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Abstract

The concepts of separability, proper separability, and strict separability and related
concepts are considered in this paper. Some properties of these sets are proved, and
applications are considered.
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1. Introduction

Let X, Y be sets in the plane R?.

The following question arises: When a straight line can be drawn between
the sets X, Y such that X is entirely on the one side of this line and Y is entirely
on the other side of this line.

If such a straight line exists for the sets X, Y then these sets are called
separable.

Similarly, if X, Y are sets in R3, the question about the existence of a plane
which separates X and Y is considered, and so on, analogous question arises
about the sets in R™.

Definition 1: The set

H={x € R™(v,x) = a}, (D
where v € R", v # 0 is a vector with constant components, @ € R, is called a
hyperplane, and « is the distance from the hyperplane H to the origin 0.

Definition 2: The hyperplane H, defined by (1), determines
H, ={x€eR"(v,x) >a}, H.={x€eR"(v,x)<a} (2)
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and
H, ={xeR"(v,x) >a}, H.={xeR"(v,x)<a},
closed half-spaces and open half-spaces, respectively.
When a = 0, H is a hyperplane through 0.
When n = 2, H is a straight line, and H, and H_ are half-planes.
When n = 3, H is aplane, and H, and H_ are half-spaces in R3.

Definition 3: The sets X, Y are called separable if 3 a vector v # 0, a number
a with

(v,x) fa<(vy) VXEX,Vy€eY. 3)
The sets X and Y are called properly separable if, moreover, X UY &
H.
The sets X, Y are called strictly separable if 3 a vector v # 0 and
numbers a; and @,, a; # ay, such that
(v,x) fa; <a, <(v,y) VXEX,Vy€eY. 4)
In the three cases of Definition 3, the sets X, Y can be separated,
properly separated, and  strictly separated, respectively.
The inequalities (4), which define strictly separable sets, can also be
expressed equivalently by using only one parameter « instead of two parameters
a;, a, as follows

(v,x) <a < (v,y) forall x € X, forally €Y, 4)
or
(v,x) < a <(v,y) forallx € X,forally €Y, 4
or
(v,x) < a < (v,y) forall x € X,forally €Y. %)

The concepts, discussed in the paper, and similar to them, are considered in
reference titles [1]-[18], etc.

Some main properties of separable (strictly separable) sets are stated and
proved in Section 2. In Section 3, a problem for future research is formulated.

2. Properties of separable sets

Theorem 1: Let the set X € R™, X # @ be closed and convex, y & X. Then X,
{y} are strictly separable.

Proof: The set X is nonempty, closed and convex, and y € X by assumption.
Therefore 3 a single projection p € X of the point y onto the set X, with

(x—py—-p)<0 Vxe€eX. (5)

Set v=p—y, a =(v,p). Because y £ X, p € X, then v # 0. Hence (5)
implies

(x—p,—v) <0, thatis, (v,x)=(v,p)=a VxE€X. (6)

However,
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a—(v,y)=(,p)—(vy) =, p—y)=(v,v) = [v|[* >0 (7)
because v # 0, hence |[v]|> > 0 strictly.
Therefore
OO

(v,y) < a < {v,x) for all x € X,
which means that X, {y} may be strictly separated by definition (see (4"), (4')).

Remark 1: Theorem 1 can be stated equivalently as follows: If the set X # @ is
convex in R™ and y & X, then X and {y} are strictly separable.

This is due to the fact that if we do not assume that X is a closed set, in order
that statement of Theorem 1 be true, we must require y & X instead of y & X.

Theorem 2: The sets X, Y may be separated (separated strictly, respectively)
& thesets X —Y and {0} can be separated (strictly separated, respectively).

Proof: =) Let the sets X, Y be separable (strictly separable). Then 3 v € R",
v # 0, and a scalar a € R, such that

(v,x) <a<(v,y) forall xeX, forallyeyY

((v,x) <a<(vy) forall xe X, forally€Y).

def
Therefore for every z = x— y,ZEX —Y for X € X and y € Y, the next
relations are fulfilled, respectively,

(V!Z) = <V1X _Y) = (V!X) - (VJY) 0= <V10) (8)
(v,z) = (v,.x=y) = (v,x) = (v,y) < 0 =(v,0)). (87
Relations (8) and (8') show that the sets X — Y and {0} are separable
(strictly separable, respectively).
&) Let the sets X — Y, {0} be separable (strictly separable). Hence, the
inequality (8) (inequality (8"), respectively) is satisfied. Furthermore, the
following inequality holds true, respectively,

sup (v,x) — inf (v,y) <0
XEX yeY

(sup (v,x) — inf (v,y) < 0).
XEX yEY

Hence,
<
(v,x) < sup(v,x),_~inf(v,y) <(v,y) VXEXandVyE€Y. 9)
XEX (<)YEY
Denote

sup(v,x) = a;, inf(v,y) = a,.
XEX VEY

Then inequalities (9) imply

<
(V,X)Sal(_<)a2 <(v,y) VX€Xand VyE€EY. 9"
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This means that the sets X and Y are separable (strictly separable,
respectively) by Definition 3.

Theorem 3: If the sets X, Y # @ are closed and convex, X NY = @, and, e.g.,
the set Y is bounded, then the sets X, Y can be strictly separated.

Proof: From the properties of Minkowski sum of sets it follows that the set X — Y
is closed and convex. Obviously, 0 € X —Y; if we assume the contrary, that
0eX—Y,then O=x—y, x€X, y€Y, hence x =y, where x € X and
y €Y, that is, X and Y have a common point, a contradiction with the
assumption of Theorem 3. Therefore Theorem 1 implies that the sets X — Y, {0}
can be separated strictly, and then sufficiency of Theorem 2 implies that X, Y are
strictly separable sets.

The next result is a consequence of the separation theorems.

Theorem 4: Let the sets X, Y € R"™ be compact and convex, and
sup{(d, z) = sup(d, z) vd € R™

z€X ZEY

Then X =Y.

Proof: Suppose the contrary, i.e., 3 some z, € X with zy € Y. Then 3 a vector
v in R™, v # 0, and a real constant a with
v,y)=a>(v,zg) VyeY
in accordance with Theorem 1. Denote d = —v # 0, we obtain
(d,y) < (d,z,) VyE€eY.
Because z, € X, we get
(d,zy) < sup(d, z).

z€X

Then
Sup(d' Y) < (d' ZO) S Sup<dr Z)
yEY z€X

a contradiction with the hypothesis of Theorem 4. Hence, assumption was
incorrect, therefore X =Y.

3. Conclusion

In this paper, the concepts of separable sets and related concepts are
considered. Some properties of these sets are proved, and applications are
considered.

Open problem for future research is to establish other separability properties
of convex sets.



ON THE SEPARATION OF SETS 1823

References

(1]

(2]

(3]

[4]

[5]

(6]

(7]

(8]

9]

(10]

(11]

(12]

(13]

(14]

C. D. Aliprantis and K. C. Border, Infinite Dimensional Analysis: A
Hitchhiker’s Guide, 3rd ed., Springer, Berlin-Heidelberg-New York
(2006).

V. G. Boltyanski, H. Martini, and P. Soltan, Excursions into Combinato-
rial Geometry, Springer, Berlin-Heidelberg-New York (1997).

S. Boyd, L. Vandenberghe, Convex Optimization, Cambridge Univer-
sity Press, Cambridge (2004).

C.J. Goh and X. Q. Yang, Duality in Optimization and Variational In-
equalities, Taylor & Francis, London-New York (2002).

B. Griinbaum, Convex Polytopes, 2nd ed., Springer, New York-Berlin-
Heidelberg (2003).

L. Narici and E. Beckenstein, Topological Vector Spaces, 2nd ed., Chap-
man and Hall / CRC Press, Boca Raton (2010).

A. G. Ramm, P. N. Shivakumar, and A. V. Strauss (eds.), Operator The-
ory and Its Applications, American Mathematical Society, Providence
(2000).

R. T. Rochafellar, Convex Analysis, Princeton University Press, Princ-
eton (1970).

H. H. Schaefer and M. P. Wolff, Topological Vector Spaces, 2nd ed.,
Springer, New York (1999).

S. M. Stefanov, “Valid inequalities and cutting planes for some poly-
topes,” Mathematical Inequalities and Applications, vol. 1, no. 2, pp. 285-
294 (1998).

S. M. Stefanov, Convex Separable Programming, Kluwer Academic Pub-
lishers, Dordrecht (2000).

S. M. Stefanov, Separable Programming: Theory and Methods, Kluwer
Academic Publishers, Dordrech-Boston-London (2001).

S. M. Stefanov, “Valid inequalities, cutting planes and integrality of
the knapsack polytope,” Journal of Interdisciplinary Mathematics, vol.
14, no. 4, pp. 389-406 (2011).

S. M. Stefanov, “On the solution of quadratic programming problem
with a feasible region defined as a Minkowski sum of a compact set
and finitely generated convex closed cone,” Journal of Information and
Optimization Sciences, vol. 39, no. 6, pp. 1223-1230 (2018).



1824 S. M. STEFANOV

[15] S. M. Stefanov, Separable Optimization: Theory and Methods, Springer,
Cham (2021).

[16] S. M. Stefanov, “Continuous linear knapsack problems revisited,”
Journal of Information and Optimization Sciences, vol. 44, no. 5, pp. 909-
922 (2023).

[17] S. M. Stefanov, “Numerical solution of box constrained separable
convex quadratic programming problems,” Journal of Information and
Optimization Sciences, vol. 45, no. 1, pp. 57-71 (2024).

[18] S. M. Stefanov, “On the properties of cones and polar cones,” Journal
of Interdisciplinary Mathematics, (2026), doi: 10.47974 /JIM-2262.

Received February, 2025



