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Abstract

This paper investigates generalized Hewitt-Stromberg (H-S) measures, focusing on
how they behave in product sets. These sets are part of a special type of space called separable
metric spaces. The goal is to understand inequalities that appear when working with such
products. By introducing a pseudo H-S measure derived from pseudo-packing methods, we
establish new product inequalities that do not require the doubling condition on component
measures or dimension functions. These results extend classical inequalities in Euclidean
spaces, providing a versatile framework for analyzing product measures in fractal geometry.
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1. Introduction

Following Hewitt and Stromberg [16], for each t = 0 we set H* to be the
lower t-dimensional Hewitt-Stromberg measure (abbreviated H-S) and P’ the
upper corresponding measure. Originally presented in [16, Exercise (10.51)],
these measures have since drawn considerable attention, with numerous authors
exploring their role in local fractal properties and behavior under product
operations (see, for instance, [2, 5, 6, 31, 27, 26, 8]). In particular, in [6], the
authors were interested in the study of the lower and upper dimensional H-S
measures of the product set E X F, where E and F are subsets of real spaces of
dimensions n and m, respectively, each of which is at least one. They showed
that there are positive constant @; and a, for which for every t,s > 0, one has

HE(E) HS(F) < ay HHS(E X F) < a, HE(E) PS(F).
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Similarly, there exist a3, @, > 0 with
Pt(E) HS(F) < as P*S(E X F) < a, PY(E) P5(F).

Consider two separable metric spaces (X,d) and (Y,d"). Write P(X) for
the family of probability measures on X equipped with the Borel o-algebra. For
a given measure y € P(X) and a parameter a > 1, the doubling constant
associated with u is defined as:

. (B(x,ar))
P = limsu su ”—,
a(“) rlo prsupg(,u) H(B(x))
where the limit superior captures the maximal asymptotic growth rate of the
measure ratios as the radius r approaches zero. The doubling property foru is
satisfied when one can find a > 1 such that the associated doubling constant
P, (w) is finite. Equivalently, if P,(u) < oo for one such a, then the same holds
for all a > 1. The class of Borel probability measures on X fulfilling the
doubling property is given by:
Pp(X) = {u € P(X)|u has the doubling property}.

In [22], a multi-fractal formalism was developed to analyze the geometric
and statistical properties of level sets E generated by measures u defined on
R™. This formalism emphasizes the necessity of integrating the measure u into
the definitions of Hausdorff and packing measures. By doing so, Olsen
constructed multi-fractal generalizations, denoted 17-[,;” and ?Hq't (for g,t € R),
which refine classical geometric measures to capture the multi-fractal spectrum of
u. Since them, many researchers study some properties of these measures [15, 4].
The study of measures on metric spaces often requires flexible tools to capture
subtle geometric or analytic features. While classical frameworks such as
Hausdorff and packing measures have been widely used, recent years have
witnessed the emergence of more general metric structures to address
convergence, regularity, and fixed point phenomena. In particular, partial soft
metric spaces [7] and B-multiplicative metric spaces [9] have been introduced to
deal with such issues, revealing an increasing interest in adaptable distance-like
frameworks. We focus here on the generalized versions of the lower and upper
H-S measures H?* and P/ defined on X (see Section 2 for the definition)
which are the counterparts of the multi-fractal Hausdorff and packing measures
presented above. These measure interpolate between }[j’t and ?uq’t which
makes them particularly important, when multi-fractal formalism is not valid; that
is,

dimlE # DimE,
where the symbols dimZ and DimZ stand for the multi-fractal Hausdorff and

packing dimensions, as defined in [1, 28]. When X and Y are the Euclidean
spaces, using the density approach the authors in [3], proved that the inequalities

mentioned above remain true for the measures H"* and P , when y € P (X)

and v € Pp(Y). This approach cannot be applied here because the density
method does not hold true in certain important discussions (see Remark 2).
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Furthermore, the technique used in [6] can not be applied here also. Indeed, In [6],
the main strategy involves defining an auxiliary outer measure H*' that is
equivalent to the lower H-S measure H* but more tractable for analysis. This
construction is done using the collection of all semi-dyadic cubes that are
half-open. Semi-dyadic cubes are chosen here due to their reduced sensitivity
compared to the usual dyadic cubes (see [19, 23] for more discussion on this
construction).

Let F represent the collection of all Hausdorff functions. By definition,
these are continuous, monotonically increasing function h that map [0, ) into
itself, vanish at the origin, and strictly positive values on (0, ). A Hausdorff
function h qualifies as blanketed whenever it satisfies the inequality
h(2r)

h(r)y =

lim sup
r-ot

for some constant k > 1. We write F, for the collection of Hausdorff functions
which are blanketed. For h, g € F, we introduce and investigate the lower and
upper H-S h-measures, denoted respectively by HZ’h and Pﬂq’h. In Section 2, we
show that the previous inequalities remain valid in a metric space using our
density approach introduced in that section. To be precise, we present these two
results.

Theorem 1: Let yu; € Pp(X), uy € Pp(Y), h,g € Fy and q € R. Assume that
?qu'h(E) < oo and ?ﬂqz‘g (F) < oo. Then, we have

h B h,
HI"(E)HY(F) < HL? (E X F) (1.1)
and
,h , ,h,
HY"(E) BLY(F) < B (E X F). (1.2)

Theorem 2: Let (i € Py(X), i € Pp(Y), and q € R. Assume that PL"(E) <
o and ?#qz'g(F) < 0. Then, we have

H'S (E X F) < HI"(E) BLI(F) (13)
and
,h h ,
P, (E X F) < BMM(E) BLY(F), (1.4)

assuming validity even in boundary cases involving zero-valued factors on the
right.

In section 3, we set out our fundamental contributions, aiming to refine the
inequalities established in [6] and [3]. Specifically, we will examine similar
inequalities within a separable metric space, without assuming the doubling
condition. To this end, we introduce a new fractal measure of packing type, which
is greater than the standard packing measure. This new measure, called the pseudo

generalized H-S h-measure and denoted by R?" is constructed through the
pseudo-packing of balls of equal radius, analogous to the pseudo-packing
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h-measure RZ’h (see definition in Section 4.1). More precisely, our mains results
are the following.

Theorem 3: Suppose u is a member of P(X) and v belongs to P(Y), two
Hausdorff function h and g, and a real number q € R. Then, we have

(1) HIM (ExXF)< Hg'h(E) RI9(F), on the condition that the product does

WXV
not yield an indeterminate form (specifically 0 X oo in either order).

() RYM(E)HII(F) <RI (E x F).

WXV

3) paha (ExXF)< Rg‘h(E) P9(F), provided the product does not yield an

WXV
indeterminate form (specifically 0 X oo in either order).

Note that inequality (1.1) remains true without any assumption on y, v, h
and g but using the generalized weighted H-S h-measure, defined using
weighted cover of balls with the same radius, instead of the lower generalized H-S
h-measure HZ‘h. The reader can be referred to [4, 18, 21, 11] for the definition of
weighted cover and more details on the weighted Hausdorff measures.

The paper unfolds as follows. Section 2 reviews definitions and notation,
and establishes the key preliminary results, including an introductory overview to
generalized Hewitt-Stromberg (H-S) h-measures and density theorems related to
our study. Section 3 presents our main results, where we examine and refine
product inequalities for generalized H-S h-measures within separable metric
spaces. This includes detailed proofs for Theorems 3, demonstrating the
relationships between product measures without assuming the doubling
condition. Finally, the Appendix provides essential background on generalized
Hausdorff and packing measures, along with methods related to maximal
pseudo-packing, which play a crucial role in our analyses.

2. Definitions, notation and preliminary results

2.1 Generalized H-S h-measures
We proceed by constructing the upper and lower generalized H-S

h-measures, P,f'h and HZ'h, associated with a parameter q¢ € R, a Hausdorff
—q,h
function h € F, and a probability measure u € P(X). We define PZ for a set
E € X to be the upper limitas r approaches zero of the product of M, ;f,r (E) with
h(2r). The quantity M;Z,r(E) is defined as the supremum, ranging over all
collections of closed balls {B(x;,7)}; with centers x; belongs to E satisfying
d(x;,x;) > 2r for i # j, of the sum of the g-th powers of their measures. It is
=q,h . . . .
readily observed that the set function PZ is monotonic (i.e., increasing under set

. . . =qh =q,h e
inclusion) and satisfies P, (@) = 0. However, P, lacks o -additivity. To
resolve this, we define the outer measure P!f'h as illustrated below:
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h . —q,h
PI(E) = Egl{}lel %i Py (Ep).
E;jbounded

h . .
The measure Plf serves as a natural extension of the classical upper

t-dimensional H-S measure P! introduced in [6]. In analogy, we define ﬁZjZ of
the set E to be the lower limit as r goes to zero of the product of Ter(E ) with
h(2r). The quantity Tﬂq, (E) is defined as the infimum , ranging over all
collections of closed balls {B(x;,7)}; with centers x; belongs to E satisfying
E € U; B(x;,1), of the sum of the g-th powers of their measures. Given that the
set function ﬁZ:Z (E) fails to be monotonic under set inclusion and due to its lack

of countable subadditivity, a conventional adjustment is needed to define an outer
measure. To this end, we redefine it as follows:

HI"(E) = inf, % Hoo (E),and H"(E): = sup{H, (F)|F € E}.
Eibounded
The function Hg'h naturally extends the classical lower t-dimensional H-S
measure H? introduced in [6]. To further refine this framework, we define 7, ﬁ h
and P#q’h as the multifractal Hausdorff measure and packing measure ,
respectively, whose precise constructions are detailed in Section 4.1. A useful

relation between H, p? M and ?”q’h and different measures defined above are given
by [5, Theorem 2.1]

FHIM(E) < HIM(E) < EPIM(E) < ERIM(E),
where ¢ € N. Moreover, in the case ¢ < 0, or if ¢ > 0 under the additional
assumptions u € P, (X) and h € F,, we get

FHIME) < HIM(E) < PIM(E) < BIM(ED. 2.1

2.2 Results concerning the density theorem

Assume p and v are elements of P (X), together with a real parameter q,
and let h belong to the class F. choose a point x in the topological support of .
We define the upper (g, h)-density of v at x with respect to v by the limit
superior, as the radius r tends to zero, of the measure of the ball B(x,r) under
v, divided by the product of the g-th power of u(B(x,r)) and the value of h at

. . —=q,h
2r. We refer to this quantity as d, (x,v). In an analogous way, the lower
(g, h)-density is given by the limit inferior of the same ratio, and is written
QZ'h(x, v). Whenever these two quantities coincide, their common value is

referred to simply as the (g, h)-density of v at x and is denoted dZ'h (x,v).

. . —=q.h
Remark 1: There exists a fundamental connection between d,, , QZ'h and the

generalized H-S h-measures. As an illustrative case, we demonstrate that
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Plf‘h(E ) < oo if gf;h(x, v) > 0 uniformly over x € E. Consider any y >0
such that y < infxEEgZ'h (x,v). For each positive integer k, Ej consists of those
point x € E with the property that every ball centered at x of radius at most 1/k
carries a least the expected amount of mass under v, more precisely, for every
r € (0,1/k] , the measure of B(x,r) under v is no less than
y u(B(x,r))?h(2r). Next, let {(x;,7;)};»1 be a & -packing of E,, where
6 < 2/k. From the defining property of each x; € Ej, we know
v(B(x;,11)) =y u(B(x;, 1)) h(21y).

This leads to the inequality stating that the total g -power weighted

u-measure of B(x;,1;), scaled by the value of h at 2r;, does not exceed i times

the corresponding total v -measure of B(x;,7;). Thus, the overall sum of
u(B(x;,1;)) raised to the power g and multiplied by h(2r;), taken over all

indices i, is therefore bounded above by }l/ times the measure of E,E‘S) under v,

where E,ES) denotes the & -neighborhood of Ej , defined by E,ES) ={xe€
X | d(x, E;) < §}. Consequently, in the limit as § approaches zero, we derive

=ah 1
Py (Ep) < - v(E,) + &.

Finally, since E}, 7 E monotonically and Plf'h < Pﬂq'h, the claim follows.

Example 1: Consider the unit interval I = [0,1]. Let {n;};>; denote a strictly
positive integer sequence and {ry }r»; a real-valued sequence such that

. n, =1 forall k > 1,

. 0 < ngr, <1 for every integer k > 1,

. The infimum of {r,} satisfies inf,r;, > 0.

Next, we construct a hierarchical indexing system as follows. For each
integer k > 1, define the family of multi-indices D, as the collection of all
ordered k-tuples (iy,i,..,{;) where each entry i; is an integer satisfying
1 < i; < n; atposition j, forevery 1 < j < k with n; denoting a fixed positive
integer bound specific to the j-th coordinate. The total set of indices is given by
D = Uy, D, with Dy = {0} (the singleton empty index). Given two
multi-indices a = (aq, ay, ..., ay) from D, and B = (B4, B2, -, frm) from Dy,
their concatenation operation combines them sequentially to produce a new
composite index: The concatenated index aaf is formed by taking the ordered
sequence of o's components (a;,as,...,a;) followed immediately by t's
components (B4, B2, ..., fm), resulting in (g, ..., g, B1, -, Bm)- This new index
belongs to Dy, the set of all multi-indices of length k + m. Now, we define
two families of closed sub-intervals of I:

Ay ={ly|a€Dy}and A ={l, | « € D}.
These families satisfy the following recursive properties:
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(i) Root Interval: I = 1.
(i1) Structure: For each k > 1:
- Sub-intervals {I,3 j}?’z‘l (children of I,,) are ordered left-to-right.
- The left endpoint of I,3; matches that of I, for j = 1.
- The right endpoint of I,s,, matches that of I,.
- The spacing between consecutive sub-intervals is uniform, denoted by

dy.
(iii) Scaling Condition: For every k = 1, a € Dy, and 1 < j < ny:
diam(la,;,j) _
diam(ly)  *

where diam(A4) denotes the diameter of set A.

Take Ej be the union of the intervals I, for each a € D, and we define
the homogeneous Cantor set, characterized by {n,} and {ry}, by the set

E = Ugzo E-
At this point, we introduce the function u of set on [0,1] by u(ly) =1
and p(ly) = (nq ...ny)" ! forall o € Dy. Since

ua) = Ngys .U(Iaéj):a ED,1<j<mn,

We can derive a mass distribution on [0,1], from p. Let s, = L0g(t1.. )
log(ry..T%)

then,
u(ly) = diam(ry ... 1) %% = diam(l,)°¥, (2.2)

for all o € Dy. Now, for x € E, a sequence {I,,} can be found with a; € Dy,
for all k = 1, and such that x lies in the intersection of the corresponding sets
Ig, (x). Consider the measure u specified by equation and h € F, such that
im (n1-npp )4t
k—oo N1 h(ry..Tk)
Givenany r > 0, one can choose an integer k so that diam(l,,, ) < 2r <
diam(l,, ). For each point x in E, the ratio of u(B(x,7)) to the product of
h(2r) and u(B(x,1)) raised to the power q, simplifies to the reciprocal of
h(2r) times p(B(x,7)) raised to the power g — 1, and this quantity is bounded
(n1-mget )91
N4y h(r7g)’

>y >0 2.3)

below by the expression Therefore, using , we get QZ‘h(x, w)>0

and then P;"h(E) < oo.
The density result was established in terms of generalized Hausdorff and

packing h-measures and within a metric space in [15]. More specifically, the next
statement is as follows.
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Lemma 1: Take any Borel set E contained in supp(u). Suppose that . and v
are both probability measures on X, a dimension function h € F, and fix a real
exponent (.

(1) We have
. q,h q,h
Ll{lélggﬂ @ v)| B"E) < v(E). (2.4)
By convention, if one of the factors is zero, the entire left-hand side is taken
to be zero.
(2) We have

V(E) < [supHZ‘h(x, v)] HIM(E), 2.5)
X€EE

By convention, if either factor is infinite then the right-hand side is set to oo,

This lemma provides the foundation for proving Theorems 1 and 2. In
particular, our density approach applies to the study of the generalized H-S
h-measures Hg'h and Pj'h for product spaces, via a decomposition into the
measures on each coordinate. Throughout, let y; € P(X) and u, € P(Y) be
probability measures on X and Y, respectively, and let h, g € F. We will then
focus on Borel sets £ € X and F € Y under the conditions listed below

_q,h
di" e, v) = d,, (x,v),

for every x € E and v € {H,(f‘lhE, P,fl'hE} and
—a.9
dgd (x,v) = d,, (x,v),

q.h q.h
for every x € F and v € {H, ) F}.

2.3 Proof of Theorem 1

First, using Lemma 1 we deduce, for a doubling measure u together with a
blanketed dimension function h, that

. q,h qh —aq.h q,h
[}Crelgg# @v)| HI"(E) <v(E) < [ilégd# (x, v)] HI™(E). (2.6)
Now, let v; = Hg‘lhE and v, = HZ‘ZgF. We set
E={xeE|1> dg'lh(x,vl)} and F={x€eF|1=dlI(x,v,)}
We have dZ'lh(x, V) >1, Hg'lh—a.a. on E.Indeed, for every integer n, set
- q.h 1
E, = {x €E,d, (x,vy) <1 —;}.

Hence, apply (2.6) to v; on E,, to get
1
() < (1-2) HEM(E.
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This implies that HZ’lh (E,) = 0. Therefore, we get the desired result. Then,
v1(E) = v, (E). Similarly, we get
dr?(x,v;) = LforH!Y —aax€F.
Hence, v,(F)=v,(F). For every (x,y) in EXF , the quantity
dqlhxguz((x ¥), Vv, X V,) is equal to the limit, as r tends to zero, of the product of

two terms: the first quantity corresponds to the measure assigned by v; to the ball
B(x,1), divided by h evaluated at 2r, and by p,(B(x, 7)) raised to the power
q, and the second being the analogous ratio involving v,(B(y,1)), g(2r), and
U, (B(y,m))%. This limit coincides with the product dg'lh (x,v1) dg’zg y,v2),
which is less than or equal to one. We get Sup(y yyezx# dg‘lhfuz (x5, ), vy Xv,) <
1 < oo, then by (2.6), it can be deduced that the measure H*"9 ~ of the set £ X F

H1XH2
is bounded below by the product measure v; v, of that set, which equals

vy (E) vy (F).
Now, we can also use Lemma 1 to obtain

[;relgg;{'h(x, )| BIE) < v(E) < [ilégaj‘h(x, v)] PRI (E). (2.7)

Following the same approach as inequality (1.1), we can establish inequality
(1.2), using (2.7) instead of (2.6).
2.4 Proof of Theorem 2

Let v; = HZ‘IhE and v, = Pq‘g . We set
E={xeE|1<dl(, vl)}andF {xeF|1<dlf(xvy)}
We have dg‘lh(x, v) <1, HZI -aa. on E. Let n be any integer, and
introduce
E, = {x EE, dZ‘lh(x,vl) >1 +%}
Then apply (2.6) to v; on E,, we obtain,
(14+,) HE (B < HITE.

This implies that Hg'lh (E,) = 0. Therefore, we get the desired result. Then,
v1(E) = v, (E). Similarly, considering for n € N the set

E, = {x €F,d}f (x,v;) > 1+%},

and using (2.7) instead of (2.6), we get dq’g(x v,) <1, Pq'h—a a. on F. Then,
v, (F) = v,(F). For every (x,y) in E X F, the quantity dqlxu2 (x5, ), vy X vy)
is equal to the limit, as r tends to zero, of the product of two terms: the first
quantity corresponds to the measure assigned by v; to the ball B(x,r), divided
by h evaluated at 2r, and by u;(B(x,r)) raised to the power g, and the second
being the analogous ratio involving v,(B(y,1)), g(2r), and u,(B(y,))?. This
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limit coincides with the product dZ‘lh (x,v1) d? (y,v,), which is greater than or

equal to one. We get infiy yezxr dg'l};gﬂz((x, ¥),v; X v,) =1 > 0, then by (2.6),

it can be deduced that the measure Hg'l’;gﬂz ofthe set E X F is bounded above by
the product measure v; v, of that set, which equals v;(E) v,(F). Now,
following the same approach as inequality (1.3), we can establish inequality (1.4),

using (2.7) instead of (2.6).

Example 2: We will show that no constant y > 0 can satisfy for every 4 € X,

B CY,every u € Ppr(X), v e Py(Y) and every h, g € F,, the inequality
Hio (A x B) < y HI(4) H(B)

holds. It is enough to exhibit a case where the above inequality fails strictly. To

this end, it suffices to construct explicit sets A € X and B € Y for which

HIY9(A x B) > HI"(A) B (B).

UXV

Lemma 2 (Lipschitz-Type Mapping and Measure Comparison): Consider a set
E € X X X and another set F € X. Let us suppose one can find a surjective map
¢:E > F and constants ¢,y > 0 such that for all u = (x,y),v=(x,y") €E
and every v > 0

{d(d)(u). d() < cd((xy) (x,¥)), 2.8)
uB(dw),r) <y uBx, 1) v(B(Y,1), '
Then, the following inequality holds:

HI"(F) < cy - HIZ, (E). (2.9)

UXV

Proof: Let F; CF,CF and let E; € E, CF such that ¢(E;) =F; and
¢(E,) = F,. Starting with any collection of centered balls of radius r that covers
E;, one obtains a covering of by centered balls of radius cr. For that reason, for
u€P(X), he F and q > 0, we have

Tl (F1) < D1 #(B((w;), )T <y Tizg #(B(x;, cr))? v(B(;, c1))?
It follows that
T;zrc(Fl) h(ZTC) < Y Tuxv,r (El) h(ZT'C) <c Y Tuxv,r(El)h(Zr)-
Thus,
—q.h —q,h —q.h —q,h
Hyo(F1) < v Hyxyo(E1) < ¢ ¥ Hyso (1) < €y Hyso (E2).
One concludes that
—q,h —q,h
Hu (FZ) <c Y Huxv(EZ)-
Assume E € U; E;. Define the family {F;} via
F; = ¢(E; NE).
Then,
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_q,h
Hi"(F) < ey Huo (BD.
Because {E;} was chosen as an arbitrary cover of E E, it follows that
h h
HI(F) < cy HE (B).

WXV

Fix a strictly decreasing sequence {s;};>; tending to zero, and choose an
increasing sequence of integers (m;);so with my = 0, growing so rapidly that
forevery j > 1

Zf(:] (Maper — Myi) < sjmy;and Yyoy (Mg — Myp_q) < 55 Myj. (2.10)
Now define two Cantor-like subsets of [0,1] by prescribing long runs of
zeros in their decimal expansions. The set A consists of all decimals whose 7-th
digit is zero whenever 7 is an odd integer in the closed interval [m; + 1,m;,4].
Dually, the set B consists of all decimals whose r-th digit is zero whenever 7 is
an even integer in the closed interval [m; + 1,m;,]. Because of the way we've
arranged the digit-blocks, one stage 2j is complete the sum of all free (nonzero)
digits contributed by the odd-numbered intervals, namely the stretches from m,
up to my, from m;, to m; and so through m,;_, to m,;_;, cannot exceed s;
times the length of the stage 2j block, m,;. So A can be covered by at most

j—1
10%k=o (M2t 1=m21) < 10%™2j intervals of length 1072/, Now, for x € 4,
assume that

A" (x,(2r)%) > 0and . (x, (2r)°) < oo, @.11)

=q.h ..
for some s > 0. It follows from (2.10), that HZ_O (A) = 0. This is true for all set
A c A, then HI™(A4) = 0, and similarly we have HI"(B) = 0. Consider the
diagonal line L:y =x in R?, and let ®:R? —» L denote the orthogonal
projection map. For any point (x,y), ®(x,y) corresponds to the unique point on

L located at a distance of % from the origin. By leveraging the structure of the

sets A and B, every v € [0,1] can be written in exactly one way as v =x +y
with x € A and y € B. This decomposition ensures that each digit of v is
contributed exclusively by either x or y, avoiding overlap due to their
complementary zero constraints. The projection ®(A X B) maps the Cartesian

product onto L, forming a line segment of length % Applying Lemma 2, which

relates measures under Lipchitz mappings, we have

HY' (A X B) >y HI"(0(A % B)) =y’ H" (d(A % B))

Therefore, by

HYL (A% B) > 1> HI"(A) HI"(B).

3. Main results: Product inequalities using different approach

Consider two separable metric space (X,d) and (Y,d"). Their product
space X XY is endowed with a metric, defined for any two points
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(%1, ¥1), (x2,¥2) EXXY by
d x d'((x1,y1), (x2,¥7)): = max{d(xy, x3),d" (1, y2)}-

This metric generates the standard product topology on X X Y. Under the
maximum metric d X d', closed balls in the product space admit a
straightforward characterization: Under the max-metric on X X Y, a closed ball
centered at (x,y) with radius r is the Cartesian product of the corresponding
closed balls in X and Y. As previously stated, our objective is to refine the
inequalities established in [6]. Specifically, we will examine these inequalities
within a separable metric space, without assuming the doubling condition. To this
end, we introduce a new fractal measure of packing type, which is greater than the
standard packing measure. This new measure, called the pseudo generalized H-S

h-measure and denoted by R%" s constructed through the pseudo-packing of

balls of equal radius, analogous to the pseudo-packing h-measure fRZ’h (see
definition in Section 4.1).

Remark 2: Note that the density approach previously used is not valid for the
generalized pseudo-packing h-measure fRZ’h. In other words, inequality (2.4)
reminds false using fRZ'h instead of ?”q’h.

In the upcoming example, we will build a set E belong to the Davies's X
[15] and does not satisfy (2.4).

Example 3: Consider the uniform probability measure u established on the
Davies space X = [[n—; G(N,), equipped with its canonical metric (see [15]).
Fix a point u = (uq,uy,...) € X and a radius r € (0,1). The set B(u,r) as a
closed r-ball given by

B(u,r) ={v € X |v, = uy forall k < nand u,:v,},

. . . 1\" 1\t
where n is the only integer for which (E) <r< (E) . When u,

corresponds to a peripheral vertex, the ball B(u,r) decomposes into two disjoint
cylinders, one central and one peripheral, yielding u(B(u,r)) = 2y,. A point
u € X is termed eventually peripheral if its components u,, are peripheral for all
sufficiently large k. Let E € X denote the subset of eventually peripheral
points, then the measure u(E) = 1 (see [13]). Indeed, write the set E,, as the
collection of all points points u = (uq, Uy, ...) € X satisfying the condition that
uy, is peripheral vertex whenever k is an integer not less than m. For the graph
G(N,), the total vertex count is N,(N, + 1), with exactly N2 vertices
designated as peripheral. Consequently, the measure of E,,, under u is given by

() = Mmoot = [Ty 2
H{Em =M N (Np+1) =M N+
Suppose the infinite product [Io=, 1}:";1 converges. For each n, the radio
n
of N, —1 to N, + 1 is no larger than the ratio of N,, to N, + 1, and that latter
Np

ratio never exceeds one. Thus, we deduce that [[o—,, must also converge.

Np+1
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Since the tail products [[5=., % converge to 1, we have lim,,_,u(Ey,) = 1.
n

By the continuity of p under increasing limits (E, 7 E), it follows that
u(E) = 1. Now, we consider

Fl={heF 2™ =y,

where g € [0,1). We proved in [15] that for h € F9, we have Rg’h(x) = 1.Our
goal is to show that inequality (2.4) fails on the subset E consisting of eventually
peripheral points. To do so, choose an integer n for which

re [/ a2,
S0,
CICED) 7Y R €7 R € W L

h(2r) h(2r) R(2=n+2) T 174

; q,h 1-q .
Therefore 11LIC}£ d, (o, u) > 2 and we obtain
q,h ; q,h 1-q
Ry (E)lligggﬂ (x,v) > 2'71.
On the other hand, we have u(E) = 1. So, we obtain 2179 < 1 which is
impossible.

Now, we define the generalized pseudo H-S h-measure RZ’h. For a

probability measure p, a dimension function h, and a real number g, we define
=q.h .

RZ of E to be the upper limit as r approaches zero of the product of ler (E)
with h(2r). The value of Nﬁ_r (E) quantifies the supremum of the weighted sums
over any collections of closed r-balls centered in E, where the centers are at
pairwise distances exceeding r. We next set RZ‘h(E) to be the pseudo

generalized H-S h-measure, specified as follows
RI'E) =, dnf, ZiRi (B
E;bounded
Next, we will investigate how the pseudo generalized H-S h-measure RZ’h
is related to both measures Pj‘h and HZ’h. Since every true packing also meets
the criteria for a pseudo-packing, it follows that Pj’h < RZ'h. We present a

proposition that gives a sufficient condition for the equivalence between Pj " and
RI".
Proposition 1: Let g € R. We can find a constant y > 0 for which, for any
E € X, the following holds

RI™(E) <y PI"(E),

in the case g < 0, or if g > 0 under the additional assumptions u € Pp(X) and
h E TO.
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Proof: Let E € X and r be small. For any r-pseudo-packing {(x;,7)}; of E,
the collection {(x;,r/2)}; forms an r/2- packing of E, since the separation
condition d(x;x;) >r for pseudo-packing implies d(x;,x;) > 2 (r/2) ,
satisfying the disjointness requirement for packing. Now, given h € F;, and
u € Pp(X), one can choose a constant y > 0, whose value depends on u, h and
q for which

N{L(E) < yM, ().
Multiplying both sides by h(2r) and and taking the limsup as r — 0, the
—qh —q,h )
inequality RZ (E) < yPZ (E) follows. Now, Consider any countable sequence
of bounded subsets (E;); of X for which E CU; E;. Applying the inequality
above to each E;, we obtain
—q,h —q,h
R, (E) <vP, (Ep).
Applying the infimum over every covering (E;); of this form produces the
desired outcome.

In addition, if h € F, and u € Pp(X), we have using (2.1) that HZ’h <

RZ‘h. Later, in Proposition 2, we show that this inequality remains valid even
when h € F, and p € Pp(X).

Proposition 2: Consider a measure u € P(X), a function h € F and a real
number q € R. Hence, for each set E C X, one obtains

q.h q,h
H# < Ru .

Proof: Consider a set E € X and suppose that the pseudo-measure RZ‘h of the
set E is finite. For any r > 0 and any subset F € E, we can using Lemma 3,
select a maximal pseudo-packing (x,7)r>1 constructed using pairs (x,r) with
x € F in such a way that their union forms a cover of F. This choice ensures that

Tir(F) R(27) < Ty h(27) (B (2, 7)) < h(2r) N/ (F).
From the definitions, it follows immediately that
Hyo(F) <Ry (F)and H, (F) < RY"(F) < RY"(E).
We therefore conclude,
HI"(E) < RV (E).

3.1 First inequality of Theorem 3

We begin by assuming that Hg’h(E) and R?Y(F) are both finite. Fix an
integer j = 1, and let {B;};»1 = {B(x;,7)}i»1 denote a covering of E at scale 7.
For any subset F € F, Lemma 3 guarantees the existence of a maximal
r-pseudo-packing {(vy, 1)} centered in F which fully covers F. Consequently,
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Ty (Bi X F)h(2r)g(2r) < Xi; n(B) h(2r)v(B(y, 1)) g(27)
< u(B)h(2r)N, - (F)g(2r)
and then,
Ty (E X F) < g(2r) Ny, (F) X h(2r) u(B) .

Taking the infimum across all r-covers of E and passing to the lower limit
as v = 0 leads to

—q.hg = _—=ah_ __ =49 =
Hp.xv,O(E X F) < H/,L,O (E) Ru (F)
Suppose that E can be covered by U; E; and F by U; F;. Then, the
Cartesian product satisfies E X F € E X F CU;; E; X F;. As aresult,
—=a.hg ~ —=a.hg
Hyxy (E X F) < ¥ij Hyxvo(Ei X F))
—q,h =a.9
2ij Huo(E) Ry (F)
—q,h =4.9
(2 o (ED) (2 R (F)).

Since E; and F; are arbitrarily chosen, we deduce that

IA

IA

—q,hg =~ —q,h
Huxy (E x F) <H,” (E) RV (F) < HI"(E) RYY(F),
Since this is valid for any E x F € E X F, it implies that
HIY (E x F) < HI™(E) RV (F).

UXV

3.2 Second inequality of Theorem 3
Rthg

Assume that the product measure R, (E X F) is finite, and the lower H-S

h-measure HI"9 (F) strictly positive. Fix € > 0 and let {A;}; denote a collection
of subsets in X X Y satisfying the following properties

oo o 7IhI ,
EXFCSUZ, Aand 52, Ry (A) SRUEXF) +e. (.1)
Select a constant 7 satisfying n < HIY(F), and fix a scale r > 0 such that
TV'{T (F) g(2r) > n. Next, For each index i and each point x € E, let us define
Af (x) = mp (A 0 ({x} X F)),

where mg(x,y), the projection onto the second coordinate, satisfiesmp(x,y) = y.
Next, let us define

E, = {x € E: X1y T, (A7 (1) g(2r) = n}.
By construction, whenever x € E,,, we have
o1 T (A () h(2r) = T,/ (F) h(2r) > 1.

Hence for every x € E, the desired lower bound holds. Thus, let n € N*
and y € (0,7). Fix a maximal r-pseudo-packing {(x;,7)};>; within E,. For
each i € N*, define the active index set of A; as

L(i):={j =1: Af(x;) isnon — empty}.
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This ensures the projected collection {(xj,7)}jer;y forms an
r-pseudo-packing of the canonical projection mx(A;). For fixed i € N*, iterate
over j € L(i). By virtue of Lemma 3, we may select from the family {(y,r) |y €
Af (x;)} a maximal r-pseudo-packing that still covers Af (x;) . The union
Ujerpy H(I,)) then forms a pseudo-packing of A;. By the definition of H (i, j)
and T}, we directly infer

L V(B M) g@r) =T, (A (x)) g(2r) = T, (A (x;)) g(2r).

SumoverH (i,j) Lowerboundatscale y Lowerboundatscale r

Finally, define the intersection index class for x; up to n

J(j,n) ={i e N" | x; € A;and i < n}.

The expression represents a nested triple summation process:
(1) First, sum over the integer index i from 1 to n.
(2) Second, for each fixed i, sum over all elements j in the set L(i).

(3) Third, for each fixed pair (i,j) , sum over all ball-center-radius pairs (y, 1)
in the slice-packing collection H (i, ).

For every such triple (i, j, (y,7)), the term added to the sum is:
u(B(x;, 1)) v(B(y, )7 h(2r) g(2r).
By construction, each inner sum over (y,r) € H(i,j) is bounded below by
Ty (A (%)) g(2r) = 1,
Hence, when we sum h(2r) u(B(x;,r))? g(2r) v(B(y,r))? first over

(y,7v) € H(i,j), then over i € I(j, n), and finally over j > 1, the total is at least
n times the simpler double sum. Finally, observing that this latter double sum is

exactly N;'h(En) h(2r) and the supremum across every r-pseudo-packing of
E, gives
o R h
21 Nbo) () h(2r) g(2r) = 1 NI (Eq) h(27).
Therefore, we obtain
—=q,hg =q,h
?:1 Ruxv (Ai) = n Ru (En)
Now, taking n — 400, we obtain using (3.1), that
a,hg q.h
RIZI(E x F) + e > n R (E).

UXV
Because our estimates hold for every choice of € >0 and any n <
HI9 (F), the claimed inequality follows.

3.3 Third inequality of Theorem 3

We begin by introducing an auxiliary fractal measure, called the weighted
H-S h-measure and denoted by Qq'h, that will be pivotal in establishing the third
inequality of Theorem 3. This measure is defined using weighted packing of balls
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with the same radius. Given a set E € X together with positive weights c;,
centers x; € E, and radii r; > 0, these data constitute a weighted packing of E
exactly when each point x € E lies in balls whose combined weight does not
exceed one; that is,

D dxpr=ry G < 1.

We define QZ'h of E to be the upper limit as r approaches zero of the
product S;f, (E) with h(2r). The value of SIZ ~(E) quantifies the the supremum
of X; ¢; u(B(x;,r))4, ranging over all collections of weighted packing of E.
Hence, the weighted version of the generalized H-S h-measure, denoted Qq’h,
through the formula below

QMEY= _inf % Qr (E):

ECU;E;
E;bounded

Proposition 3: Consider a measure u € P(X), a function h € F and a real
number q € R. Hence, for each set E' € X, one obtains

q.h q.h q.h
P < QY <R} (32)

Proof: By definition, a weighted r-packing is a generalization of an ordinary
r-packing, where each ball can be assigned a weight. This means any r-packing
can be viewed as a weighted r -packing with all weights equal to one.
Consequently, this immediately gives

PIM(E) < QIM(E),

for any set E € X. Let us now establish the second inequality. Start by fixing a
small scale r > 0 and setting

I < NJ.(E)h(2r).

This means that there exists an r-packing of E whose total weighted sum is
close to I. To ensure the sum remains above [, we construct a weighted
r-packing as follows: Choose a family of triples {(c; x;,7)}; that forms a
weighted r-packing of E. Approximating each c; by rational value «;/N with
N sufficiently large, we have

21 7 u(B(x;,1))h(2r) > L.
We further truncate the sum to finite number n of terms, ensuring
Py oy KB, 1) h(2r) > L. (33)

Next, we construct a sequence of integers my(i) = a; for i =1, ...,n. We
use these to create a covering process: Define the set J; of indices where
my(i) = 1 and for each j > 1, select a subset I; € J; such that {(x;,7) | i € [;}
is a maximal r-pseudo-packing among the points with positive multiplicity.
Then, adjust the multiplicities using the rule
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m;_1(i)—1 ifi €l
m;_q1 (i) otherwise
Therefore, we repeat this process until no points with positive multiplicity
remain. Then introduce for each j > 0 the count

fj x) = Z{i: d(x;x)<r} mj(i)
Because I; covers every x; with m;_;(i) = 1, one sees that for each such

() < Qi) — 1
If the process never terminated by round N, then choosing k € Jy (and then
k belongs to every set J;, ... Jy since {]i}?’zl is a decreasing sequence) yields
Go(xx) = N+ {y(x) =N +1, (3.4)

while the packing condition forces {(x;) < N. This contradiction shows Jy = @
and hence

Y (myo (D) —my(D) = a;.

Since each round [; is itself a pseudo-packing of E, its contribution is
bounded bey N.(E)h(2r). Summing over j=1,..,N and dividing by
reproduces the left-hand sum, showing

I < NI.(E)h(2r)
Therefore, S .(E) h(2r) < N (E) h(2r). Hence,
—=q.h =qh
Q, (E) =R, (E). (3.5)

Finally, let € > 0. Pick a countable cover E € U; E; by bounded sets E;

so that
YRy (E) < RY(E) +e.

—q,h —qh
Since we already know QZ (E) < RZ (E;) for each i, it follows that

_q‘h
QMME)< TR, (BE) < RIM(E) +e.
Letting € — 0 yields the desired inequality
Qi"(B) < RY"(B).
Proof of the third inequality in Theorem 3. We aim to show
h h \
Pl (EXF) < QU (E) M (F),

UxXv

and then invoke Proposition 3. To begin, assume both QZ’h (E) and P9 (F) are
finite. Choose countable covers

E c Ui, E, F € UL, F,
so that each E; and F; approximates the corresponding quasi-measure arbitrarily
well. Next, let {(xy,yx), 7} be any packing of E X F satisfying
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Yi=1 HBx, )T v(B(yr, 7)) h(2r) g(2r) > L
Let each index k be associated with

Ay = N:u(B(xk) T))q h(zr) - n bk = NV(B(}’k; r))q g(zr) -1
where N is taken large enough and 7 > 0 small enough so that
o b
T k> L
By truncating to the first n terms if necessary, we may assume ay, b, > 0
and

n Ak bk
Zk=1 Nz > l.

Fix any x € E. Then those indices k for which d(x;,x) <r give an
r-packing of F, so
Zd(xk,x)sr bk < Zd(xk,x)sr N V(B(yk'r))q g(ZT) <N Mg,r(F) g(zr)'

Hence the family {(xy,7), bi/N}r=, constitutes a weighted packing of E,
yielding

Mgixyr(E X F) R(2r) g(2r) < Sj,(E) h(2r) My (F) g(2r).
Dividing by N? and letting r — 0 shows for every i,j = 1,
—=q.hg —q.h =a.9
Pus (B X F) < Qo (E) Py’ (F).
Finally, summing over i,j and optimizing over the arbitrary covers of E
and F gives the desired inequality
PIM(E x F) < QV(E) PM(F).

UXV

This completes the proof.

4. Appendix

4.1 Generalized packing and Hausdorff measures
Considering a probability measure p over the space X, a dimension
function h, and a real exponent q, our first step is to define the generalized

packing h-measure SDHq‘h of a subset E of X. Given § > 0, a countable family
of pairs {(x;,7;)}; with x; € X and 0 < r; < § constitutes a §-packing of E if
the following inequality holds for every pair of distinct indices { and j
p(xy, %) > 1 + 17
The symbol Yg(E) will stand for the collection of every &€ packing of E.
Assuming E # @, for each § > 0 we set

PINE):=  sup ¥ u(B(x;, 1)) h(2n),

(1)€Y s(E)
and then define

h . ,h . ,h
Filo (B):= inf RIS (E) = imB 5" (E).

Although fPﬂ%h is monotone with respect to set inclusion, it is not
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o-additive. Hence, by the usual “outer-measure”[Jextension [29, 30, 24], this
leads to the definition of the generalized packing h-measure

PIME) = inf 21 PIT(ED,
_Ul 1
with the convention ?ﬂ‘”‘((z)) =0.In partlcular, ?“q'h extends both the classical
packing measure P° [14, 25, 20] and the packing h-measure P" [12, 17, 10].
Now, assuming E # @, for each § > 0 we set
Ys(E) = {(x,7)iix; € E,0 <71, < 8,p(x;, %) > max(r;, ) Vi # j},
and define
RVME) = sup % u(B(x, 1)) h(2r).
(xpr)i€Ys(E)
Then
q.h s q,h 1 q,h
Ru,o (E) - ér;(f)geu,s (E) - }gllr(l)geu,ﬁ (E)!
and this gives rise to the concept of the generalized pseudo-packing h€‘measure
RYM(E) = _inf T Ry (ED,
ESUR, Ei
] with the convention RZ' (@) = 0. In particular, .‘RZ‘h extends the classical
pseudo-packing h €‘measure R" [17, 10]. We next turn to the centered
Hausdorff approach: For a nonempty set E and any scale § > 0, we set
Cé‘(E) = {(xi,rl-)i:xl- S E,O < T; < 5,E c Ui B(xi,ri)}.
Then one writes

Qhepy — q
HMEY = il 5 (B ) h(2n).

and then
HIV(E): = sup T(E) = }Simﬂ-[qh(E)

Finally, the generalized centered Hausdorff h -measure is obtained by
considering the supremum of the quantity as F ranges through all subsets of E:

HI"(E) = supT{,iy " (F).

. h . . . .
Since 7{; satisfies the properties of a metric outer measure, It descends in

a straightforward way to the Borel o-algebra of X, yielding a measure. This
function naturally extends the classical centered Hausdorff measure C¢ [14], as

well as, the generalized Hausdorff measure Hﬁ‘t [25, 22], providing a
multifractal generalization that captures a broader range of scaling behaviors.

4.2 Maximal pseudo-packing
Definition 1 (Maximal pseudo-packing): Consider a set X equipped with the
distance function p, making it a metric space. Consider the collection

A ={(x,r)}withx € X,r > 0,
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consisting of every center x and positive radius r. A subset G S A is called

maximal pseudo-packing if:

(1) Separation: If (x,7) and (y,s) are two different elements of G, then their
centers are farther apart than either radius:

p(x,y) > max{r,s}.
(2) Covering: Let (x,y) be an arbitrary ball in A, one can pick some
(y,s) € G whose center y lies within the distance given by the larger
radius:

p(x,y) < max{r,s}.

(3) Maximality: No super-set of G within A satisfies both the separation and
covering properties.

This ensures G is the largest possible subset of <A where distinct elements
are non-overlapping in their metric neighborhoods while still covering all of A.

Lemma 3 (Existence of maximal pseudo-packing [17]): For a fixed § > 0 and a
chosen subset E C X, the associated family of pairs is given by
As ={(x,8)|x € E}.
Hence one can choose G € Ag to be a maximal pseudo-packing which
provides a cover of E.

Lemma 4 (Finite maximal pseudo-packing [17]); Consider a subset E of X and
a finite collection F of ordered pairs consisting of a point in X and a positive
radius. These are chosen so that every element of E appears as the first entry of
at least one pair in F, equivalently, for each point in E there exists some positive
radius for which the corresponding pair belongs to F. Hence one can choose
G € F to be a maximal pseudo-packing which provides a cover of E.
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