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Abstract

This research article investigates two subclasses of bi-univalent functions associated
with (s, t)-Lucas polynomials in . It intriguing since they are fundamental to geometric
function theory. To understand the geometrical properties of these subclasses, the estimates
of two initial Taylor-Maclaurin coefficients |a,| as well as |a,| are very essential. These play
a vital role to explore a number of significant geometric features of subclasses. These initial
coefficients provide significant information about the behavior of the function near the origin,
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revealing its functional characteristics, interaction with the boundary of the unit disk, and
possible subclassifications. In particular, their distortion, growth behaviour, and mapping
qualities. Additionally, we employ the Fekete-Szegt approximation, a technique frequently
employed to derive precise constraints for these two subclasses, which traditionally gives
upper bounds for |a, - va,’|.
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1. Introduction

Let the open unit disc is defined as: D = {& € C: |¢]| < 1}. The set of
Schlichtly normalized function f(§) € A, expressed in the following form

) =¢+ Xk, ad”, (L.
where the complex coefficients are represented by a;, and the subclass of
functions inside A is represented by S. In the unit disc, a f is consider to be
bi-univalent if f, its inverse f~! are analytic and one-to-one in . Using
Equation (1.1), the set of bi-univalent functions that comprise the class Z. This
work was the beginning of systematic studies of coefficient problems for
bi-univalent functions and provided a inspiration for many studies of estimates of
the Taylor—Maclaurin coefficients for a number of subclasses of Z. After Lewin
[1] had attained the estimate for |a,|, the problem of estimating the next
coefficient |a;| became quite popular. Later a subclass of f € £ was explored
by Brannan and Taha [2] who attained bounds for the values of |a,| and |az].
They consider their work to be one of the earliest systematic investigations on the
estimation of the third coefficient |a;| of subclasses.

Let f € A is stated to be starlike in D if

®(42)>0¢eD,
whereas f is called convex in D whenever
n
®(1+ f;,(g)) >0, € D.

Using the principle of subordination, several generalized forms of starlike
and convex function classes have been developed in geometric function theory. In
this direction, Ma and Minda [3] introduced a unified approach for defining
subclasses of starlike and convex functions through the subordinations

EF1(©
o < 01¢3)

and

IMG)
2ol g
1+ < (9,

where the analytic function ¢ satisfies
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R($() >0,§ €D.

These subclasses provide a unified structure for studying many eminent
families of starlike and convex functions through suitable choices of the
subordinating function ¢(§). These generalized subclasses have motivated
several researchers to investigate analogous subclasses in the family of f € X
attain their initial coefficients.

Recent work has examined several fascinating subclasses belonging to the
class X, numerous studies on bi-univalent functions have been conducted
recently. Among these, Behera and Panda [4] presented a relatively new sequence
called the Lucas numbers, and the past several decades many authors [5, 6, 7]
investigated, Lee and Asci [8] and Ray [9] studied the geometrical properties of
(p,q)- Lucas polynomials. These functions have very remarkable geometric
properties which are relating to their mapping properties. Over the past few years,
numerous researchers have resulted special families of Lucas polynomials and
balancing Lucas polynomials etc. See [10, 11, 12, 13, 14, 15, 16, 17] and [18].

This works focus to investigate the properties of new subclasses related to
(s, t)-Lucas and balancing (s, t)-Lucas polynomials. The main aim of this work
is to attain upper and lower bounds for the initial coefficients and to attain sharp
bounds for |a; — Ta3|. This paper has three parts. In the Introduction section,
some preliminary concepts f € X as well as a short discussion of (s, t)-Lucas
and balancing (s, t)=Lucas polynomials are presented. In second and third parts
new subclasses generated from these polynomial families are defined and studied.

2. Coefficient Bounds for the Subclass gﬁf (w

Take the Lucas polynomials L,(s(p),t(p); p) as a recurrence relation
derived by the recurrence relation.

Ln(p) = s(p)Ln-1(p) + t(p)Ln—2(p),n = 2,
with the following basic conditions

Lo(p) = 2,L1(p) = s(p).

These polynomials generalize the Lucas numbers for which the functions
s(p) and t(p) are arbitrary. The sequence is generated recursively from the
previous two terms and forms a large family of polynomials which have many
applications in mathematics and related topics.

2.1 Generating Function of Lucas Polynomials

The generating function G(p,§) of L,(s(p), t(p),p) is a power series in
¢, defined as:

_ 2-s(p)§
G &) = e

This generating function can be expanded as:

G(p,§) = Xn=o Ln(s(p), t(p), p)E™,
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which encodes the entire sequence of Lucas polynomials L,(s(p),t(p),p).
Specifically, the expansion for the first few terms is:

G(p,§) =2+ s(p)¢ + (2t(p) + 5% (P)E* + Bs(P)t(p) + 53 (p)E* + -

This expansion gives a clear insight into how the Lucas polynomials are
related to the coefficients of the generating function.

2.3 Remarks on Specific Cases

The section includes examples of specific forms of Lucas polynomials attained by
assigning particular values to s(p) and t(p):

. Pell-Lucas polynomials Q,(s) arise when s(p) = 2s and t(p) = 1.
. Jacobsthal-Lucas polynomials j,(s) are attained when s(p) =1 and

t(p) = 2s.

*  Fermat-Lucas polynomials f,(s) are derived when s(p) =3s and
t(p) = —2.

. Chebyshev polynomials of the first kind T,,(s) arise when s(p) = 2s
and t(p) = —1.

These cases represent special types of Lucas polynomials, each with its own
properties and applications.

2.3 Subordination Condition and the Class gf,;"‘ w

The subclass gff (u) is defined by a subordination condition involving
f (&), which is belonging to the class X. This subordination condition relates
f (&) to the generating function G(p, §). The key equations in the definition of
this class are:

(i{(?) tH (f]/:(f()f ) <66 -1 @.1)
and
(a)]{(’{f:;))) Tt (w;(i;))) <G(o,w) - 1. (2.2)

Here, < denotes a subordination relation between functions, This indicates
that the left-hand function is subordinate to the right-hand function. This
condition imposes constraints on the behavior of f (&) within the context of the

class gﬁ;f (w).
Let us define
G(p,§) —1=1+s(p)§ +2t(p) +s*(p)* + Bs(p)t(p) +s*(P))E* + -,
(2.3)
and
G(o,w) — 1 =1+ s(0)w + 2t(0) + s*(0)w? + (3s(0)t(0) + s3(0))w® + -+,
(2.4)
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2.4 Lemma

The lemma introduced in the section helps establish an important property
for the family of functions involved. It states that for any p(¢) inthe class P, the
real part of p(§) is positive and bounded Re(p(§)) > 0,p(¢) =1+ p, &+
p2&% + -+-. This lemma is foundational for the analysis of functions in the class

g SE ‘tG (1) and their behavior within the unit disk D, ensuring that these functions
remain analytic and bounded.

Theorem 2.1: If f (&) exists in the class gf_f (u), then the coefficients a, and
az are subject to the following inequalities:

2 2
0] < \/S (P)+2(t(p)+t(0))+5%(0)

2(1+4p)

and for a;, we have

2 2 _ 2(,)_g2
s%(p)+s%(a) + 2(t(p)—t(9)) +s"(p)=5"(9) 2.5)

las| <
2(142p)2 4(14+3p)

Proof: Let f € ngG (¢). Then there exist f,g: D = D, given by (2.1) and (2.2),

() + (D) = 1+ + 200

+(2(1 +3wa; — (1 +2p)a3)é?+... (2.6)

and

@) | (@@ _ i
(f(w) )+,u( f() )_1 (1+2wayw + (3+ 10p)a;

=2(1 +3waz)w?+... 2.7
From the equations (2.3) and (2.6),
Coefficient of &:

(1+2p)a; =s(p) (2.8)
Coefficient of &2:
2(1 +3wa; — (1 +2w)ai = s*(p) + 2t(p) (2.9)

From the equations (2.4) and (2.7),
coefficient of w:

-1+ 2wa, =s(o) (2.10)
coefficient of w?:
(3 + 10p)az — 2(1 + 3w)as) = s%(o0) + 2t(0) (2.11)
Now, adding the equations (2.8) and (2.10), we have
s(p) = —s(0) (2.12)
Equations (2.8) and (2.10) are squared and added to attain
a2 = 7522((’?:;;(2" ) 2.13)

subtracting the equations (2.9) and (2.11), we get
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s2(p)=s?(o)+2t(p)—2t(a)

as; =a: + v (2.14)
When we replace equation (2.9) with equation (2.11), we attain
2 _ _ tp+t(o)
a4 = (1+4p)-2(1+2p)2 (2.15)
By replacing equations (2.13) in equation (2.14), we attain
|a3| < Sz(p)+52(0') sz(p)—sz(a)+2t(p)—2t(a) (2 16)

2(14+2up)? 4(1+3p)
When we replace (2.14) with (2.15), we get

:SZ(P)+SZ(0)+2(t(P)+t(U)) s2(p)—s%(0)+2t(p)—2t(0)
2(1+4u) 4(1+3u)

3

Hence,

2 2
o] < \/S (P)+52(0)+2(t(p) +t(0))
2(1+4p)

and

s2(p)+s2(0) | s%(p)=s(a)+2t(p)-2t(0)

<
las| = 2(1+24)2 4(1+3p)

The following corollaries are attained by replacing the values 4 = 0,1 in
2.5, correspondingly.

Corollary 2.2: If f(&) is a member of the class QSE‘ ‘tc(y) and is provided by

(1.1), then
la,| < \/sz(p)+2<r(p)+r(cr))+s2(a)
- 2
and
- 2 _c2 2 2
las| < 2(t(p) t(G)):S (p)—s“(9) 45 (P)erS (U). 2.17)
Corollary 2.3: If (&) € GZF (1) and is provided by (1.1), then
St
s2(p)+2(t(p)+t(9))+s%(0)
la,| <
2l = 10
and
- 2 _c2 2 2
las| < 2(t(p)—t(o))+s"(p)—s*(0) 45 (P)+s (U). (2.18)

16 32

2.5 Fekete-Szego Inequality

The Fekete-Szego inequality is a fundamental result in complex analysis,
specifically in the study of univalent and analytic functions. It provides a bound
on the coefficients of a univalent function, which are often critical in various
applications of geometric function theory.

Theorem 2.4: If f(§) € gff (w), then
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t(p) . 1
— if 0 < h(r) <
(1+3u) 2(1+3u)
la; — ta?| < “ - by # (2.19)
t(p) |(1+4u)—2(1+2ﬂ)2 if hi(r) 2 2(1+3p)
1-7

where h,(7) = e —2(+20)"

Proof: From the equation (2.14) and (2.15), we get
a; —1a3 = t(p) (h (1) + 5—=) + (@) (M () = 5)-

2(1+3p) 2(1+3u)
Hence,
t(p) . 1
—_— fo<h < ,
las — ‘L'a2| < 1+3w) ! sh (D= 2(1+3u)
3 21 = _
) ——0—— | if hy(7) =

(A+4p)-2(1+2p)2 2(14+3p)

The suitable choice of parameter values like = 0,1 in 2.19 are now
specialized. As a result, the following corollaries follow:

Corollary 2.5: Assume that f(§) is a member of the class gf_;f(y) and is
provided by (1.1). Then, the inequality that follows is true:
t(p) if 0<hy(r) <7,
{OLESTI FACESS
where hy(7) is defined as: h;(7) =1—1.

las — ta?| < (2.20)

Corollary 2. 6: Assume that (&) is a member of the class gf_'f(u) and is
provided by (1.1). Then, the inequality that follows is true:

e if 0<hy(1) <3,

a; —tai| < 2.21
3 2

4
tp) || if @ >3,

where hy(T) is again given by: hy(7) = %

3. Coefficient Bounds for the Subclass G>¢(u)Gi£,G(i%)
Definition 3.1: If the subordination below is true, then a function, f € G=¢(u)

(%)J’“(%%G(p,f)—l 3.1)
and
(%) tH ((wff(’(:)()w)) <G(o,w)—1 (3.2)

Theorem 3.2: If f(§) € G¥¢(u) and is provided by (1.1), then

pZ+o2+4
laz| < / PTTER 3.3)
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and
p2+g2 p2—g?
las| < 21+2pm)2  4(143p) (34)
Theorem 3.3: If f(§) corresponds to G*°(u), then
p? . 1
if0<h(r)< ,
|a3 —Tagl < 2(1;—3;4)(1_T) 4(1+3p) (35)
2P e | (D 255
_ (@1-79
where hy(T) = TYETER

4. Conclusion

In conclusion, two subclasses have explored within this prism of geometric
function theory. Furthermore, extremes of coefficients |a,|, |az| and
Fekete-Szego sharpness are obtained. Thus, the present investigation enriches the
theory of bi-univalent functions and opens new directions for further research
involving special polynomial structures and related subclasses.
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