector 0d ≠  is:

* * 1 1( ( )) ( ( )) ( ( ), ), , . (7)l l l l l lT g q g L q Q L q q ld d d− −= + ∈ ∈∧

As with 0,d ≠  Td  has Sd as its fixed point and in similar manner if 
the scaling vector is zero then Td  has P as its fixed point 0,d =  | |d ∞ is the 
contractivity factor of the contraction map δT . Thus

| | (8)T S T P S Pd d
d d d∞ ∞ ∞− ≤ −   

by using the mean value theorem, we get 
1 1 1

0( ) ( ) | ( ( )) ( ( ), ) ( ( ), 0)|l l l lT P q T P q P L q Q L q Q L qd d d− − −
∞ ∞− ≤ + − 

( ) ( )
1 1

1
0 1 1

( , , , ( )) (0, , , ( ))
( ( ))

( , , ( )) ( , , ( ))
l l l l l l l

l
l l l l l l

u s t L q u s t L q
T P q T P q P L q

v s t L q v s t L qd

d
d

− −
−

∞ − −

∞

− ≤ + − 

1

1

( , , , ( ))
( , , ( ))

| | ;| | (0, ) (9)

l l l l

l l l
l l

l

u s t L q
v s t L q

P

t

d t d
d

−

−

∞ ∞

    ∂  
   ≤ + ∈ ∂ 
 

from the classical RQIF (5) we observe that ( )P q  can be rewrite as:

1 2 1 3

4 1 5 6 1

( ( )) ( , , ) ( , , ) ( , , )
( , , ) ( , , ) ( , , ) (10)

l l l l l l l l l l

l l l l l l l l l

P L q s t z s t z s t d
s t d s t D s t D

w q w q w q
w q w q w q

+

+ +

= + +

− + +

where 
5 4 3 2

1

(1 ) (4 )(1 ) (6 4 )(1 )
( , , ) 0

(1 )
l l l l l

l l
l l

s s t s t
s t

s t
q q q q q

w q
q q

− + + − + + −
= ≥

− +
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5 4 2 3

2

( 4 )(1 ) (4 6 )(1 )
( , , ) 0

(1 )
l l l l l

l l
l l

t s t s t
s t

s t
q q q q q

w q
q q

+ + − + + −
= ≥

− +

4 3 2

3

(1 ) (3 ) (1 )
( , , ) 0

(1 )
l l l l l

l l
l l

s s t
s t

s t
q q q q

w q
q q

− + + −
= ≥

− +
 

4 2 3

4

(1 ) ( 3 ) (1 )
( , , ) 0

(1 )
l l l l l

l l
l l

t s t
s t

s t
q q q q

w q
q q

 − + + −
= − ≥  − + 

 

2 3 2 2 2 3

5 6

1 1(1 ) (1 )
2 2( , , ) 0 & ( , , ) 0

(1 ) (1 )
l l l l

l l l l
l l l l

s t
s t s t

s t s t

q q q q
w q w q

q q q q

− −
= ≥ = ≥

− + − +

 

We see that 1 2( , , ) ( , , ) 1l l l ls t s tw q w q+ =  and also for 0 & 0.l ls t> >  We 
have 

2 2
3 4( , , ) ( , , ) { (1 ) (1 ) }l l l l ls t s tw q w q q q q q− = − + −

2 2 2
5 6

1( , , ) ( , , ) (1 )
2l l l l ls t s tw q w q q q+ = −

so,
2 2

, 1 , 1
( ) max{| |} { (1 ) (1 ) } max{| |}m l mm l l m l l

P q z dq q q q
= + = +

≤ + − + −

2 2 2

, 1

1 (1 ) max{| |}
2 l mm l l

Dq q
= +

+ −

2 2 2 2 2
1,

1| | { (1 ) (1 ) }| | (1 ) | | .
2M l lz d Dq q q q q q∞ ∞≤ + − + − + − 

As this is true for m, so

         

( ) 2 2 2 2 21{ (1 ) (1 ) }| | ( (1 ) )| | .
2

(11)
l lP f d Dq q q q q qX∞ ∞ ∞ ∞≤ = + − + − + −      

Since ( )lv q  is independent of ,d  from equation (9), 
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1

1

1 1 2 3 1

4 5 1 6

( , , , ( ))
( , , ( ))

( , , ) ( , , ) ( , , )

( , , ) ( , , ) ( , , )

l l l l

l l l
l l l l l l l

l

l l l l l l l l

u s t L q
v s t L q

s t z s t z s t d

s t d s t D s t D

t

w q w q w q
d

w q w q w q

−

−

  ∂  
   = + +

∂

− + +

via same arguments we obtain, 
1

1

2 2 2 2 2
1, 1, 1,

( , , , ( ))
( , , ( ))

( ) (12)

1{ (1 ) (1 ) }| | ( (1 ) )| |
2

l l l l

l l l

l

M l M l M

u s t L q
v s t L q

z d D

t

d

q q q q q q

X

−

−
∗

  ∂  
   ≤

∂

= + − + − + −



   

by substituting the values from equations (11) and (12) in equation (9), we 
get

                          
0 1( ) ( ) | | ( ( ) ( )); [ , ]. (13)MT P q T P q q q qd d X X∗

∞ ∞− ≤ + ∈   

Now by using (8) & (13) 

           
0 0( ) ( ) ( ) ( ) ( ) ( )S P T S q T P q T S q T P q T P q T P qd d d

d d d d∞ ∞ ∞ ∞− = − ≤ − + −       

| | ( ( ) ( ))
| | ( ( ) ( ))

1 | |
S P S Pd d d

d d
d

X X
X X

∗
∗ ∞

∞ ∞ ∞∞
∞

+
≤ − + + ⇒ − ≤

−
 

     

we have 

f S f p p Sd d
∞ ∞ ∞− ≤ − + −     

so by using the Theorem 2, 

3 (3) | |
{ ( ) ( )}.

1 | |lf S e fd d
d

X X∗∞
∞ ∞

∞

− ≤ + +
−

      

Theorem 4: Let Sd
e  and Sd  are the ZRQFIF and RQFIF respectively for the 

data set 2{( , )m mq z R∈ : *}m∈∧  having vertical scaling 2| | ,l lad <  then for fixed 
signature (0,1) ,Me∈

2| | 1(| | | | ) 16 ( , ) 5 ( , ) ( , )
(1 | | ) 2

S S s t f h f h fd d
e

e
w w w

l d
∞

∞ ∞ ∞
∞

   ′ ′′− ≤ + + +  −    
    



RATIONAL QUINTIC FRACTAL INTERPOLATION FUNCTION� 1813

1 2

1 2 1 2
| |

where, max{ ; } ( , ) sup { ( ) ( ); , }l
q q

h l f f q f q q qw
− ≤

= ∈∧ = − ∈


  

,

0, if 0
min{ ( ) : 0 1}, min{ : } &| |

1, if 0.
l

l l l
l

V le

e
l q q l l e

e∞

 == ≤ ≤ = ∈∧ = 
≠

Proof:  By using the self-referential equation for & ,S Sd d
e  ,ly∀ ∈  we have 

       

( ) ( )( ) ( )
, ,

4
| | ( ) ( )

( ) ( )
l l ll l l l l l l l l l l

l l

s z z s t z z s h d d
S q S q

V V
e e ed d

e
e e

d
q q

+ + +

∞

− + − + −
≤ − + + 

( )( ) ( ) ( ) ( )2

,

16 4 3
2

( )

l l ll l l l l l l l l l l l l

l

s t z z s t h d d s h D D

V

e e e

e q

+ + ++ − + + − + −
+

( )( ) ( ) ( ) ( )2
1 1 1 1 1 1

,

14 6 3
2

( )

l l ll l l l l l l l l l l l l

l

s t z z s t h d d t h D D

V

e e e

e q

+ − + + − + + − ++ − + + − + −
+

( )( ) ( ) ( )1 1 1 1 1 1

, ,

4

( ) ( )
l l ll l l l l l l l l l l

l l

s t z z t h d d t z z

V V
e e e

e eq q
+ − + + − + + − ++ − − − −

+ +

1 1 1

1 1 1

2
1 1 1

1 1 1

2
1

| | 4| | | |

| | 6| | 4| |
13 | | | | | |1 2| |

4| | 6| | | |
13 | | | |
2

l l l l l l

l l l l l l

l l l l l l

l
l l l l l l

l l

s z z s z z t z z

s d d s d d t z z

s d d t d d s D D
S S

s z z t z z s d d

t d d t D

d d
ed e

l

∞ + ∞ + ∞ +

∞ + ∞ + ∞ +

∞ + ∞ + ∞ +

∞ ∞
∞ + ∞ + ∞ +

∞ + ∞

− + − + −

+ − + − + −

+ − + − + −
≤ − +

+ − + − + −

+ − +



  

 



  1 1

1 1

| |

4| | | |

l l l l

l l l l

D s z z

t z z t d d

+ ∞ +

∞ + ∞ +

 
 
 
 
 
 
 
 
 
 − + −
 
 + − + − 

1 1

1 1

2 2
1 1

6| | 16| |
1| | | | 5 | | 5 | |

1 1| | | |
2 2

l l l l

l l l l

l l l l

s z z t z z

S S s d d t d d

s D D t D D

d d
ed e

l

∞ + ∞ +

∞ ∞ ∞ ∞ + ∞ +

∞ + ∞ +

 
 − + −
 

≤ − + + − + − 
 
 + − + − 
 

   

 
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2 2

16| | ( , ) 16| | ( , ) 5 | | ( , )1| | | | 1 15 | | ( , ) | | ( , ) | | ( , )
2 2

s f t f s f
S S

t f s f h t f h
d d
e

w w w
d e

l w w w

∞ ∞ ∞

∞ ∞ ∞
∞ ∞ ∞

′ + +
 ≤ − +  ′ ′′ ′′+ + + 
 

   

 

   

( ) ( )
( ) 2

16 | | | | ( , ) 5 | | | | ( , )1| | | | .1 | | | | ( , )
2

s t f s t f
S S

s t f
d d
e

w w
d e

l w

∞ ∞ ∞ ∞

∞ ∞ ∞

∞ ∞

 ′+ + +
 ≤ − +  ′′+ + 
 

  

 

 

Theorem 5: Let Sd
e  be the ZRQFIF for the data set 2{( , )m mq z R∈ : *}m∈∧  with 

the fixed signature (0,1) ,Me∈  then 

3 (3) | |
{ ( ) ( )}

1 | |l lf S e fd
e

d
d

X X∗∞
∞ ∞

∞

− ≤ + +
−

      

( ) ( ) 2| | 1| | | | 16 ( , ) 5 ( , ) ( , ) .
21 | |

s t f f f
e

w w w
l d

∞
∞ ∞

∞

   ′ ′′+ + + +  −    
    

Proof: By using the theorem 3 and theorem 4 in following inequality  

f S f S S Sd d d d
e e∞ ∞ ∞− ≤ − + −     

we’ll get our required result.

5. Positivity of ZRQFIF

Theorem 6: Let 2{( , ) : *}m mq z R m∈ ∈∧  be the considered positive data set, then 
Sd

e  be positive only if the constraints given below holds for scaling factor and 
shape parameters.

           

2 2
1 121 1

1
1 1

( )( )

2 ( )

ll

l

l

ll
l l M Ml l M M

l ll

l l M l l
l M M

l

h D q q Dh d q q d
h hs

z z t
d q q d

h

ee

e
e

dd

d d

+ −+ −

+ −
+ −

  
− −− −     

   < <
−  

− − 
 

1

1

0 min ,l ll l
l

M

z z
z z

e ed + + −  ≤ <  
  
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Proof:  To prove that the ZRQFIF Sd
e  is an positive function, it is sufficient 

to demonstrate that ( ( )) 0.lS L qd
e ≥  By the hypothesis of IFS, we conclude 

that ( ( ))lS L qd
e  is positive if , ( )lU e q ≥ 0 [0,1].q∀ ∈  Therefore ( ( )) 0lS L yd

e ≥  if 
, ,lA e , ,lB e , ,lC e , ,lD e ,lE e & , 0,lF e >  by simplifying these inequalities, we get 

the conditions over ld  and ,l ls t  as follow and by using these conditions a 
nonnegative ZRQFIF can be constructed. 

2 2
1 121 1

1
1 1

( )( )

2 ( )

ll

l

l

ll
l l M Ml l M M

l ll

l l M l l
l M M

l

h D q q Dh d q q d
h hs

z z t
d q q d

h

ee

e
e

dd

d d

+ −+ −

+ −
+ −

  
− −− −     

   < <
−  

− − 
 

1

1

0 min , .l ll l
l

M

z z
z z

e ed + + −  ≤ <  
  

Example 1: Consider the interpolating points as (0,0), (1, 5), (2,7), (3, 9),
(4,10).  In Figure 1 (a), we took some random values for shape parameters 

(2,7, 2, 9)ls = & (9,8, 5, 4)lt =  and the scaling vector and signature are  d
= (0.2, 0.9, 0.35,− 0.4), ((1,1,1,1),e =  the graph corresponding to these 
values is negative. Then the values of ,l ls t  are calculated by using the 
theorem 6. In Figure 1 (b), the shape parameter is taken as (87,ls = 20,

(a) Non-Positive ZRQFIF with
((1,1,1,1), (0.2,0.9, 0.35,0.4)e d= = −

(2,7, 2,9)ls =  (9,8, 5, 4)lt =

(b) Positive ZRQFIF with              
(0,0,0,0), (0.12,0.29,0.3,0.34)e d= =

(87, 20,0.2,0.9)ls = (289,88, 45, 34)lt =

Figure 1
 Non-positive and positive ZRQFIF .Sd

e
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0.2, 0.9),  (289,lt = 88, 45, 34)  and signature, scaling vector are taken as 
(0, 0, 0, 0)e =  (0.12,d = 0.29, 0.3, 0.34)  respectively. 

5.  Conclusion

This paper have studied the construction of the C2 ZRQFIF with linear 
denominator having two shape parameters. If we take signature and 
scaling factor zero then, the ZRQFIF will become the RQFIF. The uniform 
convergence of ZRQFIF to the data generating original function is 
discussed. The graphs of ZRQFIF are also generated with the different 
approaches of signature, scaling vector and the shape parameters. If we 
choose the range of scaling vector and shape parameters as stated in 
theorem 6, then the proposed ZRQFIF preserves positivity. For future 
work, to construct and to study the ZRQFIF, constant in scaling vector can 
be replaced with variable.  
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