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Abstract

This study aims to establish novel analytical findings concerning a class of A-symmetric
Banach algebra structures. In this context, the space of continuous functions is rigorously
demonstrated to possess both the A-symmetric property and the Banach algebra framework.
Furthermore, the measurable function space is examined, where its compatibility with
the A-symmetric structure and Banach algebra operations is analyzed and confirmed
under appropriate conditions. In addition, a new functional space is constructed based
on the interaction between the underlying A-symmetry and the algebraic structure of the
considered spaces. The proposed space is shown to satisfy the defining requirements of a
A-symmetric Banach algebra. Several original properties and auxiliary results are derived,
providing further insight into the behavior of these spaces and expanding the theoretical
understanding of A-symmetric Banach algebra systems.

Subject Classification: 46BXX, 46EXX.
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1. Introduction

The notion of Banach algebra form is an essential part of functional
analysis. Many concepts existing in classical analysis have the basic structure of
a Banach algebra. Function algebra is an important part of this theory; moreover,
it encompasses a wide range of concepts from analysis. The term of Banach
algebra was defined by authors [8] in 2015. In 2008, The authors [4] introduced
his book (ON ROOTS OF AN ELEMENT OF A BANACH ALGEBRA), in
which he proved that any Banach algebra can be embedded isomorphically and
isometrically in another Banach algebra, in such a way that any element in a
Banach algebra is also an element in another Banach algebra. In 1974, the
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author [1] introduced the General Theory of Banach Algebras, the first book to
provide a detailed account of the theory of Banach algebras. In 1945, a
monograph on Banach algebras was published by Authors [7]. In 2022, The
Authors [15] presented new results in the theory of real symmetric Banach
algebras. In 1981, the Authors [13] and [12] developed spectral theory for
elements in an ordered Kurepa [3] continued their studies of a spectral theory for
positive elements in an ordered Banach algebra in 1961, so they proved a
suitable version of the Kern-Rutman theorem, and got some results about the
peripheral spectrum of positive elements. In 1973, C () was studied as a Banach
algebra by Authors [6], who showed that C(y) was a universal commutative
Banach algebra. In part Author [11] initiated the search with an algebraic cap A
and endowed it with a topology to make the algebraic operations continuous; he
also gave this topology a norm in 1996. In 1997, the author [2] found that the
properties of the usual spectrum can be extended to the Ransford spectrum. In
particular, he introduced the relationship between the spectrum and the
multiplicative linear functional, and he defined the condition spectrum of an
element in a complex Banach algebra. Also, he proved that the spectrum is a
particular case of the Ransford spectrum. Two unital Banach algebras, cap A.
and cap B, were studied by Authors [5] in 1998, such that B is semisimple. In
2023, some properties of the spectral radius in a complex ordered Banach
algebra were established by authors [10, 14, 16] in his thesis. Moreover, in this
study, some new definitions are introduced, so many spaces and an important
space, which is called the state space of measurable functions, are defined on the
space L°(u) have been proved to be symmetric £% - A- approach B-algebra. This
work is divided into four sections: Section 1 shows the introduction of the
research. In Section 2, preliminaries with basic definitions are introduced. In
section 3, new results of symmetric £“ - A- The approach to Banach algebras is
studied, and some important propositions are proved. Section 4 discusses and
explains the research's key conclusions.

2. Preliminaries

We start this work by defining an important notion, namely £ -approach
distance.

Definition 2.1 [15]: Support that y be a non-empty set. A collection (£°) <
of functions £® : 2X¥ x 2% — [0,c0] is known as #®-approach distance on y
if this function satisfies the following properties:

(t;) Vo € Rt , VA, BE2X: t“(4,B)= 0 > A=B,
(t,) Vo € R', VA € 2% thent®(4,0) = oo,
(t3) Yo € R*,VA,B,C € 2%:£% (A4, BN C) = max{t®(4,B),t“(4,0)},
(t,) Vo € RY,VA,B € 2%, Ve < u):t“’(A‘(“’g),B) < t“(4,B) + £ where
Ay ={x € x|t*({x},B) S w — €}.
A pair (y, £®) where the function £% is a distance and this pair is called
t®- approach space and denoted by ¢ “-app-spaces.
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Definition 2.2 [9]: Support that ( y,£%) and (Y,#%") are app- spaces. A
function g: y — Y is known as #® — contraction if for all w < oo, and for all
A,B €2%,t°'(0((A),0(B)) < t“(4,B).

Definition 2.3: Support that y is a #“-An Approach to L-Spaces over a Field F.

A- norm on y s.tll.llx: y > RY Vx,y € y,+® is an approach distance on y,

then (x, |- la,£“yy,) is called £®- A- approach N-space if the following

conditions satisfy:

1) llxliy,>0forx+0,x € y;

2) llaxlia<llxlly la1<1,x€y;

3) limgg Il ax lla,= 0 for x € y;

4) Jx+yla<cmax(l x I, Il ylly) forallx,y € y where ¢ is some
constant such that ¢ > 1;

5) ’tw||.||A(A' B) = supy peaxSupxepinfaeallx — alla.

Definition 2.4: Support that y be a £“ - A- approach N-space, A space is
complete if every Cauchy sequence converges within it.

Definition 2.5: #®-approach linear space y is said to be +“ - A- app- normed
linear algebra if :

1) yis+® - A-approach N-space;

2)  yis £“-app- linear algebra;

3) Foralla,b € y,|lab]|| < llall bl
4)  If y with identity, then |le || = 1.

Definition 2.6: Support that y be a £“ - A- approach N-algebra, then y is a
complete £¢ - A-approach algebra if every £ -Cauchy sequence is convergent.

3. New Results on A-Symmetric Approach in Banach Algebra

Proposition 3.1: Support thaty be a locally compact H-space and C,(y) =
{f If: x = R, continuous, f(x) = 0, for all x € y}. Then, C;(x) is a symmetric
£“- A- approach B-algebra if || f |,= sup |f(x)].

Proof: Letw < o, f,,f, € Co(x),x € 3, A, B € 2600,
The usual distance #®;2%() x 2600 - [0, 00] is defined on Cy(x) by
oy = Mol i =L A£05 %0
o AorB=0
+,. are addition and multiplication binary operations such that
(i + )(x) = fi(x) + fo(x);
(f1- f2)(x) = fi(0). f2(x).

>

First:
(a) We must prove that (C,(x), £®) be an app-apace
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(1) IfA,B = 0,£“(4,B)

= infreapeslfi(x) — 2(x)| = 0= fi(x) = fo(x),thenA = B,V A,B
e 2600

If Aor B = @ ,(the proofis trivial).

(2) t“(4,B) = t“(4,0) = infylfi(x) — fo(x)] = 0,V A € 26000

(3) LetA,B,C €2%W,£“(A,B NC) = infyeapenncli(x) — ()| =
infreal i(X) = ()| Vinfrepncli(x) = f2(0)],

= max (inffleAlfl(x) = f2(0)l, inffZEBnclfl(x) - fz(x)D
= max (t“(4,B),t*(4,C)),V A,B,C € 26000,

(4) (a) Support that @ < ,4,B € 2000 . In case that AfzyN B #
Qforalle < w,50,#“(A,B) S w — ¢, foralle< w, f € A‘("E) , then by
by

tw(A((i.)s)’B) = infpeapeplfi(x) — f2(20)l

< infreapeslfi(x) — (0l

+ infle< w: {f € Co(NIt*(A,B) < w — &}

<t“A,B)+ &,Yf,,f, € Co(x), A B €26,
Then (Cy(x), £*®) is £“-Anapproach space.

(b) Clearly( Cy(x),+) is a group.

(c) We now establish +: Co(x) @ Co(x) = Co(): (fi, f2) = fit+ fois t®
— contraction for all w < o,f;,f,, fa, f+ € Co(x),A,B,C,D € 20000 f, €
Af, €B,f;€Cf, €D.

tw,(Q(AvB),Q(C:D)) = ffea e pec.fepl(fi + 2)(x) = (fs + f) D)
< inffleA,f3eC i) = (0D + inffZEB,f4ED(|(f2(x) = fa()D

for some k € [0,1]. Then, (Cy(x), £, +) is £*- approach group.
Second: We must prove (Cy(x), %, +,.) is a £®-approach L-algebra.

Support that f;, f, € Co(x), @ = 0,suchthatf; = 0,f, = 0,forall x € y.
a)  filx)+ (0 =+ ) =0;
b) (af))(x) =a(fi(x)) = 0,foralla = 0;
o) A f(0) = (f1i-f2)(x) 2 0;
d 2 {fef)}A) =12 {If ()}, A4 =+° ({f(0)},4) = 0;
) a(fi.f)®) = (a.fi(0). £(x) = fi(x). (@ f(x));
1§ (f1(x)-f2(x))f3(x) = f1(x). (fz(x)-f3(x));
9 (A0 +£®) () = (). () + £(0). f3(x)), and f; () (f(x) +
f:(0) = (A®. (0 + fi(0). ().
Then, (Co(x),t%,+,.) is £“-approach L-algebra.
Third: To prove C,(y) is #®- A- approach N-algebra must prove ||. ||, is
norm on C,(y).
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1) Support that f € Cy(y) such that f =+ 0,,thenf >0and |f(x)| >
Oforallx € y.

Therefore, sup |[f(x)| > 0. Hence, || f [I,> 0.
2) Supportthat f € Co(y) and 1o | <1,
|allf GO < ()], then, sup |af ()] < sup|f(x)] -
Thus, we get that || af [[,<Il f ll,.
3)  Support thatf € Cy(x), limg_o Il f Ia= lim,_osup|f (x)| =
limg_osup|af(x)| = suplim,_|af(x)| = 0.
4)  Support that f;, f, € Co(x),
IHflla if I fllazll f2 lla

max{ll fy la, I f2 la} = {n Folls if W a2l fylly

I 1l £y a1 £ llg, then, max{ll £ g, 1l £ la} =1 f5 ll and
0o st o e 2 1l £y lla= 2 max{ll f; la, Il £ lla}s

If 1l fy a1 £ llas then, max{ll f; lla, I 5 s} =1l f; ll5 and
I sl o e 2 0 fy lla= 2 max{ll f; la, I f5 la}s

Since,l f, + £ la<ll f, la+l f, lla, thus
I fi+ f2 1a< 2max{ll fi lla, Il f2 2}, forall f1, f5 € Co(X)s
5) (A B) = infreapepdeoy, (fif) =infre, o cp 1 f = fi 4=

, IF)—f100) |
infrennessup (st} <
SCTICTRYS
1+ |f(x)(—};1(x) Lul
. If ) —f1(x) | i
SUP, peaCot0 SUPF epinfreasup {W—lﬁ(x)l} = Suppepinfreq Il f =

filly.

2 [afi() +BHLMO]" = afi(x) + fH() = @ fi' (x) + Bf5 (%)
3 (i) () = (i L)) = fo(x) . fr(x) = f57 O fy ().

Now, to prove The function *: Cy(y) —» Co(x):f — frist® -
contraction for all w < oo,f;, f, € Co(x),A,B € 29%W: f, € A, f, € B.
t*'(e(4),0(B))
= infﬁeA,fzeBlfl*(x) - )= inffleA,fzeBKfl(x))* = ()

= infreapes |[(A@) — R0
= infreapesli(x) = (0| = 2°(4,B)
< kt®(A,B), forsomek € [0,1].
Therefore, C,(y) is symmetric £“ - A- approach N-algebra.

Fifth: Support that {4, }5-; be a £®-Cauchy sequence in (Cy(x),t%).
Then,

LMy ooinfreq, rept®{An}, B) = 0, forall B € r(2(CoW)), i =
1,..,n €Z*.

SupA,BEZCO(X)inffEA,fleB sup {
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0= limnqminffieAi‘fEBtw(An, B) =

lann_AmEF(z(co(x)))inffieAi,fjeAng’tw (A, Am) =

iann,AmEF(Z(CO(X))) inffiEAi,ijAng |ﬁ(x) - f}(x) |,

Support that {4,,},22; be a Cauchy sequence in (C,(x),t*), A, B € 260X
and Support that f € B, this means, forall B € I'(26W)),
limy coinffen, rept®(An,B) = 0,i=1,...,n €Z*
0 = limnawin]cj‘ieAi,feBtw(An: B) = limn—»ooinffieAi,feBlfi(x) -
f @ = limywinfepinfyeq, [fi () = f = lim_infyepinteqlf; —
Fllgi=1..,n€z*
that is, limy,coinfreq, pepllfi = flla = limnooinfrea, repsup |fi(x) — £ ()]
< limy o inffeq; repsup | fi (X))
+ limy, o infreq, repsup |f (x)| = 0.
Then, forall f;, f € Co(x), limpowinfren, repllfi = flla = 0.

Theorem 3.2: Support that S¢ (LO (,u)) be the set of all state functional in L°(u),
and Sc(L°(W)) = {¢ 1: L°(w) - Cis a state functional}

. ()l
with | (o la= [ MT;);O' du(x).

Then, S¢ (LO (,u)) is symmetric £® - A- approach B-algebra.

Proof: We define the distance on S¢(L0(1)) by £, 25¢(t°®) 5 o5¢(L°w) _,
[0, o0] and for all

Vo < o, 0,0, € S¢(L°(1)),A,B € 2se(L°w)

; 101 () (x) =02 (F) (x0)| .
t9(A,B) = infp,enp;e.x%0 % if Aand B # @

o if AorB =@
+,. are addition and multiplication binary operations such that
(01 + #2) ) = 01 + 92w
(#1-82)F ) = 01 - #2(F) -
First: By definition [15], we prove that (S(C(Lo(u)), £®) is £®- app. space
and (S¢(L°(w)), £©, +) is a £~ app. group.
Second: By definition8, we prove (S(E(LO(M)),;L"”, +,.) is £®-approach L-
algebra.
Third: By the of definition of #“- A- approach N-algebra we prove that
Sc(L°(w)) is £~ A- approach N-algebra.
Fourth: To prove *:Sc(L°(w)) = Sc(L°(w)) defined by * (9(f)ex) =
)y

Then, = is satisfying involution axioms such that
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I la=J 1) 1 du(x)
D (#Pw)” = @) since (9(He) = (@) )"
We obtain N = ((So(f)(x)))* = (So(f)(x)) = (So(f)(x));
2)  [ap1(N) + BE2Hw]" = a@91(Neey + B 92N
=a 01N + BO(F) )
3) (o1 0 (D = 3 [@01 + 02" P — 012 Do — 02 P

=2[(0:(N o + 02N w) = P2 P — 02" Ny | =

#1022 -

Now, we must prove The function x: S¢(L°(n)) — Sc(L°(w)): o —
"is t©- contraction forallw < o,f ¢ [9(y), 4,B € 25c(L°w)
t'(0(A),0(B)) = £ (A",B") = infy,,capyes 101 (Fx) — #5(Newy | =

= infp,eapes| (@) N — @2 Do
= infgoleA,meB |(501(f)(x)) - (Soz(f)(x))
= infgoleA,meBlsol(f)(x) - Soz(f)(x)| = tw(A’ B)
< t“(4,B).

Thus, (Sc(L° (), |- la,£yy,) is symmetric £ - A- approach N-algebra.

Fifth: Support thaty p e ZSc(LO(H)) and Support that{A,}n-, be az®-
Cauchy sequence in (S¢(L°(w)),£%), +®-approach space by I' (S(C(Lo(u))),
Ber (ZS‘E(LO("))) and Support that
t“(4n, B)

19:(o) — (P ;
|x| ‘
o if {A,J=0o0rB=20

This means,

infpi(f)eAi,go(f)eB,xio = 1, .MNE Z+ lf {An} and B # m

forallB € I (ZSC(LO(M))) iMoo infy, (e p(repazot® (An, B) = 0,i =
1,..,n € Z*so, by definition 3,
[0 (F )=o)l _

llmnﬂmfser(Z(Sc(b"w)))>lnfp"(f)EAn'p(f)€B'“° il 0,
. . 10 ()= Pl _
llmn—’wsuPBer<2(de%;g)))mf@n(f)EAn.KO(f)EB.xio EEEE——

Thus, {A,}%, is convergent in (S¢(L°(w)), £%).
Now, we must prove that (S¢(L°(w)), |- lla,£“yy,) is complete £ - A-
approach N-algebra.
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Support that {4,,},22; be a Cauchy sequence in (S¢(L°(n)),£®), An, B €
25¢(L°@) and Support that (f) € B, This means,
forallBe I (ZSC(Lo(u))),limn—woinféoi(f)EAivﬁo(f)EBrx¢0tw(An’ B)=0,i=
1, .., n € Z+ 0= limn—moinfpi(f)eAi,ga(f)eB,xatOtw(An' B) =
llmn—>00lnf{{)](f)EAnglan{)l(f)EAl| |8ol(f) - @j(f)”A;] = 1’ o € Z+,
thatis, lim,_infy, (rea,oiresll0:(F) — £()a
12 () =)

| Sem-sineo W

l2; (f) ()|
o HE

= limy oo infy, (r)en; p(r)en
< limn_,ooinfgai(f)eAi,sa(f)eB f

) . 1 (f) ()| —
Hlimy, L, oinfy, (rea, o()es fm ap(x) = 0.

Then, for all p;(f), o(f) € Sc(L°(W)) , limp_einfy, (pren,pirrenl180:(f) —
PPNa=0
Thus, (S¢ (L0 (u)), Il [l £ y,) is complete £~ A-approach N-algebra.

Therefore, S(C(L0 (u)) is £® - A-approach N-space, so, it is a symmetric
t® - A- approach B-algebra.

4. Conclusions

In this paper, we introduced some important definitions and we proved that
the £ - A- approach N-space (Co()(), [1- 1l A, t“’”_”A), , (L0 @), 111l s t“’"_”A),
(SC(LO(H)), II-1la, £¢y.y,) are complete £¢- A- approach N-algebra, also, they
are symmetric £% - A- approach B-algebra. An example is given to explain that
the space (B(x, V), Il- [la,£“y,) is also symmetric £ - A- approach B-algebra.
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