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Abstract

An innovative collection of open, sets,, specifically o, -open, sets, are offered by this
paper authors and its rudimentary properties utilizing the respective T, -interior® and
v, closure® operators® are premeditated in their previous papers. As well, it has been
substantiated that the idea of y,-open, sets, besides ., - open, sets, are autonomous and
each vy, -open, set,is an a, open, set,, but the contrary need not be exact. The perceptions of
a, T, spaces, also their properties are familiarized and recognized the connection among
these spaces, by establishing several Theorems, undistinguishable statements, consequences
besides corollaries.

Another new collection of open, sets; namely Ay, -OPeN Sets;was introduced and
their properties were presented with the corresponding interior® and closure® operators.
Further the idea of «, v, T spaces, were adapted and documented the connection among
these spaces by providing several theorems.

The theory of &, .. R, spaces, have been familiarized and their descriptions have been
premeditated by illustrating v, -kernel and several statements comprehend to that idea.
Also the association amongst these A,y R spacesy have been formed and evaluated by
means of several axioms and opposite affirmations.
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1. Introduction

The present paper is dedicated to familiarize the synergy between R, and
R; spacesg,which build on a,  -openg setsg, @, .,/ y-openg setsg, and
discover their vital properties, association and characterizations.

The numerous themes which are mentioned in the present paper are o-open,
c-closed ops-open set, opss-open sets, cls-closed set, clss- closed sets,
TO -topology, ope-operation, ma-mapping, pos-power set, st-such that,
subs-subset, TOS-Topological spaceg, TOSS-topological spacesg, Yo-¥, Xro
represents X.

Njastad [1] familiarized a-oss ina TOS. The semi- opss and pre-opss were
examined individually by Levine [2], Corson and Michael [3], Andrijevic [4]
originated a novel type of TO created by pre-opss. Kasahara [5] illustrated the
knowledge of ope on TOSS besides invented a-closed graphs of an ops.

Ogata [6] registered the ope a as y,s ope and introduced the
understanding of 7,  that is the stack of all y,s-opss in a TOS (X7¢,70).
Krishnan [7] and Krishnan and Balachandran [8] declared y,s-semi-opss and
Yos -pre-opss. Subsequently, Kalaivani and Krishnan [9] and Kalaivani and
Saravanakumar [10, 11] projected ay, -opss, @, .r y-opss that are created
through a-opss and studied some of its rudimentary properties. The concept of

T4, - which is the assortment of a,, _-opss in a TOS was familiarized. Also, the
Yos os

perceptions of Tay, " interior®, Ty po¥os)” interior™ besides Tay,." closure® |
Talypos) ™ closure® operators were familiarized then their properties were
premeditated. The thoughts of a-ops in addition @, -opss was independent was
demonstrated. Also, each y,s-0ps was an a, -opss, but the contrary need not be
exact was demonstrated. Correspondingly, some properties of the TO engendered
by a,, -opss was considered.

Recent works in the Journal of Interdisciplinary Mathematics have
significantly contributed to this area. Kalaivani et al. [12] introduced
o-y-compact, regular, and normal spaces, establishing important relationships
between generalized open sets and classical topological properties. Nasef,
El-Maghrabi, and El-Monsef [13]-[15] further extended these ideas by
incorporating grill and nano topological structures, introducing concepts such as
grill bi-open sets, generalized a-sets, and semi-open sets in grill nano topology.
These studies emphasize the growing importance of combining multiple
operators and structures to develop more flexible and comprehensive topological
frameworks.

However, despite these advancements, the study of hybrid open sets
involving multiple operators such as @, .r j-open sets and their applications in
defining @, .+ T; spacesg remains largely unexplored. This motivates the

present work to investigate such hybrid structures and their implications in
generalized topology.
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In section 4 the notion of a, .+ R; spacesg (i=0,1,2) are familiarized.
Also, their properties as well the association amongst them are examined.

2 Prologue

The essential expressions and maxims linked to the present paper are
explored from the reference papers [1]-[10].

A subs D of X7o is thought to be an @, -ops [9] with the condition that
Dc1,q int® (Tyos -cl(Ty,- int® (D))). The Ta(y oo ¥os)” interior® of D [9] is the
union of the entire Ta(y g Vps) “OPSS enclosed in D and it is expressed by
Ta(ypetos)” int® (D). Specifically Ta(ype¥os)” int® (D) = {W: Wis an 005 OPS and
W C D}. The Ta(yyoVos)" closure® of D [9] is the intersection of the complete

Ta(yps¥os) -clss subsisting of D and it is presaged by Ta(y s os) <I® (D).

Specifically Tq(,, y,0-cI"(D) = {Q: QisaTq(, y,oclsand D € Q}.

3. Preliminaries Discussion about the novel a(, .- \T; spacesg

We introduce the general operation approaches on T; spacesg where i =0,
1 L .
3 1,2 . At this time y,, ¥, are operations on .

Definition 3.1: A TOS (Xro,To) is called an ay, ,» T spaceg if for
respective discrete points f, g € X7 there occurs an a,, . - ops M such that
f € Mbesidesg & Morelseg € Mandf ¢ M.

Definition 3.2: A TOS (Xro,To) is called an a, ,» \T; spaceg if for every
dissimilar points f, g € Xy, there occurs a(, s - opss M, N accommodating f
and g respectively such that g € M and f € N.

Definition 3.3: A TOS (X10,To) is called an a, ,r T, spaceg if for each
distinct points f, g € X there exists @, .r -opss M, N alike thatf € M, g €
N besides MN N = ¢.

Definition 3.4: A subs P of Xr¢ is named as a, . | g-cls if Ta(yos.ybs)'CI(P)
€ Q whensoever P € Q besides Q isan a, . y-opsin (X10,T0)-

Remark 3.1: From the above 3.3 Definition, every a, .+ y-clsin (Xt0,To) is an

A(yosvls) & Cls. However, the contrary need not be factual.

Definition 3.5: A TOS (Xro,Tp) is named an a, . Ti spaceg if every
2

A(yosvhs) &clsin (Xro,To) isan a, .+ y-cls.
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Theorem 3.1: A subs S of Xy, is aforesaid to be an A(yosyhs) &Cls if and only
if T“(yos-Ybs)'d({a}) N SR = ¢ holds for every a € Ta(yOS,be)-cl(SR).

Theorem 3.2: 4 subs Q of Xp¢ is forenamed to be an a, .1y g- cls, then
Ta(ypsos)” cl® (0)—Q does not encompass a non-empty Ay ) Cls.

Proof: Proof can be referred from [10]

Theorem 3.3: For each d € Xro, {d} is an a, .1 \-cls or Xro —{d} is an

Ayosybs) 8-Cls in (Xro,To).

Theorem 3.4: 4 TOS (X10,7) is an a,, _,r \T1 spaceg if and only ifis {a} is
2

an a(yos‘yés)-cls oran ag, . \-0psin (X70,T0)-

Theorem 3.5: 4 TOS (Xro,79) an ag, .+ \T1 spaceg if and only if any
singleton of Xro is an ag,, . y~cls.

Proof: The Proof of the above Theorems 3.1, 3.2, 3.3 ;3.4 and 3.5 can be referred
from the reference paper [10].

4. Characterizations of a(, . Ry and a(, .  Ri Spacesg

Definition 4.1: Let (X10,To) be a TOS. B be a subs of Xto. The a, .+ y-kernel
of B is defined as the intersection of the entire o, _.r ,-opss that contains
B and it is expressed as Ta(ygsVo o-ker(B). That is Tagy, y-ker(B)= N {F:F €

Ta(yos'Y'os): B c F}

s'Yos

Theorem 4.1: Let (X10,7o) be a TOS, CR and 8% be subsets of Xr¢, then

(D) CE Taqy, yoy)- ker® (C®) if and only if CR NF # ¢ for an QypeyiyCcls F
that contains c.

(ii) CR c Talygu¥os)” ker® (CF) and CR = Talygg¥os)” ker® (CR) if CR is an
a(VosJ’és )-OpS.

(iii) If CR < DR, formerly Tayos-kerR(CR) S Tayygvos) ker® (DR).

Proof: (i) Let F, be the set of all ¢ € Xgo such that F N CR # ¢ for every
Ayosvisycls F and ¢ € F. To establish the statement it is sufficient to explain

that Fo = Ta(,,_y00)- ker® (CR). Letc € Talyyo¥os)” ker® (CR). Let us take up that
¢ & F, then there occurs a ag, .r y- cls U. of ¢ with the condition that
U.NCR=¢. This implies that C® < Xy, — U, and hence Ta(y oo ¥os) ker®
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(CR) € Xy — U,. Therefore, ¢ & Ta(ypotos) - ker® (C®) which is an inconsistent
R (R
statement henceforward Ta(ypeVos)” ker” (C*) C F,.

Conversely, let F; be a set such that CR € F, and (Xpo — F;) is an
Ayperis)Cls. Let ¢ € Fy then ¢ € (Xro — Fy) and (X7o — F;) N CR = ¢ . This
implies ¢ € F,. Therefore F, € F;. Hence F, € Ta(ypeVos)” ker® (CR). Hence the

proof.
(i1) as well (iii) The validation trails after the 4.1. Definition.

Theorem 4.2: Let (X10,79)be a TOS. Assume that e,f as dual different points in
Xro. Formerly y € Ta(yosy},bs)-ker({e}) ifand only if e € Ta(yOS,be)—cl({f}).

Proof: Let f € Ty(,y,o) “Ker fe). If e ¢ TayygVos) ~Cl( {f}), then e¢n
{F11XT0 —F, € Ta(VOS'Y'os)} and {f} € F; implies that ¢ does not belong to at
least one F;, say F, such that ¢ € Xtg —F, and f & X;g — Fy. Therefore f
Eﬂ {XTO - Fl: XTO - Fl € Tayo } arld {e} c XTO - Fl and hence f e
Ta(yee¥o o-ker({e}), which is a contradiction. Thus e € Ta(yge¥os)™Cl .
Conversely, Let e € Ta(yge Yo o-cl Af). If f ¢ T“(yos%s)'ker({e})’ then f
¢n {UC: U. € Ta(yoer'os)} and {e} € U. implies that f € X9 —U. and e
& Xto — U, . Therefore e €N {XTO —U.: U € TO‘(VOS'Vbs)}} and {f} € X1o —
U.and hence {e} ¢ Ta(yoeYos) 1 ({f}), a contradiction. Thus, f € Ta(yoeVos)

-ker({e}).

Theorem 4.3: Let H be a sub of Xro. Then Ta(y oo ¥os) -ker(H) ={e €
XTO: Ta(yosyybs)-cl({e}) NH + ¢}

Proof: Let e € Ty, v, -ker(H). If Toq, o -ker( {eHh) NnH= ¢, then e
€ X10 = Ta(y, ,vps) €Ul {e}), which is an ag, s y-os containing H. Thus e
& Ta(y,vos) ker(H), a contradiction. Hence Ty, v, o<clde) nH # ¢.

Contrarywise, let e € X with the condition that Tq(, _y, o-cl{fe) nH #
¢ . If probable, let e & Ty osVos) -ker(H). Formerly there occurs a U, €
Ta(yyevos)dlike that ¢ & U and H € U Let f € T“(yusijs)_Cl({e}) N H. Then f
€ Ta(y,, vos) I {e}) besides f € U., which offers e € U., an inconsistent
statement. Hence forth € € to(, . y-ker(H).

Yos’tos

Definition 4.2: A TOS (Xr0,To) is said to be an a, _.r R, space if for each
Uyosiyhs)0Ps Us ¢ € Himplies that 74, ., y-cl({c}) < H.

Example 4.1: Let Xpo = {l, m, n}, T = P(X), illustrate an ope ygs on 7,
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D U {c}if D = {I}or{m} D U {a}if D = {I}or{m}
DYo =<{D U {a}if D = {n} besides DYo' = <D U {c} if D = {n}
DifD # {1}, {m} and {n} Dif D # {1}, {m} and {n}

Then WWosyee = {d,Xr, {L m},{,n},{m,n}}, and Talyogvos) = 1P X/
{1, m}, {1, n}, {m, n}}. Then (X1q,Tg) is an Uyosvhe RO SPACE.

Theorem 4.4: Let (X1o,To)be a TOS. Formerly the proclamations specified
underneath are comparable:
()  (Xro.To)is an ag, 1 \Ro space®;
(i) Let M® be an a,, 1 y-cls besides a point m & MR. There exists an N®
€ Ta(, y,.) Such that m & N® and MR < N¥;
Yos’fos.

(iii) If MR isan A(ypoyhs)Cls and a point ¢ & MR, Ta()/os’ybs)_Cl{C} nMR = ¢.

Proof: (i) = (i) Let M be an a,.y, ) -cls and m & M*. By (D),
Tayo5¥os) -cl({m}) € Xo — MR. Let NR = X5 — T(X(Yos'Ybs)_Cl({c}). Then NR
€ Ta(YOS'Vbs) and also MR c NR and m ¢ NR.

(ii) = (iii) Let MR be an A(ypsyhe)~Cs besides a point m & F. Presume
the specified condition holds. Formerly by (i), there occurs N® € Ta(yps¥os)
with a condition that m ¢ NR and MR € NR. Thus m € Xpg — N®R € Xqo —
MR . Henceforth Xpo — NR is an aq, . y-cls containing m, we have
Ta(yoe¥o o-cl{m}) N Xo — N Ry % ¢ implies that T“(Yos'ybs)_CI({m}) c Xto —
NR. Therefore NR N Ta(yy vos) CI({M}) = ¢ and hence MR N Ta(yy o vos)
cl({m}) = 6.

(iii) = (i) Let P €7y, v,y and m € P. Then Xpo — P is an
A(ypoyiy-Cls and m & Xpo — P. By (iii), Ta(yOS,ybs)-cl({m}) NXpo—P)=¢
implies that Ta(yOs,ybs)—cl({m}) € P. Hence (Xro,To) isan ag, .+ yRo space.

Theorem 4.5: Let (X1o,79) be a TOS and c,d be dual points in Xyo. Formerly
the declarations stated below are comparable:

{i} (Xt0,To) is an &gy, 41 yRo space

{1} Tag,veecldeD) S Tag,, o ker{c])

{iii} de Taly e Vos) keI {c}) ifand only if ¢ € Ta(yyg Yos) KT {d)

{ivi de TO‘(VOS‘Y'os)'Cl({C}) if and only ifc € TO‘(VOS‘Y'os)'Cl({d})

{v}  Let ER be an ag, . y-ls. Consider a point ¢ ¢ ER. At that time there
occurs a P € T4,y and ER € P.
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{vi} Each Aypsvhe)CIS ER can be stated as

ER = 0 {P:P € T4(,, y, and ER € P},
{vii} Bach ag, . y-opsP,P=U {ER: Xto —ER € Ta(ygy vos) ANA ER c P}
{viii} LetE bean Uyosyhs)-Clsand ¢ & Eimplies that Tq(, v, ocl{chNE=

o.

Proof: {i}= {ii} By Definition 4.1, To(, vy -ker( {ch =n {P: Pe
Ta(yyeVos)aNd {x} c U}. Then by (1), Tu, v, U {c}) € P. Hence
Ta(ygeVos) 1) S Ta(y voeker({e}).

{ii} = {iii}If d € Ta(yos Yos) -ker( {c}), then by Theorem 4.2, ¢
Ta(ygeVos) U {d}). By (i) ¢ € Ta(yye Vos) “KEI( {d}). Similarly, if ¢
Tayyevos)ker({d}), then d € tq(, _y, o ker({c}).

fiii}=>{iv} If d € Ta(yoe Vos) -cl( {c}), then by Theorem 4.2, ¢ €
Talyge Vo o-cl{d}). By (iii) d € Ta(yge Vo o-ker({c}). Again by Theorem 4.2, d
€ TQ(VOS’Y'os)'Cl({d})' Similarly, if ¢ € t“(vOS'V'os)_Cl({d})’ then d € To(, yo0"

cl({c}).

{iv} = {v} LetEbe an A(y,syhs)-Cls besides apoint ¢ € E. At that moment
for any d € E,tq(, _y,o-cl({d}) S E and so ¢ & Ty, _y,o-cl({d}). By (iv), ¢
& Ta(yoevos) -cl({d}) implies d € Ta(ygeVos) -cl({c}), that is there occurs a

m m

Pd € T(XYoalike that d € Pd and ¢ ¢ Pd' Let P = UdEE {Pd: Pd € T[X(Ygs'ybs)'d €

Pyjand c ¢ Pd}. Then by Theorem 2.1 [10], Pis a,, ., y-os withc & P besides E
cP.

{(v}={vi} Let E® be an ay ) -cls and HR =
n {P: P e Ta(y e Vo oand ERc P}. ER € HR in addition it remains to illustrate
that H® € ER.Let ¢ € ER. Formerly through (v), there occurs an a, . )-ops

alike that ¢ € P and ER € P then henceforth ¢ ¢ HR. Consequently, every

individul @, sy -cls  ER  can be expressed as ER =

n{P:P €14,y and ER € P}.

{vi} = {vii} Trails after the Definitions 3.16 and 3.18 [10].

{vii} = {viii} Let EX be an a, s y-cls and ¢ € ER. Then Xpo — ER
=P is an ag, . y-ops containing c. Then by {vii}, P can be written as the
union of @, . j-clss and so thereisan @, . )-cls HR suchthatc € ER € P
and Ty, y,o-cl({c}) € P. Thus 74(,, 4, )-cl(fch) N ER = ¢.

{viii} = {i} Let P be an Qypevhs)-0Ps and ¢ € P. Take ER = X0 — P.
Formerly by means of (viii), there occurs an ag, . y-cls ER alike that ¢

€ ERCP in addition Ta(yye¥os) 1 ({chH n ER = ¢.  Therefore
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Ta(yyyvos) cl({c}) € ER and hence To(, v o-cl({c}) S P. Thus Xgo is an
A ysvas ) Ro spaceR.

Theorem 4.6 For a TOS the specified declarations are alike:

(i) (Xto,To)isanag, 1 \R, space®.

(i) For any two distinct points ¢, d of Xro , Ta(,yms I {ch =
Taygevos) 1A} oF Ta(, yoo-cl{eh) N T,y -cl{d}) = ¢.

Proof: (i) = (ii) Let Xro be an ag, ¢ Ro space, Taq, yoo -l {ch #
T“(Yosvvbs) -Cl( {d}) and Ta(Yos'ybs) -Cl( {C}) N T“(yosly'os) -Cl( {d}) F q) Let s
€ Ta(yyq Yos) -cl({c}) N Ta(yygvos) -cl({d}) and ¢ ¢ Ta(y g Yos) -cl({d}). Then ¢
€ XTO - Ta(Yos'y,OS) -Cl( {d}) € Ta(vos'Ybs)' But Ta(Yos'YbS) -Cl( {C}) & XTO -
TQ(YOS_Y.OS)—CI({d}), since s € ‘ta(yOs%s)—cl({c}) n ‘ta(yOs%s)—cl({d}), which is a
incongruity to the hypothesis that Xro is an ag, _.r R, space. Hence either
To‘(yostbs) _Cl( {C}) = Ta(yoerbs) _CI( {d}) or T“(yOs:V'os) _Cl( {C}) n T“(ygstY'os) -cl
{d}) = .

(i) = (1) Let W € Tat(y oo Vos) with ¢ € W. To show that
Ta(yos_y'os)-cl({C}) C W.Letd ¢ W.Thend # candc ¢ ‘ra(vos_ybs)—cl({d}).l'hus
Ta(ygevos) “Cl{ED) # Ta(yovos) el {d}) Hence by (i), T, yoe el {cH N
Talyge¥os) ~Cl( {dH)=¢ for each d ¢ W and hence Tayaevos) I {chn
[Udexro-w Tayqvos) {dhD] =d . Again, since W € Ta(yyevos) @nd d
€ XTO - W, d € Ta(VOS'y'OS) -Cl( {d}) c XTO - W. Thus XTO —-—W=
Udexro-w T“(Yoerbs)_CI({d})' Therefore (Xtg — W) N Ta(yOS_y.os)—cl({c}) =¢
and hence Tq(, vy, ocldch € W.

Corollary 4.1: 4 TOS (X10,7o) is an ag,, ¢ \Ro space® if and only if for any
points ¢, d € Xro, Ta(,, y,s) U {ch # Ta(yyerss) ~CU {d}) implies that
Ta(yos,ybs)'d({c}) n Ta(yos,y(',s)'d({d}) =¢.

Proof: Follows from the Theorem 4.6.

Theorem 4.7: Let ¢, d be any two distinct points in a TOS Xro. Formerly these
announcements are corresponding:

{i} Ta(yOS,Y'os)_ker({C}) * Ta(vos,y'os)'ker({d});
{11} Ta(yoer'os)'Cl({c}) * Ta(Yosfybs)_CI({d})'

Proof: {i} = {ii} Let Taygevos) KT {ch # Taly e Vos) “KET( {d}). Then there
prevails z & To(, v, o-ker({d})(say). By Theorem 4.2, ¢ € Ta(yes Yo o-cl{ch)
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and d € To(, v, o-cl{z}).As Ta(yoe¥o o-clded) € Ta(yoe Vo o-cl({z}), we have d
¢ Ta(yos_ybs)-cl({c}). Hence Ta(YOS_YbS)-cl({C}) * ra(YOS%S)-cl({d}).

{ii} = {i} Let Talyge Yo o-cl{ch) = Ta(yge Yo S)—cl({d}). Then there occurs z
€ Xro.and z € Ty(, v, o-cl({d})(say), which indicates that there ensues a MR
€ Ta(y,,vos) like that z € MR, d ¢ M and ¢ € MR infers that d €
Ta(yyevos)Ker({c}). Hence To(, v o-cl{ch) # Talyge Vo o-cl{d}).

Theorem 4.8: 4 TOS (X1o,Tp) is an Qg .+ Ry space in case that for
respective p.q € Xro, Ta(,, .y, “ker( {p}h) #+ Ta(y,orys) “ker( {q}) implies that
Ta(st,Vbs)'ke’”({P}) n Ta(yOs,yg,s)'ker({q}) =¢.

Proof: Let Xro be an ag, .1 Ry space and Tg(, . -ker( {p}h) #+
Ty vhs) “KET( {q}) where p,q € X7o. Suppose that Ta(yyovps) KeI( {pH n
’[a(yDS,ybs)—ker({d}) # ¢. Lets € Ta(yOs%s)—ker({p}) n Ta(yOs%s)—ker({q}). Then
S € Ta(,, vos) -ker({p}) and s € Ty o0 Vs) -ker({q}). By Theorem 4.5(iii), p
€ Ta(yos%s)—ker({s}) and q € Ta(yos’ybs)—ker({s}). Hence Ta(yos%s)—ker({p}) c
Tay,vhs) ~KEI( {sh c Ta(y,orps) ~KEI( {g}) and Ta(y,uvps) ~KEI( {qh) c
Ty 7hs) “KET( {sh c Ty 7ps) “KET( {p}) implies that Tayyevhs) “KET( {ph =
Ta(yys¥os) -ker({q}), a contradiction. Hence Ta(yyq¥os) KT ) N Ta(y, Vo5
ker({q}) = ¢.

Contrariwise, suppose that for individual p,q € Xro, Ty, ker({p}) #
Ta(yys¥os) -ker({gq}) implies that Ta(yps¥os) -ker({p}) N Ta(yps¥os) -ker({g}) = ¢.
If 7o, 0 -l {ph) + Ta(y,res) ~Cl {q}) then by Theorem 4.7,
Ta(yygvos) “KeI( {ph) # Ta(yyevos) “KeI( {q}) . Then by the given condition
Ta(y,orss)  KeI( {pH n Ta(y,ovps) keI {gh) =¢  which  implies
Ta(y,ores) I} # Ta(,, vp0-cl{a}) = ¢. Because if z € T4, _y, -cl({p}) N
Ta(yygvos) ~l {q}) by Theorem 4.2, p € Ta(yyevos) “KeI( {z}), implies
Ta(yos.ybs)'ker({p}) n T“(yosr]/bs)_ker({z}) # ¢ and similarly Ta(yOS,ybs)—ker({p}) n
Ta(y,orss) Ker({z}) # @. So by hypothesis 74, . -ker({p}) = Ta(,, 1,0
-ker({z}) = Ta(y, o s) KeT( {q}), which is a contradiction. Thus Tayoe¥os) ~
cl({pr}) N Taty, vos) -cl({q}) = ¢ and by 4.1. Corollary, the TOS X;, is an
a(yOSrVéS)RO spaceR.

Theorem 4.9: In a TOS (Xro,Tp), the announcements specified below are
corresponding:
() (Xro.,70) is an ag, .1 Ty space;

(i) Let ¢ be any point in (X10,7o). Then Ta(]/os'ybs)_CI({C}) = {c};
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(ii) (Xro,To) isan g, R and ag, \r Ty space.

Proof: (i) = (ii) If d ¢ {c}, then there occurs ¢ € Ta(yyevos) like that d€eP,
¢ € P. Consequently P N {c} = ¢ and henceforth d & o, _y,-cl({c}).

(i) = (iii) Let ¢, d €Xpowith ¢ # d. Then {c} and {d} are
®lyosvhs)-cls and hence Xo — {c} isan ®lyosvhs )-OPS ENCOMpassing d but not
¢ viewing Xro to be o, .+ To.Suppose that P is an o, .+ y-ops and ¢ €
P. Then by (i), Ta(,,, v,s-cl({c}) = {c} S P. Hence (X0,To) is an &y, Ro
space.

(iii) = (i) Let ¢, 4 € Xgo withc # 4. Then there occurs P € To(, v

alike that ¢ € P and d & P (say), which infers that Ta(, vy, o-cl{e}) < Pand
0 d & Ty(y, yos-cl({c}). Hence ¢ €P €1q(, vy, & & P and d € Xpo —
Ta(YQS'YbS)_Cl({C}) ¢ Ta(Yosrbe)' c €& XTO - Ta(YOS'YbS)-Cl({d})' So (XTO;EO) is an
a(Yos‘Y:)s )T1 Space.

Definition 4.3: Let (X1,To) be a TOS and ¢ € Xpy. A net {c,:a € D} in
(Xr10,To)is said to be a, .1 y-convergentto cin Xro if for every Ta(yygVps)"OPS
P encompassing c there occurs ay € D such that c, € P, for individual a = a.

Lemma 4.1: Let p,q be points of a TOS (X7o,To) such that every point in
(Xro,To ) converging to q also ag, .r y-converging to p. Then p €

Ta(yos,ybs) 'Cl({q})

Proof: Supposing that p, = q for each n € N (Nisthe set of natural
numbers ). Then {p,} is a net in TayysYos) N {y}. By the fact that

{Xn}, Ay, o yhe ) -cONVerges to y, {xp}isag, .y converging to p. Thus p
€ Ta(y,, vos)-cl({a}).

Theorem 4.10: Aimed at a TOS the statements quantified beneath are equal.:
() (Xro.To) isan ag, .1 Ry Space

() Ifec,d € (Xro.Tp), formerly d € T“(YOS'VbS)_Cl({C}) if and only if every net
in (X10,To) Ay, .yt y-converging to d also A (ypsiyhs )~ CONVErging to c.

Proof: (i)=(ii) Let ¢,d € Xt alike that d € To(,_y, o-cl{ch). Let {ca}uep
be a net in (Xro,To) such that {Calaep®(y,,y,,)-cOnverges to 4. Since d
€ Ta(yye Yos) -cl({c}) by Theorem 4.6., Talyge Yo o-cl({c}) = Tayyg Yos) -cl({d}).
Therefore ¢ € To(, _y, o-cl{d}). Thus {caaep(y, y:,)-converging towards c.

Contrariwise, let ¢,d € (Xrg,To ) such that every net in ( Xt , Tg)

Qyoayhs )CONVerging to d also ag, ..+ y-convergence in the direction of c.
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Then by Lemma 4.1, ¢ € Tq(,,_y,o)-cl({d}). Thus by Theorem 4.6, To(, _yoo)-
cl({c}) = Ta(yy g yoe-cl{dD).Thus d € Ty, _y,o-cl({c]).

(i)=(i) Let ¢,d be points of (Xro,To) like that Tq(, v -cl({ch n
Ta(yy, vos)cl({d}) # &. Specified Theorem 4.6, it is appropriate to show that
Ta(yeevos) ol {61 = Taqy, yoe ol {d}). Let z €7Tq(, vy, -cl( {chHN
Ta(yge Vo o-cl({d}). So there occurs a net {cy}gep in Ta(yye Vo o-cl({c}) such that
{ca}aep converges to z. Subsequently z € Tay, -cl({d}), {co}qep congregates to
d.Hence by (ii) z € To(,, .y, o-cldap = Talyge Yo o-cldzh) < Ta(yge Yo o-cl{dp)
(1). By Lemma 4.1, d €Ty, y,q <l {z}) implies Ta(ye¥os) ~l {dh c
Ta(yyevos) i {2}) (2). Hence by (1) and (2), Taq, v,y -cl( {d}) =
Talye¥os) {z}). Similarly, it can be shown that Taye¥os) I {ch =
Ta(yyevos) Cl({2}) by taking the net in Ta(, v, -cl({d}). So Taq,  yoo) -
cl({ch) = Ta(yOs,y'os)'Cl({d})-

Definition 4.4: A TOS (Xr0,To) is said to be an a(, .+ Ry space if for c,d
€ X1, Ta(yo o v o-cl({ch) # Talyge Yo o-cl({d}), there exists P, Q € TayygYos) SUCh
that T“(yoslybs)_d({c}) C P and ‘Ea(%s‘ybs)—cl({d}) CQand PNQ = ¢.

Example 4.2: Let Xgo = {f,g h}, To = {, Xr0, {f}, {g}, {f g}}, define y, on
Tg alike that y, (D)= cl(D) for every D € to. Formerly (Xto,To) is an
O((Vos'Y()s)Rl SpaCeR.

Theorem 4.11: If (X14,70) is an a, Ry space, then it is an a(yos,yés)RospaceR.

Proof: Let f, g be discrete points in Xro.Formerly there occurs an a, . -ops
MR with the condition that f € MR besides g ¢ MR. This indicates that
Ta(ygevos) <L ) # Ta(y,voe -cIN({8]). Since Xro is an ag, s )Ry space
signifies that Ta(, vy, o-cldH n Ta(yye Vo S)-clR({g}) = Null set. Thereafter by
4.6 Theorem policies, (X1o,Tp) is an a, .+ Rg spaceR.

Remark 4.1: The transposal of the directly above doctrine 4.10 need not be
precise commonly.

Theorem 4.12: In a TOS (X1¢,To), these declarations are equal:

() (Xgo.To)isan ay, .+ 4T, space®

(i) (Xto,to)isan ag, v Ry andag, v Ty spaceR

. R
(i) (Xto,To)isan ag, Ry and aq, . Ty space
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Proof: (i) = (ii) Let (X10,To) be an ag, .+ T, space. Then (X1o,To) is an
Qyosyhs) 11 space. If ¢,d € (Xpo,To) with Toq, vy -cl( {ch # Ta(yoeYos)
-cl({d}), then ¢ # d and so there exists P,Q € Ta(yyevos) Suchthat ¢ € P, d €
Q and PN Q = ¢. Hence by Theorem 4.8, Ta(yosVos) -cl({x}) ={x} € U and
‘ta(YOS‘be)-cl({d}) ={d} € Q and PN Q = ¢. Then ((X1o,To) is an ar,__.r Ry
spaceR.

(ii) = (iii) The validation foollows after the Definitions 3.1 and 3.2.

(iiif) = (i) Let (Xro,To)bean ag, ¢ Ry and ag, .+ Ty space. Then by
Theorem 4.9, (Xr10,To) is an ag, \r R and a, .+ Ty space. By Theorem
4.9, (X70,To) is an ag, ¢ \T; space. Let ¢, d € Xy through ¢ # d.
Formerly Ta(, v, -cl( {H={c+{d}= Tayygvos) I {d}). As Xpg is an
Q(yosvhs )R1 space, there exists P, Q € Ta(yoe¥os) such that Ta(y oo Vos)
-cl({c}) ={c} c P, Ta(YOS_Y.OS)—cl({d}) ={d} £ Q and PN Q = ¢. Thus Xpq is
an ag, o T, space.

Theorem 4.13: In a TOS (X7o,7o), the statements quantified below are
comparable:
() (Xro.70)is an ag, .1 Ry Space;
(i) If c,d are dissimilar points € (X10,To), at that time, one of the ensuing
holds;
(a) For BR € Talyyups) € € BR ifand only if d € BR;

(b) there exists BR,Q € Ta(y o ¥os) such that ¢ € BR and d € Q and
BRnQ = ¢;
(i) If c,d € such that Ta(, . -cl({c}) # Ta(y e ¥os) -cl({d}), then there
exists g, 1 y-clss Ey and E; such that ¢ €Ey, d € Ey, d €E;, ¢
e E2 and XTO = E1 U Ez.

Proof: ()= (i) Let c¢d  €Xpo. Formerly Tqq, y,o -cl( {c) =
Ta(yyevos) I {d) or Ta(yygvos) U {ch) # Ta(yygvos) U {d}). Suppose
Tatyogvos) SIEED) = Tagy, yoe cI({d}) and c € BR € Ta(yogves)- THiS implies
that d € Ta(,,_y,e -cl({d}) = Tag,, yoe -cl({c]) € BR. Henceforth d € BR.

Likewise, it can be demonstrated that if d € BR, at that time ¢ € BR. Presume
Tayge Yos) -cl({c}) # Tayge Yos) -cl({d}). Formerly there occurs BR, Q € Tay,

alike that ¢ € t4(, . y-cl({c}) S BR and d € T4, _y,-cl({d}) € Q and B®
nQ=d.

(ii) = (iii) Let ¢, d € X with the condition that Ta(yge Vo S)-cl({c}) +*
Ta(yge Yos) -cl({d}). Then ¢ ¢ Ta(ygeVos) -cl({d}), so that there exists MR €
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Ta(yyuvos) SUCh that ¢ € MR and d & MR. Accordingly through (ii) there be
present BR, Q € ‘ca(yos‘ybs)alike that c € BR and d € Q and BR n Q = ¢. Let
E; = Xpo— Q besides E, = Xgo— BR. At that time E, and E, are
Qlyosyhe) “CSS In addition ¢ €E;, d€E;, d €E,, ¢ €E, besides Xro
=E, UE,.

(i) = () Let BR € 1q(,,_y,, besides ¢ € BR. Then T4, _y,,)-cl
({c}) < BR. Otherwise, there exists d € Ta(yge¥o o-cl{eh) N Ko — BR). Then
Ta(yge Vo o-cl({ch) # Ta(yge Yo o-cl({d}) and by (iii), there exists a, ., j-css Eq
and E, such that c €E;, d € E;, d €E,, ¢ € E, and Xto=E; UE,. Then d
€E; —E; =Xro —E; and ¢ €Xpo —E;, where Xpo —E; € Toq,_y,0) »
which is an incongruity to the datum that d € To(, y,0)- cl® ({c}). Hence
Ta(ygg Yos)™ cI® ({c}) € BR. Thus Xpo isan Uypsvhe) Ro- Toshow Xrg to be an
Uyosvhs)Ra space assume that a;, by € Xpo Wwith Ta(, v, -cl( {fa,}) #
Talyge¥os)™ cI® ({b;}). Then,there exists Qyoeyhe)Clss Ag and A, such that ¢
€A,d &A;,deEA,, ¢ & Ayand Xpg = A; UA,. Thus a; € A; — A, € L
by €A;—A; €T, . SO Tag, yos - c® ({a)CSA —A,,
cI®({b;}) € A, — A,. Thus (X10,To)is an Uyoeyhs )R1 spaceX.

Ta(yos'vbs) -

Theorem 4.14

(i) SpaceR (X70.,70) is an Ayosvia) 2 Space® if and only if for ¢, d € Xro
with ¢ # d, there occurs an a,, .+ y~clss Ey and E, suchthatc € E;, d
€FE,d€E, c&E, and X;y =E; UE,.

(i) Space Xro is an ag, .+ Ry space contigent upon c, d € Xpo with
Tatyyoros)ker({e}) # Ta(, y,o-kerdd}), there exists BR Q€ Talyyg¥os)
such that Ta(yOS_ybs)—cl({c}) C BR and T“(yosvl’bs)_d({d}) € Qand BR n
0=¢.

Proof:
(i) The proof is evident from the doctrine 4.12 and 4.13.
(i) The proof is prompt from doctrine 4.7 and Definition 4.4.

5. Conclusion

In this article the idea of a, _,r T spaces that are generated through
Xiyosvhs ) (Y0,Yos) and a-open sets besides some of their essential properties are
used by the authors to propose the insight and credentials of a,, _\r JR; spaces.
The a, . generalized -closed set(a, ¢ y-gcls) has been demarcated and
statements connected are recognized.The idea of a,, . ythe convergence of net
has been elaborated. The concepts of o r \Rg, o + yRjare elaborated

(Yos:Yos ) (Yos:Yos )
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using -closed  sets, -open sets and their

a(yos:Y{)s ) a(YOS'Y{)S )
corresponding Tat(y oo Vos) -closure, Ta(y0 Yos) iNEETIOr Operators. Besides the

relationship among them have been built and their nature have been learnt
efficiently.

References

[1] O. Njastad, “On some classes of nearly open sets,” Pacific Jour-
nal of Mathematics, vol. 15, no. 3, pp. 961-970 (1965), doi: 10.2140/
pjm.1965.15.961.

[2] N. Levine, “Semi-open sets and semi-continuity in topological
spaces,” The American Mathematical Monthly, vol. 70, no. 1, pp. 3641
(1963), doi: 10.1080/00029890.1963.11990064.

[3] H. H. Corson and E. Michael, “Metrizability of certain countable
unions,” Illinois Journal of Mathematics, vol. 8, no. 2, pp. 351-360
(1964), doi: 10.1215/1jm/1256059919.

[4] D. Andrijevi¢, “On the topology generated by preopen sets,”
Matematicki Vesnik, vol. 39, pp. 367-376 (1987).

[5] S. Kasahara, “Operation-compact spaces,” Mathematica Japonica, vol.
24, pp. 97-105 (1979).

[6] H. Ogata, “Operations on topological spaces and associated topol-
ogy,” Mathematica Japonica, vol. 36, pp. 175-184 (1991).

[7]1 G.S.S. Krishnan, “On y-semi-open sets in topological spaces,” Bul-
letin of the Calcutta Mathematical Society, vol. 98, pp. 517-530 (2006).

[8] G.Krishnan and K. Balachandran, “On a class of y-preopen sets in a
topological space,” East Asian Mathematical Journal, vol. 22, no. 2, pp.
131-149 (2006).

[9] N. Kalaivani and G. S. S. Krishnan, “Operation approaches on o-y-
open sets in topological spaces,” International Journal of Mathematical
Analysis, vol. 7, no. 10, pp. 491-498 (2013).

[10] N. Kalaivani and D. Saravanakumar, “Certain separation axioms and
R spaces with on ayO_{\gamma_O}yO-open sets,” in Proceedings of
the First International Conference on Mathematical Modeling and Compu-
tational Science, S. L. Peng, R. X. Hao, and S. Pal, Eds., Advances in
Intelligent Systems and Computing, vol. 1292, pp. 601-613 (2021), doi:
10.1007 /978-981-33-6407-5_54.

[11] N. Kalaivani and D. Saravanakumar, “Operation connected spaces,
compact spaces with a(y,y’)-open sets in topological spaces,” AIP



ON RI SPACES WITH OPEN SETS 1933

(12]

(13]

(14]

(15]

Conference Proceedings, vol. 2112, p. 020025 (2019), doi: 10.1007/978-
981-33-6407-5_54.

N. Kalaivani, A. I. EI-Maghrabi, D. Saravanakumar, and G. Sai Sun-
dara Krishnan, “Operation-compact spaces, regular spaces and
normal spaces with a-y-open sets in topological spaces,” Journal of
Interdisciplinary Mathematics, vol. 20, no. 2, pp. 427-441 (2017), doi:
10.1080/09720502.2015.1104945.

A. A. Nasef, A. 1. El-Maghrabi, and M. A. Abd El-Monsef, “Bi-
nano topological spaces with grill bi-open sets,” Journal of Inter-
disciplinary Mathematics, vol. 23, no. 1, pp. 149-160 (2020), doi:
10.1080/09720502.2019.1706920.

A. A. Nasef, A. 1. EI-Maghrabi, and M. A. Abd El-Monsef, “Some cov-
ering properties and connectedness via generalized a-sets,” Journal of
Interdisciplinary Mathematics, vol. 22, no. 6, pp. 1023-1036 (2019), doi:
10.1080/09720502.2019.1630563.

A. A. Nasef, A. I. El-Maghrabi, and M. A. Abd El-Monsef, “On
semi-open sets in grill nano topological spaces,” Journal of Inter-
disciplinary Mathematics, vol. 22, no. 5, pp. 807-819 (2019), doi:
10.1080/09720502.2019.1593947.

Received November, 2025



