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Abstract

The concepts of cones, polar cones, double polar cones, and pointed cones are
introduced. Some properties of these cones are proved, and the topic of representation of
convex cones is discussed.
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1. Introduction
Definition 1: The set K € R" is called a cone (with vertex at 0) if from
x€EK, t=0 it follows tx € K, ie., if X€ K, then K also contains the
following ray A = {tx:t > 0}.
Each ray A with an origin at the vertex 0 of the cone K and which ray is
contained in K is said to be ray of the cone K.
Convex cone is a set which is convex and which is a cone.

Examples of cones.
1) The whole space R™ is a cone by Definition 1 because R™ contains all
points, including the points of the form tx with t > 0.

2)  Octants in R", formed by the coordinate axes, are cones with vertices at 0.
Similarly, 2™ —ants in R™ are cones with vertices at 0.

3)  Each linear subspace of R™ is a cone.

4) The sets {x:Ax <0}, {y:y=4xx=>0}, {x:Ax=0, x>0} are
convex closed cones.
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The related topics are studied in reference titles [1]-[17], etc.

In Section 2, basic properties of the cones are stated. In Section 3, the polar
cone and the dual polar cone are defined, and some properties are stated and
proved. Section 4 is devoted to representation of convex cones. In Section 5, an
open problem for research is formulated.

2. Basic properties of cones

Theorem 1: A necessary and sufficient condition for the set K € R™ to be a
convex cone (with vertex at 0) is that X{, X, €K and a 20, f =0 imply
axq + fx, EK.

Proof: Necessity. Assume that K is a convex cone, and X;, X, € K and a = 0,
B =0 (hence a + B = 0).

Case 1: If « = f =0 (hence a + 8 = 0), then ax; + X, = 0 € K because K
is a cone (with vertex at 0) by assumption.

Case 2: If a+f >0 (that is, if @ >0, f =0 and at least one of a,f is
different from 0) then

ax, +Bx; = @+ ) (
according to Definition 1 because a + f > 0 by assumption,

a B
a+BX1+a+BX2 EK

a

B
a+BX1 +_X2) E K

a+p

.. . a B a B
> —_ > - —_ =
(this is satisfied because x;, x, € K, pory= 0, o= 0, pory + oy 1 and K

is convex by assumption).

Sufficiency. Assume that for every X;, x, EK and ¢ =20, f§ >0 we have
axy + fx, € K. Since axy + fx, is an arbitrary linear combination with
nonnegative coefficients of X;, X, then, in particular, K also contains the
convex combinations of every two points of K because the convex combinations
are special case of the linear combinations with nonnegative coefficients, that is,
K isa convex set by definition.

Furthermore, ax, + x, € K implies that K also contains the product of
each point of K with a nonnegative number (indeed, for &« = 0 we have
Bx, € K, and for § = 0 we have ax, € K), that is, K is a cone by Definition
1.

From the two conclusions, drawn above, it follows that K is a convex cone
by Definition 1.

It can be proved that the following three theorems hold true.

Theorem 2: If K is a cone, then its closure K also is a cone.
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Theorem 3: The intersection of convex closed cones is also a closed convex cone.

Theorem 4: If K, K, are convex cones in R" then K, + K, also is a convex
cone.

3. Polar cones and dual polar cones
Definition 2: Let X € R", X # @. The set

X ={x* e R:(x*x) <0 Vx€X} (1)
is said to be the polar cone of X.

According to Definition 2, X™* is the totality of all vectors (points) which
form non-acute angle with the vectors with endpoints which belong to X.

Remark 1: The concept of a “*polar cone" is defined for an arbitrary set X but
this concept is important when X is a cone.

Examples of polar cones.

1) If K ={0} then K* = R™.

2) If K* =R" then K = {0}.

3) Let X ={(x;,%;) € R%:x; > x,,x, = 0} (the set X is a closed convex
cone).

According to Definition 2,
X*={x"eR%u(x"x) <0 VxE€X]}
that is, (x*,x) = ((x1,x3), (1, %)) = x7x; + x3x, < 0, hence using x; > x,,
we get (x; +x3)x, <0, and from x, > 0 it follows that x; + x5 < 0, that is,
x; < —x; . Furthermore, since x; = x, = 0 according to definition of X,
x1 < —x; and x{x; + x;x, < 0, then x; < 0.
Therefore

X*={x*=(x{,x3) € R%:x] < —x3,x; <0}

Definition 3: The set
X*=X)Y ={ze R":{(zx*) <0 Vx*€X"} )
is said to be the polar cone of X* (double polar cone of X).

The following Lemma 1 presents some properties of cones, polar cones, and
double polar cones.

Lemma 1: Let X, Y be nonempty sets in R™. Then the following properties are
satisfied.

1) X" is a convex closed cone;
2) XcX,
3) fXCY thenY" CX".



4 S. M. STEFANOV

Proof:
l)a)Let x* € X* and t = 0. Therefore (x*,x) < 0 V x € X by Definition
2. Hence

(tx"x) =t(x",x) <0 VxeX
because t = 0 and (x*,x) < 0 for x* € X*. Therefore tx* € X* by Definition
2, hence X* is a cone according to Definition 1.
The proof that X* is a cone justifies the name of the concept of the polar

cone in Definition 2.
b) Let x7,x5 € X*, and A € [0,1]. Therefore

(x1,x) <0,(x5,x) <0 VXx€EX
and
(Ax] + (1 = D)x35,x) = Ax1,x) + (1 — 1)(x3,x) <0,
where we have used that 1 > 0, (x],x) <0 for x] €X*; 1—-12>20, (x3,x) <
0 for x5 € X*. Hence Ax; + (1 —A)x; € X*, ie., the set X" is convex by
definition.

Remark 2: Using Theorem 1, the property that X* is a convex cone (items a) and
b)) can be proved simultaneously. Let xi, x; € X* (hence (x3,x) <0 and
(x3,x) < 0 forevery x € X)and let @ = 0, § = 0. Therefore
(ax] + Bx5,x) = a(x],x) + B(x3,X) <0 VXEX,

where we have used that & > 0, (x],xX) <0 for x] € X" and f = 0, (x5,x) <
0 for x; € X*. Hence axj + fx; € X* according to Definition 2, and from
sufficiency of Theorem 1 it follows that X* is a convex cone.

c¢) The scalar (inner) product (.,.) is continuous function of its arguments.
Therefore if xj, € X*, x;, = x5 for k= oo, then (x;,x) <0 for all x€ X
according to Definition 2, and

Xex) <0 gy (xp,x) <0 VxELX,
i.e., X5 € X* by Definition 2. We have proved that x;, € X* and x;, = x5 imply
Xo € X*. Therefore, by definition X* is a closed set.

2) Let x € X. Therefore (x*,x) <0 for every x* € X* according to
Definition 2, hence (x,x*) <0 V x* € X* (symmetry of the scalar product in
R™). Therefore x € X** in accordance with Definition 3 of X**. We have shown
that x € X implies x € X**. However, X € X has been arbitrarily chosen. Hence
XcX.

3) Let X €Y and y* € Y*. Hence (y*,y) < 0 for every y € Y. However,
XCEY, hence (y',x) <0 for every x € X. Hence y* € X* according to
Definition 2 of X*. We proved that y* € Y* implies y* € X*. Because y* € Y*
was arbitrarily chosen, then Y* € X™*.

Theorem 5: If K is a nonempty convex cone in R™, then K** = K.
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Proof: According to Lemma 1, K € K™ and K™ is a closed set. Therefore
K S K™,

Concerning the converse inclusion, suppose that x € K**. Assume that
x € K. Then the point x and the set K are strictly separable. Therefore there
exists a vector v # 0, such that

(v,x) > (v,y) VyE€EK. 3)
Since K is a cone according to Theorem 2, then for every 1> 0, y € K,
(v,x) > v, y),

that is,

1(V, x) >(v,y) Vye€ K,

hence (v, y) < 0 for each y € K. Therefore from Definition 2 and Lemma 1 we
get VE K cK* because K €K and Lemma 1, part 3) imply K cK*.
However, from 0 € K and taking y = 0 € K in (3) we have (v,x) > 0, which
is a contradiction with the condition that x € K™ because from Definition 3 of
K** we have that (v,x) <0 for v€ K", x € K*™. Therefore the assumption
x ¢ K is wrong, i.e., X € K. We have proved that x € K** implies x € K.
Therefore K** € K.
From the two opposite inclusions it follows that K** = K.

Remark 3: An equivalent statement of Theorem 5 is as follows.

If K is a nonempty, closed and convex cone (that is, K = K due to the
closedness of K), then K** = K.
Note that if K is not a cone or if K is not a convex set, then statement of
Theorem 5 may not hold.

Theorem 6: If S is a subspace then S* = S*, where St is the orthogonal
complement of S.

Proof: According to definition of orthogonal complement,
L ={xy ER™(x0,x) =0 VxE€ES}L

a) Let x* €S*. Therefore (x*,x) <0 for each x €S in accordance with
Definition 2. Since S is a subspace, then x € S implies —x € S. Hence,
(x*,—x) < 0 for every (—x) € S. From the two opposite inequalities we
obtain (x*,x) = 0 for each x € S, and from definition of S* it follows that
x* € S*. Since x* has been arbitrarily chosen in S*, then §* € S*.

b) Let xo € St. Then (xq,x) = 0 for each x € S according to definition of
St. Therefore x, € S* because x, satisfies the nonstrict inequality of
Definition 2 of S* as an equality. Hence, S* < S*.

From the two opposite inclusions it follows that S* = St



6 S. M. STEFANOV

4. Representation of convex cones

Definition 4: A convex closed cone K is called pointed if it has an extreme
point.

If a convex closed cone has an extreme point, then this extreme point is
unique and it is its vertex 0. The closed cone K contains both the points z and
—z only when z = 0.

According to Definition 4 and a known theorem of convex analysis, a
convex closed cone is pointed if and only if it does not contain a straight line.

Theorem 7: 4 closed and convex cone is a pointed cone if and only if there exists
a supporting hyperplane, which passes through its vertex, and this hyperplane
has no other points in common with the cone.

Proof: Necessity. Let K be a closed convex pointed cone. Consider the set
X = {x € K:||x|| = 1}. This set is compact, therefore co X is also a compact set,
and 0 & co X because 0 € X and 0 is an extreme point of the cone K. Then
there exists a hyperplane H with defining equation (v,x) =0, such that
(v,x) > 0 for every x € X € co X. We will show that hyperplane H has no
other points in common with the cone K. Let y # 0 be an arbitrary point of K.
Then z=-- € K and ||z|| = 1, that is, z € X in accordance with definition of

Iyl
the set X. Therefore (v,z) = ﬁ(v, y) > 0, hence |ly|| > 0 implies (v,y) > 0,
thatis, y € H.

Sufficiency. Conversely, if 3 a supporting hyperplane H = {x:(v,x) = 0}
through the vertex of the convex closed cone K, such that H has no other points
in common with K, then K does not contain a straight line and therefore K is a
pointed cone according to the above discussion.

Definition 5: A ray of a convex closed cone K is said to be an extreme ray for
K if each point of this ray, different from 0, cannot be expressed as a linear
combination with positive coefficients of two distinct points of K, which do not
lie on this ray.

An equivalent definition of an extreme ray for a convex closed cone is as
follows.

Definition 6: A ray A is called extreme for the convex closed cone K if K\A
is a convex set.
For example, each coordinate ray Ox, 0y, Oz is an extreme ray for the
octants, which are pointed cones in R3.
Denote by Ky, the totality of points of the extreme rays of the cone K.

Theorem 8: If K is a closed convex cone, H = {z:{v,z) = 0} is a supporting
hyperplane for K, and the ray A is such that A € (K 0 H)pep, then A C K.
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Proof: Let (v,z) <0 V z€K. If Ac (XN H)p, and if we assume that
A & Kper, then for some point z € A there will exist points z; and z, € K,
which do not lie simultaneously on the ray A, such that z = az, + fz,, a > 0,
B> 0. However, 0=(v,z) = a(v,z,)+ B(v,z,) < 0, therefore (v,z,) =
(v,z3) =0, ie, z; EKNH, z, € KN H, which means that A & (K N H)per, a
contradiction. Therefore the assumption is wrong, and A C Kp,,-.

Theorem 9: 4 convex closed cone K # {0} has an extreme ray if and only if K
is pointed.

Proof: Necessity. Let z # 0 be a point of an extreme ray of this cone K. Assume

that K is not a pointed cone. Then K will contain a straight line, for example,

{y:y=z+tbteR}

1) If the{dzzA1=>0}, then zZ2=z4+bg{Az:1>0} and z'=z-
b & {Az: A = 0}. However, obviously z = %(z’ + z'"), which means that z

is not a point of an extreme ray, a contradiction. Hence the assumption made
is wrong, therefore K is a pointed cone.

2) Ifbe{Az:A =0}, thatis, z=tyb, t; >0, then 2" =z — t;b € {Az: 1 =
0} with ¢t; >t, . Then z= %(z’ +1z"), where zZ’=z+t;b, a
contradiction. The case when —b € {4z : 1 > 0} is considered similarly.
Therefore the assumption is wrong, hence K is a pointed cone.

Sufficiency. Let a convex closed cone K be pointed. The sufficiency is
proved by induction on the dimension of the considered cone K. Concerning a
cone with dimension one, the statement of the *“sufficiency" part of Theorem 9
obviously is true because a one-dimensional pointed cone is a ray.

Induction hypothesis. Let statement be true for cones with dimension
p <k.

We will prove that the statement of the “sufficiency” part of Theorem 9 is
also true for the k —dimensional cone K. If z€ K and z # 0 is a relative
boundary point, then 3 a supporting hyperplane H through z with K & H.
Then K N H is a pointed cone, dim (K N H) < k, and for K N H the statement
is true according to the Induction hypothesis, that is, (K N H)pe, # @. However,

(K N H)per © Kper implies Ko # @.

Theorem 10: Each relative interior point of a pointed cone K with dimK > 1
is presented as the convex combination of two relative boundary points.

Proof: Let z € 1i K. Since K is a pointed cone, then 3 a hyperplane H through
the vertex of K, such that H has no other points in common with the cone K
according to Theorem 7. Construct a straight line through z with direction,
determined by the vector b € (H Nnaff K), b # 0. Then +b ¢ K. We will show
that
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def
t, = sup{t:z+tb € K} < oo.
Assuming the contrary, that z + tb € K for each t > 0, then %Z +beK

for every t > 0, therefore b € K, a contradiction. Hence the assumption made is
wrong, therefore t; < co.
Similarly, we can prove that

def
t, = sup{t:z—tb € K} < oo.

) def def . .
The points z, =z+ t;b and z, =z— t,b are relative boundary points

and
t t t t
z=—2-z7,+—z7, =—2-(z+ t;b) + ——(z— t,b),
t1+ty t1+to t1+to t1+to

where

t t t t

2 >0,—>0, ——+—=1,

t1+ty t1+t, t1+t, t1+ty

that is, the relative interior point z is represented as a convex combination of two
relative boundary points.

The next Theorem 11 is an analogue of the Minkowski-Krein-Milman
theorem.

Theorem 11: Each point of a finite pointed cone K is presented as a convex
combination of the points of the extreme rays of K, thatis, K = co Kpe,.

Proof: (By induction on the dimension of the cone K).

The statement of Theorem 11 is obviously true for the one-dimensional
cone, that is, for the ray.

Induction hypothesis. Assume that the statement is true for cones with
dimension p < k.

Suppose that K is a k —dimensional cone.

a) Let z€rdK be a relative boundary point. Therefore 3 a supporting
hyperplane H through this point, such that H = {x:(v,x) =0}, z€ H,
K & H. Then the set K N H is a pointed cone with dimension p < k, and
according to Induction hypothesis, we have

z=%i @z, ;20,2 € (KNH)pe,i=1,..,5, ¥, =1
However, (K N H)per © Kper according to  Theorem 8. Therefore
Z; € Kyer, 1 = 1, ..., s, which proves the required representation in this case.
b) Let z € ri K. From Theorem 10 we have
z=1Z'+(1-1)z", 1€][0,1], Z,z" e roK.
However,

I yS1 S " o_ OS2 = - .
Z =Yl ay, 2" =22 Bz, ¥, €Kper i =1,...,8,



PROPERTIES OF CONES AND POLAR CONES 9

E] € err, ] = 1, ey So,
20i=1.,8, B=0j=1.,5 Xl a=1 X2 B=1

in accordance with case a), considered above, and applied to z,z" € r K.
Therefore

2=+ (1= D2" =31, day, + 372, (1- DBz,
where
Y, EKper,i=1,..,81, Zj €EKper, J=1,.,5,
Aa; =0,i=1,..,s;, (1—-A)B; =0, j=1,..,5,
S A+ 5k (L= =A%k a+ (1= DT, f=A1+(1-D1=1,
that is, the convex combination z of convex combinations z’ and z'’ is also a
convex combination of the points of the extreme rays of cone K.

We have shown that in both possible cases a) and b), the point z is
represented as a convex combination of points of extreme rays of cone K, that is,
K S co Kper-

Obviously coK,. S K by definition of K.

From the two opposite inclusions it follows that K = co K.

Theorem 12: Let K be a pointed cone. Then each supporting hyperplane for K
passes through its vertex 0.

Proof: Let xy € K, H = {x:(v,x) = a} be a supporting hyperplane for K with
a = (v, Xg), hence
(v,x) <(v,Xy) VxEK. 4)
For x = 2x, (€ K according to Definition 1 with ¢ = 2 > 0) we have
Z(V'X0> < (Vv XO)v

hence (v,x,) < 0.

However, for x =0 € K from (4) we obtain 0 = (v,0) < (v,X,), hence
(v,Xg) = 0.

From the two opposite inequalities, obtained above, it follows that
(v,X0) =0 and «a o (v,%0) = 0.

Therefore 0 € H because 0 satisfies the equation, defining H, with
a=0.

Definition 7: The set
rayX ={zeR":z=1x,x€ X,1 > 0}
is said to be the conic hull of the set X € R™.

Definition 8: The intersection of all convex cones, which contain the set X, is
said to be the convex conic hull of the set X € R™ and it is denoted by con X.
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The following property holds true.

Property: con X = co(ray X) = ray(co X), that is,
conX ={z:z=Y"a;z;, a;>0,z,€X,i=1,..,n+1}.
In this representation, Y, a@; = 1 is not required, and the number of

addends of z = Y™ a;z; is finite.

Remark 4: The set ray X is always a cone, regardless of whether X is a cone or
not. In the case when K is a cone, then K = ray K.

If K is a closed convex cone and ray X = K., then K = con X.
Indeed,
K = co K, = co(ray X) = con X,
where for the first equality we have used Theorem 11; for the second equality, the
assumption that ray X = K, is used; and for the third equality, the above
Property is applied.

5. Conclusion

In this paper, the concepts of cones, polar cones, double polar cones, and
pointed cones are introduced. Some properties of these cones are proved, and the
topic of representation of convex cones is discussed.

An open problem for research is to study and establish other properties of
the cones.
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