Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 29 (2026), No. 6, pp. 1805-1817

DOI : 10.47974/]IM-2316

Positivity preserving zipper rational quintic fractal interpolation
function

Shamli Sharma *

Kuldip Katiyar

Department of Mathematics
Chandigarh University
Chandigarh-Ludhiana Highway
Mohali 140413

Punjab

India

Abstract

A new class of zipper rational quintic fractal interpolation function (ZRQFIF)
characterized by two shape parameters has been introduced. Further, we discuss the
convergence of this function and to ensure the shape preservation, the constraints imposed
on scaling factor as well as on shape parameter are studied. Examples have been provided to
support the theoretical part. The proposed function represents a significant development in
the shape preservation field by offering a powerful tool for visualizing the data.
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1. Introduction

The interpolation techniques are plays an important role in
visualization of the discrete data. The functions with irregular data sets
can be approximated using classical interpolation as the derivative of
these interpolants are smooth globally and some of them are smooth
piecewise, but the hidden shape preserving properties cannot be preserved
using this interpolation. But the fractal interpolation is the ideal method
for irregularity. The word fractal was coined by the mathematician
Mandelbrot in 1975 and the fractal interpolation function was given by

* E-mail: shamligautaml9@gmail.com (Corresponding Author)
" E-mail: kuldeepe7279@cumail.in

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-2316

1806 S.SHARMA AND K. KATIYAR

Barnsley [1] in 1986. Fractal interpolation is used widely in many real
world applications, like: biology, finance and others. The k-times
differentiable FIF was introduced by Barnsley and Harrington [2] and
Navascués and Sebastian [3] gave smooth FIF in 2006. The shape preserving
properties of FIFs are the growing interest in this field of research, as it can
be used in many scientific and economic applications. The rational splines
are more flexible as compared to others and this property makes them
more usable, for detailed review see [4]-[7]. The local non-affine -FIF is
introduced by Banerjee, Akhtar, and Navascués [8]. In the past two to
three decades, many researchers have worked on fractal dimension, fractal
surface and their applications, see [9]-[16].

The flexible method to construct a fractal is using the iterated function
system known as Zipper [17], [18] and this flexibility is provided by the
presence of signature.

The purpose of this paper is to construct a ZRQFIF and to discuss it
positivity property. The construction of ZRQFIF is given in this paper and
the paper is organized as follow: a short review zipper-FIF is given in the
second section, the construction of ZRQFIF is given, here we have consider

u, . (q)
Vi)

the rational function , here Q, (q) a linear polynomial having two

shape parameters. In the fourth section, the convergence of ZRQFIF is
discussed and in the fifth section, the positivity conditions of ZRQFIF are
given.

2. Basics of Zipper Fractal Interpolation Functions

Definition: Consider a non-surjectivemap u,; len = 1,2,.., M-1ona
complete metric space X. Then the system 3 ={X, y1,;] € A} is known as the
zipper iterated function system with the vertices (v,,v,,...,7,,) and
signature is a binary-valued parameter defined as € = (¢,,¢,,...,¢§,, ,) €
{0,1/"", where each ¢ takes value either 0 or 1, if w(v,)=v
w(v,)= Vit V len. And Ac X is the compact set which satisfies

A=U m@)

7
I+

and is known as an attractor associated with the zipper 3. The review of
zipper FIF is based on [1], [18] yi.

Consider the dataset {(qm,zm)eR2 cmen*=12,.,M} with y, <y,
<...<y,.- Consider ¢=[q,q,]1& ¢ =1q,9,]1Y len Let L:{—( be
an affine map such that
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Ll(ql) = ql+€, 4 LZ(qM) = ql+1—£1 (1)

For I e A, let the function F : K" :=¢x[c,d] > R of the form
F(q,2)=62+Q,¢)

6, isthe VS.F.and Q, : ¢ — R be the continuous function, so as |, | =
max{|§,|: le A} <1 & following condition holds:

E(qlle)zzh-a,’Fl(qM’zM):ZZ+1—£,’ZG A 2

Define the map g, : K" —¢,xR by
#(q,2) =L, (9), Eq,2)V(q,2) e K

~

The system JI={K';u :len} is the zipper IFS with signature
cefle,¢g,,..., €, ,} and vertices {(q,,z,),m € A*}. The following result can
be seen in [18].

Theorem 1: For the IFS {{xK";u, :1€ A}, the following conditions hold:
* There exist a compact set Hc/x K", which is unique, so as
H= U;\f{lul(H)'
* H be the graph of §°:¢— R, which interpolates the data {(q,,z,)€ R :
me A*} and that is H = {(q,gi(q)) tgell & gi(ql):zl.

3. Construction of Zipper RQFIF

Consider zipper rational IFS, where the rational function is
Q@) =57,
U, (g)=A,1-60+B (1-6)'6+C (1-6)’6*+D, (1-6)°6°
+E, (1-6)6" + F, 0°,Vi(g) =5,(1-6)+106

for 0<6= % <1, s,&t, are the non-negative shape parameters. Consider

a subspacgi ‘C'() ={g:{ >R, gq,)=z2,, 8@,)=z2,} of C({) and is
complete w.r.t uniform norm. Let ¢, € {0, 1M is fixed then R-B operator is
defined as T :C'(¢) > C'(¥):

T(L(9)) = E(q,8())

= 618(@"’

1 A,(1-6)]+B (1-6)'0+C, (1-6)°6°
s(1-0)+t6|+D, (1-6)°0° +E (1-6)0* +F 6°
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Tf be a contraction on (C (¢),||.]|,), then according to the theorem
given by Banach for fixed points , T® will possess fixed point S’ which
satisfy:

SUL(@) =65 () +Q, . (9) 3)

1 Al,£(1—0)5 +Bz,g(1_9)40+cz,g(1_9)3 6’

=85°()+————
5@ 5(1-0)+t0(+D, (1-6)’6° +E, (1-6)6" +F, 6°

The conditions given in equation (2) can be used for calculating the
coefficients in above expression and it is similar to derive it from
S‘g(ql) qZ+€ (%1) Tpore, . As stated in [2] the scaling factor is selected
as |6, |<a V le A for a differentiable FIF. The following conditions are
needed for constructing the C* ZRQFIF:

SS (Ll(ql )= Zz+e, ’ Sf (L/(qm ) = mes, ’
SO L n=4d,, .S (L@))=d,,

&S, () =D, ()P(L,q,)=D,, .

All the constants in U, , are calculated by using the above conditions:
A z)&FE , =t(z -0,z

e = Sz(zml -6z,

I+1-¢

Bl,s = (4Sl +tl)(zl+s[ _6IZI)+SI( 17 l+e 6 (qM ql ))

Where’ hl = ql+1—£/ _qhsl

E . =(s,+4t)(z 6,z,,)—t,(hd

I+1-¢ -
d h*D
. =(6s, +4t)[ " J+(3s +t)[ P J ls{ e J
5121 0 (qM ql)d 2 _51(‘7M _‘11) D1

z =y WD, -6
D = (45 +6t ) I+1-¢, —(S ) l l+1 -g 1 1 t 1141, |
lLe 1 1 1 I . )
_SZZM ( T ql)d (qM _‘71) DM .

Hence we get the required Zipper RQFIF.

I+l 6,(ay —9,)4,,)
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Remark: If & =0=0,, then the ZRQFIF reduces to the RQ interpolant [19],
and can be written as

P(q): ul(e) 0= q-1

’ el 5)
vuO) a4
U (0)=52,(1-60)" +(4s, +1,)z, +s,1,d,(1-60)* 0 +(6s, + 4t,)z, + (35, + ) d,
+ %s,thZ (1-6)°0% +(4s, +6t,)z,— (s, + 3t )h d, , +%tlthm(1 -0)’6’

+(s,+4t)z, —shd (1-0)0* +tz, 0° &v,(0)=5,(1-0)+16.

U+ 171+1

4. Convergence

Theorem 2: [19] Let f €C°[q,,q,,] and {(q,,,z,) € R* :m e A*} be the data set.
Let P is the classical quintic rational spline associated with f, then the error
between f & P in every subinterval [q,,q,,,] is,

| f(@)-P() | <er} || fO (Il (6)

where,
e = max ,e, =maxo(s,t,,0)
1<IsM-1 0<6<1
25, +t,

maxo,(s,,t,0) for 0<0 < 36, 11)
sl+ 1

o(s/11,6) = 25 +t
! 1

3(s, +t))

<0<1

maxo,(s,,t,,0) for

Theorem 3: Let feC’lq,q,] and A=1{q,,q,,..,q,} be the partition (
satisfying the condition q, <q, <..<q,,. Let S° be the RQFIF, interpolating the
values of f on the points of A, then

T [ A
I f=S"Il.<en |l f IL+1_|5LO {E(h) +E" (1)}

where,

E(m) =l f1I, +h,{6(1-6)+6*(1-6)*}d|, +%hf(92(1—9)2)|Dlw
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E@m)=lzl, +h, {0(1-0)+6°(1-0)*}|d I, +%hf(92(1—0)2) ID1,,

and

e zlg}i>1<c>'(sl,tl,0);0£9 <1,|d| =max{|d|;1<I<M},

|D|,=max{|D|,;1<m<M},|d|, ,=max{|dl,ldl,,}|D| ,=max{|D|,|D],}.

Proof: Now S°(q) = SISS(L;] (@) +P(L'(9),8,) forall I €. The R-B operator
defined on C(¢) w.r.t. the scaling vector 8 #0 is:

T8 (@) =88 (L' (@) +Q(L'(@),5),9€!,,len 7)

As with 6 #0, T; has S° as its fixed point and in similar manner if
the scaling vector is zero then T has P as its fixed point 6 =0, |5, is the
contractivity factor of the contraction map 7 . Thus

IT,S" ~T,PI,<I81IIS° Pl 8)

by using the mean value theorem, we get
I T5P(9) - T,P(q) < 1 8,P(L™ (q) + Q,(L™(9),6) - QL (9), 0)],

(8,54, L) u0,5,1,L )
(56, L@) vt L) |,

‘a{”z(fvswtz'“@)H

L

S|5|OO ||P|LO+| Ul(sl i (q))
a8,

SP(L(q)+

I T,P(q)-T,P(q)l,<

i17,1€(0,6,) )

from the classical RQIF (5) we observe that P(g) can be rewrite as:
P(L(q)) = w,(s,,t,,0)z, + 0,(s,,t,,0)z,,, +@,(s,,t,0)d,

-o,(s,,t,0)d,  +o/s,t,0)D,+o./s,t,660)D (10)

1+1 1+1

where

5,(1-0)° + (45, +£)(1-6)' 6.+ (65, + 4t,)(1-6)'0" _
s,(1-0)+1t6 a

o, (s, t,0)= 0
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0 + (5, + 4)(1-0)0° + (45, + 61)(1-0)°0° _

t
w,(s,,t,0)=-
2(8/11,6) 5,(1-6)+t0

0

5, (1-6)'0+(3s, +t)h,(1-0)6° S0

5,(1-6)+16

1

,(s,,t,0)=

th (1-6)6* 3t)h (1-6)*6°

5,(1-0)+t0

%slhz(l—efez %tlhf(l—G)ZQS

,(5,,1,0) = 2— >0 & o,(s,t,0)=

- >0
s,(1-0)+t0 s,(1-0)+t0

We see that w,(s,,t,,0)+w,(s,,t,,0)=1 and also for s, >0&¢t >0. We
have

,(5,t,0)-0,(5,t,0) =1 (0(1-0)+ 6*(1-0)*}
w,(s,,t,,0)+,(s,,t,0) =%h?92(1—0)2
S0,
P(g)<max{|z, |}+1{6(1-06)+6°(1-6)") max{|d, |}

1 202 2
+16°(1-6) max{|D, |}

<|zl, ,, +1,{6(1-6)+ 6*(1-6)*}|d|, +%hf92(1—0)2 D, .

As this is true for m, so
- 1
I PIL<E(R)=Il fII, +h,{6(1-6)+6*(1-6)}|d|, +§hf(92(1—0)2)|Dlw.
11)

Since v,(g) is independent of §, from equation (9),
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a{ul(rl,sl,t,,L‘l(q))}
v,(s,,t, L (7))
06,

=w,(s,t,0)z, +0,(s,,t,0)z, + ©,(s,,t,0)d,
-o,(s,t,0)d +w.s,t,0)D, +o.Us,t,0)D,

via same arguments we obtain,

a{u,(r,,s,,tl,rl(q»

0,54, L7 (9)) } .
2, == (12)

1
=zl +7{6(1-0)+6°(1-6)*}|d], ,, +§hf(92(1—9)2) D1, o

by substituting the values from equations (11) and (12) in equation (9), we
get
I TP(q)-T,P(@)IL.< 181, ER)+E (), 9 €[4,,9,]- (13)

Now by using (8) & (13)

I1S° =P Il,= 1 T,S° ()~ T,P() IL.< 1| T,5°(9) - T,P(9) Il +1I T,P(q)~T,P(9) L.

61, Em)+E"(n))

<SS’ =PI, +|8| EMm)+E (h)=||S°-P]| <
” 1-161,

we have
If=S" LI f=pll, +Ip=S"I,
so by using the Theorem 2,

TR AT +%{E(ﬁ)+a"<h>}.

Theorem 4: Let S° and S° are the ZRQFIF and RQFIF respectively for the
data set {(q,,,z,)€R* : me A*} having vertical scaling |8, |<a’, then for fixed
signature € €(0,1),

lel,

180 -8° ||, < ——2—
= 2a1eL)

{( Is], +[t Iw)[16w(f,h)+5hw(f’,h)+%h2w(f",h)j}
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where, 7 =max{h,;l e A} o(f,h)= sup {f(q,)-f(4q,);9,,9, €}

lq=q,1<h

0,ife =0

A, =min{V, (0):0<0<1},A=min{A, :le A} &|e| = ]
€ 1, ifg, #0.

Proof: By using the self-referential equation for S’ &S°, Vye(,, we have

‘s(z ‘ ‘4s+t H - ‘

l£<e>| V,.0)

%Slhlz (Dml _Dl )‘

<I81I1S; (@) =S @)1l, +

‘(651 +4t, )(ZHS, -z )‘ +‘(35Z +t )hl (dl+s, —d, )‘ +

+
V,,.(0)|
‘(45 +6t )( Zia- g _Zl+1) + (Sl +3t1)hl(d1+1751 _dm) + ztlhzz( I+1-¢, _Dm)
i V,.(6)
+‘(Sl +4tl>(zl+1—e, 21 1\ "i+1-g _dl 1 ‘tl (Zm-s, _Zl+1)

V,,.(0)

V,.(0)|

Isl, |Zz+1 _ZI|+4|S|w |Z/+1 _Zl|+|t|oo |Zz+1 _Z/|
+hls|, |d,, —d|+6]s|, |d.,, —d|+4]t],

2~ Zz|

+3h|s|,

g, ~d|nltl, |4, ~d |+~ 5], D, -D)
5_ s l 1+1 1 1+1 1 2 1+1 1
<IBLIS; =" 1L +le| 15|, |z~ 2| +6 1], [z~ 2| + s, d, ~|
1301t |dl+1—dl|+%h2|t|w ID,.,~Dj|+Isl, |z, - |

_dz|

+4 |t |

z|+nlt], |d

1+1

0 Zl+1 -

6|s| |z —z|+16|t|
<181,11S2 - 55|L+|s| = +5h|s|

I+1 ZZ|

d, d|+5h|tlw |d+1—dl|

+= hzlslw
2

D

1+1

_Dz|

1+1

—DZ|+lh2 It],
2
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(16151, (f, h)+16|t| o(f, h)+5h|s| o(f',h)
<ISIIIS =S, +lel, =

“ A +5h |t o(f, )+ — h2|s| o(f", h)+= h2|t| o(f",h)
16(Is|, +It], )o(f, 1) +5(|s|, +t|, ) ha(f', k)

SRS SﬁlLQ+|«s|w/,L o
+— (|s| +|t], )W o (f",h)

Theorem 5: Let Sf be the ZRQFIF for the data set {(q,,,z, ) € R? : me A*} with
the fixed signature € € (0,1)", then

If=S IL<en Il f7, + 1 |5| {E(n)+E" (M)}

y by L2
+m{(lslw +|t|w)(16w(f,h)+5hw(f Jh)+ Zh o(f 'h)j}'

Proof: By using the theorem 3 and theorem 4 in following inequality
If=S <N f =51, +1S; =S,

we’'ll get our required result.

5. Positivity of ZRQFIF

Theorem 6: Let {(q,,z,) € R* : m e A*} be the considered positive data set, then
S? be positive only if the constraints given below holds for scaling factor and
shape parameters.

) )
hl {dl+l—el - (qM 4 )dM ] s h12 (Dm-g, - }T; (qM -0 )2 DM J
I 1

-5, N 5
Zy
l 2 [dhlsl N hfl @y~ )dM j
1

l+1 £

M

ZI+£, ZI+1—£,
0<6, <min<—-,—+~
Z1 z
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Proof: To prove that the ZRQFIF S’ is an positive function, it is sufficient
to demonstrate that Sf(Ll (9))=0. By the hypothesis of IFS, we conclude
that Sf(Ll(q)) is positive if U, (8) 2 0¥6 €[0,1]. Therefore Sf(Ll(y))ZO if
A.B.C,D.,E,. &F,_ >0, bysimplifying these inequalities, we get

the conditions over §, and s, ¢, as follow and by using these conditions a
nonnegative ZRQFIF can be constructed.

0 )
hz (dhls, _ﬁ(QM _%)dMJ hlz (Dlus, _;;(QM _ql)zDMj
1 1

<L«
t

1)
: 2 {dm.e, - I’TZ (qM —q )dM J
1

Zl+1—s, - 612M

. Zl+sl ZI+1—£,
0<6, <minq—+,—.
z z

1 M

Example 1: Consider the interpolating points as (0,0), (1,5), (2,7), (3,9),
(4,10). In Figure 1 (a), we took some random values for shape parameters
5,=(2,7,2,9) & t,=(9,8,5,4) and the scaling vector and signature are o
=(0.2, 09, -0.35, 0.4), €=((1,1,1,1), the graph corresponding to these
values is negative. Then the values of s,t, are calculated by using the
theorem 6. In Figure 1 (b), the shape parameter is taken as s, =(87, 20,

20 12

10 NN

15 ot

10 A » /V\_/«.‘
)} M Mw »‘M 6 //”
5

£y Ve

A /
0% 2 //
/I’

-5 0

0 1 2 3 4 0 1 2 3 4

(a) Non-Positive ZRQFIF with (b) Positive ZRQFIF with

£=(1,1,1,1),6 =(0.2,0.9,-0.35,0.4) £=(0,0,0,0),6 =(0.12,0.29,0.3,0.34)
5=(2,7,2,9) t,=098,54) s,=(87,20,0.2,0.9) t, =(289,88,45,34)
Figure 1

Non-positive and positive ZRQFIF S.
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0.2, 0.9), t =(289, 88, 45, 34) and signature, scaling vector are taken as
£=(0,0,0,0) 6=(0.12, 0.29, 0.3, 0.34) respectively.

5. Conclusion

This paper have studied the construction of the C*ZRQFIF with linear
denominator having two shape parameters. If we take signature and
scaling factor zero then, the ZRQFIF will become the RQFIF. The uniform
convergence of ZRQFIF to the data generating original function is
discussed. The graphs of ZRQFIF are also generated with the different
approaches of signature, scaling vector and the shape parameters. If we
choose the range of scaling vector and shape parameters as stated in
theorem 6, then the proposed ZRQFIF preserves positivity. For future
work, to construct and to study the ZRQFIF, constant in scaling vector can
be replaced with variable.
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