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Abstract  
In dynamical systems theory, the concept of shadowing refers to the ability 

to approximate a pseudo-orbit (PO) by an actual orbit of the system. The 
accuracy of this approximation depends on the specific type of shadowing 
property being considered. We want to show the relationship between the 
hyperbolicity and the fitting shadowing property in the linear dynamical systems 
(DS) on   (vector space).  
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1.  Introduction 
In dynamically system theory, shadowing notion is fundamentally 

concerned with whether an approximate trajectory, known as a pseudo - orbits, 
is closely followed is exact orbits of system. In words, it examines the extent to 
which the long-term behavior suggested by approximate solutions reflects the 
true dynamics. Clearly, the resolution of this question depends on the 
approximation adopted. Among the various frameworks, the shadowing property 
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stands out as one of the most robust and influential structural results. Notably, 
this property provides a powerful tool for establishing the structural stability of 
hyperbolic sets, thereby highlighting its central role in the qualitative analysis of 
dynamical systems. 

The homeomorphism       of metric spaces     , with discrete time 
generated by   on  , assume that    , a sequence           be  -pseudo 
orbits (PO) for the   where inequalities hold: 

                       
A dynamical systems   have shadowing properties (SH) provided that, for 

every tolerance     for which every   - pseudo orbits           for the   
be traceable by an actual orbit of the system. In other words,      s.t  

                      
The knowledge of a pseudo-orbit by Birkhoff [1]. Substantial progress in 

shadowing theory emerged following the foundational contributions of Anosov 
[2] and Bonahon [3]. The main results obtained in the [4, 5, 6, 7]. By [3], each 
Axioms A diffeomorphism to non-wandering sets   have shadowing properties. 
A sequence           named  -fitting pseudo orbits (FPO) for the   where 
there is positive integers        s.t. for all      and      
  ∑     

                        
The principal result of this paper deals with linear dynamical systems 

generated by nonsingular matrices. To establish this result, we begin by 
introducing the fundamental concepts in the general framework of discrete-time 
dynamical systems defined by homeomorphisms. 

A dynamical system   named has fitting shadowing properties (FSP) 
where, every    ,      s.t each  -fitting pseudo-orbits           be  -
shadowed on fitting by some point    .  
           ∑     

                  
A nonsingular matrix   is said to be hyperbolic when none of its 

eigenvalues lies on the unit circle. Easton introduced the following concept for a 
dynamical system   on a metric space      :     ,      s.t any bi-infinite 
sequences         satisfied the inequality  
  ∑                    

Then there exists a point   s.t. 

  ∑                   
This is called strong shadowing property (SSP). 

2.  Main Results 
Theorem 2.1: Consider the linear discrete-time dynamical system        , 
defined on the vector space    with a suitable norm | |          Suppose that 
  is generated by the mapping where  is a nonsingular matrix. The system   
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possesses the fitting shadowing property (FSP) if and only if the matrix   is 
hyperbolic. 

To prove this theory, we need some facts and concepts. 

Lemma 2.2: Let     be two (DS) of a metric space  , there is a 
homeomorphism   on   s.t.   and     are Lipschitz and        . Then   
has (FSP) if and only if   has (FSP). 

Proof: Assume   has (FSP),     arbitrary, and     a Lipschitz constant 
for   and    . 

Let *  +      be   - (FPO) of  . Then for all     

  ∑     
   (  (    )       )   

 
   

And 

           ∑     
   (   ( )   )   

 
   

Since         and   is Lipschitz, so: 
  ∑     

   (  ( (    )  (      ))  ∑     
   (  ( (    )  (      )) 

    ∑     
   (  (    )       )      

So * (  )+      is  -fitting pseudo-orbit of   
We obtain: 

           ∑     
   (   ( ( )  (  ))   

          ∑     
   ( (  ( )) ( (  ))            ∑     

   (   ( )   )     

Now   has (FSP), since the point  ( )    is the  -fitting shadowed point 
of  . 

Lemma 2.3 [8]: Assume   non hyperbolic matrix (| |   ). Then there exists a 
nonsingular matrix   s.t.         is a Jorden form (  

  )of   and  , 
where   is the nonsingular     complex matrix with the form 

(
 
     

   
 
 

     
      

) 

And   is the hyperbolic matrix. 

Lemma 2.4: Let         be as previously defined. If   has (SSP), then it has 
(FSP). 

Proof: Suppose that   has (SSP), to prove it has (FSP). For any    , if 
*  +    the   strong pseudo-orbits for the   s.t. 
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  ∑                  ∑ |          |       
Will be the   strong pseudo orbit         is a   FPO of   since 

  ∑ |              |     
   ∑                  

   ∑ |          |       
Because   has (SSP), there is a point      s.t.  

  ∑                   
Then 

           ∑     
               ∑                   

This means   is a   shadowed point in   . By [9] if   is hyperbolic then 
  has (SSP). 

Lemma 2.5: Given as previously specified, the hyperbolicity of the nonsingular 
matrix   guarantees that   exhibits the fitting shadowing property (FSP).  

Proof: To prove   has (FSP), by [9] and Lemma (2.4),   has (FSP). 
Proof Theorem (2.1): Suppose that   has the (FSP), to prove by 

contradiction. Assume   is nonhyperbolic, ( | |      
By Lemma (2.3), there is a nonsingular matrix   s.t.         is a 

Jorden form of   and the Jorden form  =(  
  ), where     are previously 

defined. 
Assume                   , and           for     . So, 

        from the fitting shadowing property (FSP) of   and     of the 
fitting shadowing property (FSP) of  .  

Denoted by     the   th component of a vector     . We construct a 
  pseudo orbit (PO) as follows: 

        
         

   (   
 |    

   |
)  

And 
          (      

          
            

   ) 
          

          
            

     for all       
Since 

                      
                                       

         
              

We know that if    , then 

                    |    
        

         
    

 |    
   |
|   

   ,        
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Thus           named   pseudo-orbits (PO) for the  , and this 
sequence is a   fitting pseudo-orbit (FPO) of  . Since   has (FSP),   a point 
    s.t. 
           ∑     

                   
Now, we can take two possibilities: 
If             , then              |  |   . This possibility leads us 

to: 
           ∑     

               |  | 
Where |  |       |  | for all     . This is contradiction. 
Let                           then: 

                                          
And 

             ||     |  |  || 
Using this formula:  

           ∑     
               ||     |  |  || 

Where ||     |  |  ||       ||     |  |  || for all     . Here, we 

take    
    ||     | |  || 

 
, this is contradiction. Assume that              , 

where    
     |  | 

 
  

We cannot get   that is   fitting shadowed. So, if   has (FSP), then   is 
hyperbolic. Now we want to prove the opposite direction. Suppose that the 
matrix   is hyperbolic. 

By Lemma (2.5),   has the fitting shadowing property (FSP). 

3.  Conclusion 
In general, hyperbolic dynamical systems do not satisfied fitting 

shadowing properties (FSP), except for Anosov systems in the context of linear 
dynamical models. The paper introduces several related concepts, which may be 
further explored and re-evaluated on other important classes of spaces.  

4.  Future Work  
Future investigations may also be carried out on hyperbolic dynamically 

system use notion for the strongly fitting shadowing properties. Such studies 
could highlight the differences between the two approaches and assess their 
influence on identifying dynamical characteristics that might be applied to the 
solution of various mathematical problems. 

 
References 
[1] G. D. Birkhoff, “An extension of Poincaré's last geometric theorem,” 

Acta Mathematica, vol. 47, no. 4, pp. 297–311, 1926. 



1530� D. M. K. AL-FTLAWY, R. ALMOHAMMED AND M. A. A. AL-YASEEN

References

	 [1]	 G. D. Birkhoff, “An extension of Poincaré’s last geometric theorem,” 
Acta Mathematica, vol. 47, no. 4, pp. 297–311 (1926).

	 [2]	 D. V. Anosov, “Dynamical systems in the 1960s: the hyperbolic revo-
lution,” in Mathematical events of the twentieth century, Springer, Berlin, 
Heidelberg, pp. 1–17 (2006).

	 [3]	 F. Bonahon, “The hyperbolic revolution: From topology to geometry, 
and back,” in A Century of Advancing Mathematics, S. F. Kennedy, D. J. 
Albers, G. L. Alexanderson, D. Dumbaugh, F. A. Farris, D. B. Haun-
sperger, and P. Zorn, Eds. Washington, DC, USA: Mathematical As-
sociation of America, pp. 3–13 (2015).

	 [4]	 A. G. Jasim, I. Harbi, and A. S. Mohammed, “On coupled fixed point 
theorem in partially fuzzy Fréchet space,” Journal of Interdisciplinary 
Mathematics, vol. 28, no. 3-A, pp. 787–793 (2025), doi: 10.47974/JIM-
1974.

	 [5]	 D. M. Al-Ftlawy and I. M. Al-Shara’a, “Center Fitting Shadowing 
Property for Partial Hyperbolic Diffeomorphisms,” in 2023 Second 
International Conference on Electrical, Electronics, Information and Com-
munication Technologies (ICEEICT), pp. 01–05 (Apr. 2023).

	 [6]	 D. M. AL-Ftlawy and I. M. AL-Shara, “Eventual Fitting Shadowing 
Property for Hyperbolic Dynamical Systems,” Journal of Al-Qadisiyah 
for computer science and mathematics, vol. 15, no. 3, p. 41 (2023).

	 [7]	 I. M. T. AL-Shara’a and R. S. AL-Juboory, “Fitting shadowing prop-
erty,” Journal of Babylon University/Pure and Applied Sciences, vol. 25, 
no. 2, pp. 1–9 (2017).

	 [8]	 K. H. Lee, “Hyperbolic sets with the strong limit shadowing prop-
erty,” Journal of Inequalities and Applications, vol. 2001, no. 5, Art. no. 
725645 (2001).

	 [9]	 S. Y. Pilyugin, Shadowing in Dynamical Systems, Lecture Notes in Math-
ematics, vol. 1706. Berlin, Germany: Springer-Verlag, pp. 276 (1999), 
doi: 10.1007/BFb0093184. 

		  Received November, 2025


