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Abstract
This paper’s primary goal is to find an approximate solution for the nonlinear 

continuous casting of liquids and solids in two phases. It is a type of moving boundary value 
problem, which is nonlinear, and the unknown moving interface position makes it hard to 
solve using analytical methods. The He’s Variational Iteration Method (HVIM) procedure 
begins by initializing a solution with an initial guess in order to construct a correction 
functional based on optimal values of the Lagrange multiplier parameters. The approximate 
solution is then built up as a series of approximations, which quickly come together to the 
exact solution. As an operator equation, we have used the Stefan condition, along with the 
approximate solutions of the liquid and the solid phases, to build up a correction functional 
to the unknown moving boundary operator equation, which is obtained concurrently. 
It provides very accurate solutions to the unknown two-phase moving boundary values 
problem with an unknown moving interface, as indicated in the numerical values and 
comparisons (of the various initial guesses).
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1.  Introduction  
Continuous casting is also required to make quality slabs, and one of the 

most popular studies in the past literature is the use of heat transfer models 
under controlled conditions [1-4]. Most methods used to solve this problem 
focus on simulating the growth of the solid metal phase inside the liquid molten 
casting mold. For instance, simplified formulations, including the finite element 
method to solve the thermal conductivity equation, have been explored in [5]. 
Continuous casting is intrinsically linked to moving-boundary problems, which 
are expressed as the nonlinear partial differential equation with initial, boundary, 
as well as Stefan equations, where the precise solution is hard to find. Various 
methods are suggested in order to overcome such issues, However, the 
techniques used to solve these equations include such as Domain decomposition 
method, Homogony perturbation method., Crank-Nicholson method, and semi-
analytical methods, including the heat balance integral method and the variable 
space grid method [6-8]. 

This study focuses on the (HVIM), introduced by Chinese mathematician 
He and Latifizadeh [8] in 2020, as an improvement over the Lagrange multiplier 
technique for solving nonlinear partial differential equations (PDEs) and 
obtaining approximate solutions through iterative sequences [9]. HVIM 
formulates a correction function using a generalized Lagranges multiplier, that 
can be determine using variational theory [10, 11]. A methods is also apply to 
integral equations and non-linear ordinary differentials equation [12]. 
Additionally, the convergence of HVIM has been examined in [10]. 

The motivation for this work stems from the challenges associated with 
analytically solving such problems. To address this, the HVIM is employed to 
approximate solutions for the nonlinear PDEs governing the two-phase 
continuous casting process with an unknown moving boundary.  

This paper has the following structure: Section 2 provides an explanation 
of the mathematical model. The variational iteration method's guiding principles 
are introduced in Section 3, and an example issue is used in Section 4 to 
illustrate the key findings. Section 5 concludes with a summary, conclusions, 
and suggestions for further study. 

2.  The Mathematical Model 
Consider the phenomenon in which the liquid medium moves during the 

casting process in a certain direction along the t-axis, where the time dimension 
is denoted by the variable  . Thus, the fundamental equations governing the 
thermal distribution and diffusion described this phenomenon are defined by: 
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   )           (1) 

          
     (

         
   )                                .  (2) 

With initial conditions. 
                                              

                                           (3) 
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A boundary condition. 
  T_x^s (-L,t)=u_2 (t), T_x^s (L,t)=u_1 (t),0 t t_f .  (4) 
  T_s (s_2 (t) ,t)=T_l (s_2 (t) ,t)=T_m^2 , 0 t t_f.  (5) 
  T_s (s_1 (t) ,t)=T_l (s_1 (t) ,t)=T_m^1 , 0 t t_f .  (6) 

Additionally, the Stefan conditions at the moving interfaces are given by: 

  (  
   
      

   
   )       

      ̇    , (  
   
      

   
   )    

      ̇    .  (7) 

Where,    and    represent the temperature distributions of a solid phased 
(s) & liquid phased (l), respective, while      &      represent initials 
temperatures of these phases. The terms    and    indicate the thermal diffusion 
properties for liquid & solid,    &    indicate a thermal conductivities for liquid 
& solid phases,     and     stand for the melting temperatures. Furthermore, 
      and       describes the constant velocities of the cooling water placed on 
both sides of the casting device,       and       represents the right and left 
moving interfaces, The non-homogenous terms for solid & liquid phase 
represent as         &        ,    denoted final times of the process & finally, 
   and    are the latent heat of fusion. While,      ,       denotes a thickness 
for solidified layers given by 
               ,                .  (8) 
where L refers to half slab thickness. As shown in Figure 1 below: 
 

 

 

Figure 1 
Symmetric domain of the problem (1)-(7) 

Remark 1: The continuous casting system features two controllers,       and 
     , positioned on either side of the casting mold. At three separate positions, 
these controllers inject water into the mold to facilitate the heat dissipation of 
the molten alloy. For simplicity, the velocity of the water spray generated by the 
controllers is assumed to remain constant throughout the casting process. 

3.  He’s Variational Iteration Method (HVIM) 
This section aims to consider the fundamental concepts, basic requirements 

and methodological framework of the (HVIM), hence referred (VIM) for 
brevity. 

 Γ1 =   𝑥𝑥,   : 0 < 𝑥𝑥 <  1(𝑧𝑧)  , 0 < t <  𝑓𝑓 , 
Γ2 =   𝑥𝑥,   :  1(𝑧𝑧) < 𝑥𝑥 <   , 0 < t <  𝑓𝑓 , 
Γ3 =     ,   :    0 < t <  𝑓𝑓 , 
Γ4 =    ,   :  0 < t <  𝑓𝑓 ,   
Γ5 =    1( ),   :  0 < t <  𝑓𝑓 ,                                        
Γ6 =   𝑥𝑥,  𝑓𝑓 :  0 < 𝑥𝑥 <     , 
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3.1 (V I M) for Liquid Phase in the t – Direction. 
This subsection applies an Variational Iterations Methods (VIM) to a liquid 

phase for equations (1) – (7) for more details one can follow [13]. Considering 
the temperature distribution along the time direction. Therefore, we start with 
the initial guesses for the temperature and the moving interface in the liquid 
phase are given by. 
     (   )        (    ) .  (9) 

       (    )      (    )  ∫    ( ) [(
     (   )

     
   ̃  (   )

   )    (   )]     
 .  

   (10.a)  
The following is an expression for the liquid phase modified iteration 

method. 

      (    )      (    )  ∫    ( ) [(
     (   )

     
   ̃  (   )

   )    (   )]     
 .  

   (10.b) 

Here the subscript   refers to the     approximation and      (   )
    is 

assumed to be restrict variations (i.e.,   
  ̃  (   )
     ). Because    be arbitraries, 

   is replace by  . The term    ( ) represents the general Lagrange multiplier 
associated with the liquid phase along the  -direction.  

The first variation   is taken with respect to the independent variable     
for Eq. (10.b) and assuming that     ̃  (   )

     , with using the integration 
method by parts, the equation (10.b) becomes. 

       (   )  (     ( ))     (   )   ∫   ́  ( )   (   )     
 .  (10.c) 

Setting equation (10.c) to zero, yields the following stationary condition 
Eqs.  
       ( )        ́  ( )      .  (11) 

A Lagranges multiplier be readily determined by    ( )     from 
equation (11). Substituting this value into the correction equation (10.c) results 
in the recurrence relations: 

        (   )      (   )  ∫ [(   
 (   )
     

     (   )
   )    (   )]     

 .  (12)  

So, the approximate solution of liquid phase     (   )            (   )     
             , for more details, one can see [9] and [10]. 

3.2. (V I M) for solid phase in the t -direction. 
This subsection applies the same (VIM) to the solid phase for equations 

(1)– (7), where the temperature distribution is considered along the z-direction. 
The process begins with initial guesses for both the temperature and the moving 
interface in the solid phase, as specified by.  
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                  ,                       ,          . (13) 
Similarly, the approach used for the liquid phase in equations (9) -(12), the 

recurrence equation for the solid phase becomes: 

                    ∫ *(   
      
     

          
   )         +     

  .  (14) 

And, the approximate solution                                  is 
obtained.  

The moving interface       is finally, to approximated via the Stefan 
equation. 

    ̇      
            

      
            

    .  (15) 

the approximate solutions                         that be obtain earlier froms 
Eq. (12) &(14) substitute into (15) to obtain an expression for      , starting 
with                  , then for the next iterations use the recurrence 
formula. 

                    ∫   
              

      
              

   
 
  d   .    (16)   

To enhance the results of         , substitute the previous iteration at each 
step to achieve a more accurate approximation, and continue this process.  

3. Illustration Problem 
In this study, the analysis was performed within the subdomain [0, L] due 

to symmetry about the t-axis, focusing on the half-slab thickness (L), as 
illustrated in Figure 2 below. The physical parameters and assumptions used in 
the analysis were outlined in Table 1, providing the foundation for the modeling 
approach.  

 
Table 1 

The physical parameters of the illustration problem. 

Nomenclature 
    Length of the domain.       Latent heat of fusion 
     End time of process.           Nonhomogeneous part of    
   1 Phase change 

temperature 
          Nonhomogeneous part of    

     Thermal conductivity 
of phase I 

       
          ⁄  

initial condition of    

     Thermal conductivity 
of phase II 

       
         ⁄  

initial condition of    

   2.5 Thermal diffusivity of 
phase I 

       
         ⁄  

liquid temp. at     

  
      

Thermal diffusivity of 
phase I 

       
        ⁄  

solid temp. at     
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Therefore, the mathematical model (1) - (7) becomes as follows: 

          
     

         
    ,                  .  (17) 

          
     

         
                      .  (81) 

Subject to initials & boundary condition. 
                ,              ,        .  (81) 
                ,  (20)  
                                 .  (28) 

Additionally, Stefan conditions at move interfaces       is: 

  (  
   

      
   

   )       
      ̇   .  (22) 

The problem domain is partitioned into two subdomains, denoted as    and 
  , representing the domain of liquid and solid phases, respectively. The domain 
boundaries were previously illustrated in Figure 2. 

3.1 The case in which the temperature distribution of the liquid and solid phases 
in time- direction using (HVIM) 

In this subsection, we will analyze the problem defined by equations (17)– 
(22) using (VIM). For the first iteration, we use the initial conditions as the 
initial guesses: 
                       ,                      ,         .  (23) 

Applying the correctional functional, with        and        , and the 
Lagrange multiplier                  as found in (11). 

                      ∫ [(   
      
         

         
   )]     

 ,  (24) 

                      ∫ *(   
      
          

         
   )+     

 ,  (25) 

Therefore, the first iteration for the approximate          and          
given by 

                     ∫                        
                     .  (26.a) 

                     ∫                                           
    (26.b) 

It is clear that, the two expressions must be consistent for the liquid and 
solid phase at        by equate them                                , hence; 

          
               

    .  (27) 

Applying the same procedure and the fourth iteration can be found as; 
                                                             (28.a) 
                                                              
  (28.b) 
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    .  (28.c)  

And so on for the         iteration can be derived from the formulas. 

                        ∫ [(   
      
         

         
   )]     

 .  (29.a) 

                        ∫ *(   
      
          

         
   )+     

 .  (29.b) 

 
 

  
Figure 2 

The evolution of the solid & liquid phases at different times   
 
 
The following Figure 3 is the comparison between the approximate 

solutions for                           with the exact solutions, for the values 
           . 

 

  
Figure 3 

Comparison between the approximate with the exact solutions for 
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Figure 4 

The moving interface   
     of different values for iteration   

Remark 2: As one can see, even for a small number of iterations   
         The obtained result is very accurate compared with the exact solutions. 
For a more accurate solution, one can increase the iteration   as shown in Figure 
4. 

4. Conclusions and Future Works 
In this research, the semi-analytic variational iteration approach was used 

to solve the continuous casting process as an application of the MBVP. The 
temperature distributions in the liquid and solid phases for various initial guess 
solutions were examined, and it was shown that the variational iteration 
approach produces results that nearly resemble the precise solution. The 
convergence of the method was shown to depend on the selection of an 
appropriate initial guess. Additionally, a comparison table and figure were 
provided to illustrate the closeness of the results to the exact solution, further 
validating the effectiveness of the proposed approach. 
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